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Compliance problem

Q c RY,N > 2, bounded, open,
B>a>0 0<k<|QfeH Q)

max j (axy + B(L— 1)) Vuy 2dx

{—diV((axw +B(1 — xu))Vu,) = finQ
u, = 0ondQ



Using

j (a)(a) + :8(1 _Xw))lvuwlzdx

Q

= — (f (a)(w + B(1 —)(w))IVuwlzdx —2< f,uw >)
Q

= — min <j (axe + B — x,)|Vul?dx — 2 < fu >>.
Q

ueH(Q)

The problem can be stated as

min (f (a)(w + B(1 —)(w))IVulzdx —2<fu >)
Q

ueH}(Q)
lw|<k

F. Murat (1972): The problem has not solution in general. A relaxation is
needed.



F. Murat, L. Tartar (1985). A relaxation 1s given by replacing
ay, + (1 — x,) by the armonic mean value of @ and 8 with proportions
0 and 1—60, with 8 € L*(Q;[0,1]), i.e.
. aff|Vul?
uerzr}ér(lﬂ) ( q BO+a(l—-20)
6?EL°°(Q;[O,1]),fQ Odx<k

dx—2<]?:u>>

|Vu|*

= ' dx —2 < f,u >
B i (Jﬂ Trog¥ 2= fu )

<9EL°°(Q;[0,1]),fQ Odx<k

( J Vug|?
max dx
peL°(@;[0,1]),), fdxskJa 1+ €V

A

or

_( Vug .
—le( )=f1nQ, ug = 0 on 9{}




Another formulation (F. Murat, L. Tartar (1985)).
Recall: If ug 1s the solution of

_diV1+c9:finQ' ug = 0 on 0.
_ Vug . . . 2
Then, oy = — 1 the solution of aErLr%%?I)N fﬂ (14 cO)|o|“dx.

—divo=f in Q

. _ |Vu/|?
Thus min min dx —2 < f,u >
oeL®(Q;[0,1]),f, Odxsk “EHo @\Jg 1+c6

= — max min j (1+ cO)|o|?dx
Q

0eL®(Q;[0,1]), [~ Odx<k OFELF(QN
Q
—divo=fin Q

= — min max j (1 + cO)|o|?dx
Q

N
oELEY gereo(q;[0,1]),f, Odxsx
—dive=fin Q



Remark:

The functional o +— max j (1 + cO)|o|?dx
BELOO(Q;[O,l]),fQ Odx<k ’Q

1s strictly convex. So the problem

min max J (1 + cO)|o|?dx
Q

N
CELZ Y ger=(i01]),f, dxsk
—divo=f in Q

has a unique solution 4, 1.e. although the solution (@, ﬁ) of

' J [Vuul” d 2 < >
uergér(lg) o 1+c6 x fru

tS’ELOO(Q;[O,l]),fQ Odx<k

: ~ vu . :
can be not unique, § = — > Is unique.




Taking the minimum in 8 in
. . Vul?
min min dx —2 < f,u > |,
ueHg @Dgepeo(q;(0,1]),f, Bdxsk \Ja 110

we deduce the existence of u > 0 such that u is a solution of

min (j F(|Vu)dx —2 < f,u >>
Q

ueH}(Q)
with F € W%% (0, o) given by
(52 if0<s<u
2F(s) = - 2us —p?  ifu<s<@A+c)u

§2
+ u? if(1+c)u <s.

\1 4+

Besides 6 = 1if |o| < u, 6 = 0if |o| > u. Thus (8, u) is unique in {|o| # u}



16

14

12

10




Theorem: Assume ) € C*Y,y € (0,1] (Q € C*! must be enough)
fEWTP(Q), 2<p<ow =GPV = ue W, P Q)
fELP(Q), N<p =6l = uewWl>Q)

g € HY(Q)N, P(6) = 00ondQ

1,1 2
fEWH(Q)NL(Q) = {aigé\_j — 0,06, € L“(Q), 1<i,j<N

P denotes the orthogonal projection on the tangent space.

Chipot, Evans, 1986, Local estimates in W 1.



Sketch of the proof. u satisfies

. (F’(IVuI)

Vu)=fin(Q
vl u) f in

and then

1+c

= oo (VD 1\ YL
u=f+div TN 1T o u | in £},

Using that F (s) = s/(1 + ¢) if s > u, we deduce

FEW™P(Q), 2<p <o = ue W, Q.



Now, deriving formally in

—div (F'|(|vzlll|) Vu) = finQ

with respect to x;, we deduce

with

M = A

—div(MV(9;u)) = 9;f in Q

( | if [Vu| < u
U Vu @ Vuy
W(I — e ) ifu<|Vul <@ +c)u
1
\ 1+cl if (14 c)u < |Vul.

Assume f € H*(Q). Multiplying by 9;u@?, ¢ € C2(Q), we get

J MV (0;u) - V(0;u) p?dx < .
Q



but 016 = MV(alU) Thus
| 106 gax = [ M@ p?dx
Q Q
< j MV(0;u) - V(0,u) p?dx < co.
Q
The proof of & € L* (Q)" is based on

—diV(MV(aiu)) = 0d;f in Q,

with M = J: If [Vu| > u and Stampacchia’s estimates.



Proposition:
If f € WEL(Q) N L?(£), and there exists an unrelaxed solution (8 = y,,), then
curl(6) = 0.

If Q is simply connected, Q) € C*Y, then 8 = Vw, with w the unique solution of
{—Aw =f inQ
w = 0 on 0Q)

Proof. It 1s essentially a consequence of
0;06; — 0,06, € L*’(Q), 1<i,j<N

Remark: The above conclusions appear in F. Murat, L. Tartar 1985, but assuming
the existence of smooth solutions.

Remark: The discontinuity sets of a solution & must be composed by surface

. . ou
levels of the corresponding function ug. Moreover, a_ve = constant on these

surface levels.



Energy problem

Q. c RY,N > 2, bounded, open,
B>a>00<k<|Ql feH Q)

min f (axe + B(L = x))IVity, |2 dx
Q

lw|=K

{—div((axw +B(1 ~ xu))Vu,) = finQ
u,, = 0 onodQ

or equivalently

max min (J (a)(w+,8(1—)(w))|Vu|2dx—2<f,u >)
Q

0|2k ueHi(Q)



Relaxed formulation
We now need to consider the arithmetic mean value of @ and f with

proportions 6 and 1- 6.
b«
ﬁ b

max min (j (1—cO)|Vul?dx —2 < f,u >>
Q

Denoting ¢ = = % f. The relaxed problem can be written as

6eL>(Q;[0,1]) ueH(Q)
Jq Odx=zK

= min max (f (1 —cO)|Vul?dx —2 < f, u>>

u€eH}(Q) O€L*®(Q;[0,1]
Jq 0dxzk
or
. |o|?
min dx
oeL®(Q;[0,1),0eL2(@N J, 1 —cb
Jq Odxzk,~divo=f

Now, 1t 1s the state function @1 which 1s unique



Theorem: Assume Q) € C%Y,y € (0,1] (Q € C*'! must be enough)
fEW™P(Q), 2<p<o =ae W ")

feELP(Q), N<p =>uaewWlr(Q) (andCl(Q)ifN = 2)

fl € H*(Q)

felf) = {ve Vo € [2(Q).

Remark: As for the compliance problem, the function i 1s the solution of a
certain non-linear problem. Namely i 1s the limit of i, satisfying

—div(M,(V2,)V (8;8,)) = 9;f in Q,

where the matrices M, (V1) are uniformly elliptic but unbounded.



Remark:
If £ € L?(Q), and there exists an unrelaxed solution (8 = y,, ), then from the
condition Vy,, - Vil € L?() one hopes to deduce Vy,, - Vil = 0. This would

imply

—(1 —cy,)Al = —div((l — C)(w)Vﬁ) = fin
and as consequence

If 3U c QopensetwithwnUeU= [  fdx=0
If 3U c Qopensetwith 0 NUeU= | . fdx=0.

However the implication
Vy, - Vil € L*(Q) = Vy, - Vil = 0,
IS not clear.

Remark: On the discontinuity surface of a solution 8, we have % = 0.



Eigenvalue problem

We want to mix two materials a and g in order to minimize the first eigenvalue of
the operator

—div(ay, + (1~ xu))

Namely, for 0 < k < |Q[, we have the problem

) min min Jo (e T BA X )IVuPdx
e Jo, lul?dx




Remark: For 4 € L* (Q)V, elliptic,
AVu - Vu dx
A1(A) = min fQ

u€H; (Q) fQ lu|2dx

can be characterized by

1
/11 (A) - —divr(r,lélav)é)zfjﬂ AVu - Vu dx
u€Hg ()
“f”LZ(Q)Sl

= — min (J AVu-Vudx—Zj fudx).
ueH; () \Jg Q
"f”LZ(Q)S]-



Thus, we have the relaxed formulation

. . |Vul? f—a
(A,,) min min j dx — ZJ fudx c =
Ifll,2¢0y<1 uwenHd@) \J, 1+ c6 0 a

J, 6dx <x

The regularity results for the compliance problem can then be applied.

Theorem: Assume Q € C%?,y € (0,1]
e H'(" nL> (DY, 0,00 —0;00; € L*(Q), 1<i,j<N.

1+ c6



Theorem: Assume there exists an unrelaxed solution y,, for (A,). Then,

o= (a)(w + B(1 —)(w))Vu e WP (Q), Vp €[1,0), curle =0
Moreover, if there exist two opensets 0 € U c Q, O € C?,suchthaty, =rin0,y, =
1 —7rinU\O. Then, O is a sphere.

Proof.
—Au =Au in0
[t is a consequence of 0
4 {u = constant on 00, % = constant on 00.

and Serrin’s theorem.

It would be only possible if the
interior blue zones were circles




N—1
Counterexample: Q = (—%,%) X (—%%) , @ =1,8 = 2.For € > 0 small enough the
solutions @ of

|Vu|?
: fﬂ 146 dx 1 o0
min :u € Hy(Q),0 € L*(Q,[0,1]), Odx < |Q| — ¢
Jo, lul?dx Q

IS not a characteristic

Proof. If (x,, ., u.) were a solution then u, ~ cos(2x;) [1}-, cos(x;).
3 a smooth connected component O, of Q\w,,



Numerical experiments.

Problem Q = (—%%) x(=%.%), 10l ~ 4935 a=1,8 =2
|Vu|?
) dx
min 0 1+6
Jo, lul?dx

u € H&(Q),f Odx < k
0









a=1,0=2k =3935




a=1,0=2k = 3435







c )

a=1,0=2k = 2435




a=1,0=2k=1935




a=1,0=2k = 1435




a=1,0=2,k=0.935




a=1,0=2k =0435




.,
a=1,0=2,k =046




mw T

Problemﬂ=(—g,g)x(—Z —) 10| ~ 4,935, a = 1,8 = 20

f |VU|2
Q1+ 199
Jo, lul?dx

U € H&(Q),j Odx < k
Q



a =18 =20,k = 3.935




< >

a=1,8=20k=2935




a=1,8=20k=1935




a=1,8 =20,k = 0935




E———
a=1,8 =20k = 0435




Remark. Similar results can be obtained for the probems (p > 1)

max j (e + B(L = 1)) |Vitg [Pdx

lw|<k

—diV((O()(w + 18(1 _ Xa)))lvua)lp_zvuw) = f in ()
u,, = 0 ondQ

and

min f (axe + B(L— 20 )) Vg [Pdx

(1)>K'

—div((ax, + B(1 = X)) IViy |P~?Vu,, ) = f in O
u, = 0ondqQ,



which admit the relaxed formulations

' ' ( [vu " d <f >>
min min —dx —p U
6eL*(Q;[0,1]),[, Odx<k ueH;(Q) \Jg (1+co)rt

max min (f (1—cO)|VulPdx —p < f,u >>
Q

6eL®(Q;[0,1]) ueH} ()
Jq 6dxzK



