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Model studied : N identical and independent 1D particles in

a potential

i0p = (=023, + V(X)) ¥ — u(t)u(x)y/, x€(0,1), (Sw)
W(t,0) = ¥(t,1) = 0, je{l,....N}, N

where
o State : (¢!,...,9N) €SN, control : u:(0,T) =R,

e V:(0,1) — R potential,

e 1 :(0,1) — R dipole moment.

Goal : Simultaneous control of (i1,...,%N) with a single control u.
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@ Main result
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© Approximate controllability towards finite sums of eigenvectors

© Local exact controllability around finite sums of eigenvectors.
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@ Rotation and compactness
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@ Global exact controllability
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@ Global exact controllability for an arbitrary potential
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e S: L?((0,1),C) unit sphere.

@ Aqv € Rand g v € S eigenvalues and eigenvectors of
Avyp = (=02, + V)9, D(Av):=H?>n Hz((0,1),C)

o Functional framework

(oo}
2
Hivy = D(AYZ), 111l = D_ Ik (o)’ s >o.
k=1

Morgan MORANCEY Global exact simultaneous controllability of bilinear Schrddinger equations



Ground state and invariant

Let &y v(t,x) := e”"kvtcpk’v(x). (Cbl,v, .. .,CI>N7V) solution with u = 0.
Bold notations : % := (!, ..., ¥N), H:= HV.

Unique weak solution C°([0, T], H,,y) for u € L2((0, T),R), v € H{y),

¢('7 1;[;03 U).

Unitary equivalent vectors 1, 1, : there exists U : L2 — L2 unitary map
such that ¥, = U, i.e.

W =Ugl, Vje{l,...,N}.
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Main result and strategy

Main Theorem

Let N € N*. For every V € H*((0,1),R), system (Sn) is globally exactly
controllable in H?V), generically with respect to € H*((0,1),R). More precisely,
there exists a set Qy residual in H*((0,1),R) such that for every 1 € Qv

V1o, ¢ unitarily equivalent, 37 >0, Ju € L2((0, T),R);
'l/’(Ta'l/Jm U) = ,(/"f'
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Main result and strategy

Main Theorem

Let N € N*. For every V € H*((0,1),R), system (Sn) is globally exactly
controllable in H?V), generically with respect to € H*((0,1),R). More precisely,
there exists a set Qy residual in H*((0,1),R) such that for every p € Qy

Y po, 1 unitarily equivalent, 3T > 0, Ju € L?((0, T),R);
¢(T71/’o, U) = ’l/)f'

Overall strategy :
o Global approximate controllability towards finite sums of eigenvectors

o use of a suitable Lyapunov function
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Main result and strategy

Main Theorem

Let N € N*. For every V € H*((0,1),R), system (Sn) is globally exactly
controllable in H?V), generically with respect to u € H*((0,1),R). More precisely,
there exists a set Qy residual in H*((0,1),R) such that for every 1 € Qv

Y 1pg, ¢ unitarily equivalent, 37 >0, Ju € L2((0, T),R);
w(Ta 1/’07 U) = ¢f‘

Overall strategy :
@ Global approximate controllability towards finite sums of eigenvectors
o Exact controllability around finite sums of eigenvectors

e Coron's return method : local exact controllability around finite sums of
eigenvectors
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Main result and strategy

Main Theorem

Let N € N*. For every V € H*((0,1),R), system (Sn) is globally exactly
controllable in H?V), generically with respect to u € H*((0,1),R). More precisely,
there exists a set Qy residual in H*((0,1),R) such that for every 1 € Qv

Y 1pg, ¢ unitarily equivalent, 37 >0, Ju € L2((0, T),R);
¢(Tﬂ/107 U) = 1/")“

Overall strategy :
@ Global approximate controllability towards finite sums of eigenvectors

o Exact controllability around finite sums of eigenvectors

e Coron's return method : local exact controllability around finite sums of
eigenvectors

o Connectedness and compactness : exact controllability around zo (initial
conditions) and z¢ (targets) with z, z; finite sums of eigenvectors
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Main result and strategy

Main Theorem

Let N € N*. For every V € H*((0,1),R), system (Sn) is globally exactly
controllable in H?V), generically with respect to € H*((0,1),R). More precisely,
there exists a set Qy residual in H*((0,1),R) such that for every 1 € Qv

Y 1pg, ¢ unitarily equivalent, 37 >0, Ju € L2((0, T),R);
w(Tall/JO: U) = ¢f‘

Overall strategy :
@ Global approximate controllability towards finite sums of eigenvectors

o Exact controllability around finite sums of eigenvectors

@ Time reversibility

1/)(T7'¢'_f7 U) :1/)_0 = ¢(Ta¢07u(T_ )) = .
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Perturbation and favourable hypotheses

Dealing with an arbitrary potential V. Consider the control u(t) := i(t) — 1.

100 = (=02 + V(x)) P — (@(t) — 1)p(x),
= (=02 + V(x) + u(x)) & — G(t)u(x)P,
Pi(t,0) = P/ (, ) =0, jef{l,... N},

x € (0,1),

'New potential' : V + p

@ Study of global approximate and local exact controllability of (Sy) under
favourable hypothesis on the potential for arbitrary V.

Morgan MORANCEY Global exact simultaneous controllability of bilinear Schrddinger equations



Previous results : finite dimension and approximate

controllability

o Finite dimension

o Turinici, Rabitz (2004)
Control of the orientation of an ensemble of molecules (finite dimension)

o Silveira, Pereira da Silva, Rouchon (2009)
Stabilization of density matrices (finite dimension)

@ Approximate controllability in infinite dimension
o Boscain, Caponigro, Chambrion, Mason, Sigalotti (2009, 2012)
Simultaneous approximate controllability in L2.
Approximate control of density matrices (through control of Galerkin
approximations)

o Boussaid, Caponigro, Chambrion (2013)
Higher Sobolev norms for 'weakly coupled’ systems.
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Previous results : a single particle (N = 1)

V =0. u € H3(0,1) satisfies 3c > 0 such that

c *
(o1, )| = & VkeN.

o Beauchard Laurent (2010), local exact controllability : VT >0, 3§ > 0

such that
Vipr € SN Hyy with [ — S1(T)llpsz, < 9,

there exists u € L2((0, T),R) such that

i0ep = =050 — u(t) (),
w(tﬂo) :d}(t,l) :07 = ¢(T) = wﬁ
1/}(07 ) = ¥1,

C! regularity of the map 1r +— u.

o Nersesyan (2010), global exact controllability in SN H(30'§6 for generic p.
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Previous results : a first step (N =2 and N = 3) |

M (2013) Ann. Inst. H. Poincaré Anal. Non Linéaire.

V =0. u € H3(0,1) satisfies 3¢ > 0 such that

C . *
o] 2 5. Vi€ {1, N}, Yk € N

(wé,...,w(’)v) = ((pl,...,apN).

@ Unreachable targets with small controls in small time for N > 2.

o N =2 : local controllability in arbitrary time up to a global phase i.e.
VT >0,30 R, 30 >0

2
[0F — e Du(T)lliz, + 147 — e D2( Tl <6,

Ju € L?((0, T),R) such that (¢1,4?)(T) = (¢, 93?).
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Previous results : a first step (N =2 and N = 3) Il

o N =2 : local exact controllability up to a global delay i.e. 3T* > 0; VT >0,
36 > 0;

2
[0F = 2Tk, + 117 — P2(T)ll1p <6,

Ju € L2((0, T* + T),R) such that (¢, 42?)(T* + T) = (v}, 92).

@ N =3 : local controllability up to a global phase and a global delay i.e.
IT* >0, eR; VT >0, 36 > 0;

3 .
V(uF R vd) € (SNHY))  with () = i and
[[0F — e P1(T)lr, + 147 — € @2 Tl + 107 — € ®3(T)ll1s3, <,

Ju € L2((0, T* + T),R) such that (¢, 42, 3)(T* + T) = (¢}, ¥3,43).
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e Approximate controllability towards finite sums of eigenvectors
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Approximate controllability towards finite sums of

eigenvectors

N € N*. V,u € H*((0,1),R) such that
(Cl) <H‘Pj,V7<Pk,V> 7& 0 for all Jj € {1, coog N}, k € N*.

(C2) Ajv —Av #Apv —Aqv forall je{1,...,N}, k,p,q € N* such
that {j, k} # {p,a} and k # .

Theorem
Let Cy := Span{¢1.v,...,om v}. Under Conditions (C1) and (Cz), for any

Yo € SN H{yy with (), ¢j,v) #0, for all j € {1,..., N}, there are M € N*,
s € Cp, sequences T, > 0 and u, € C§°((0, T,),R) such that

W(Tny g, un) — s in H3.
n— o0

| A

N =M =1: Nersesyan (2010).
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Sketch of proof |

@ Lyapunov strategy.

N N
2 . .
L(z):=a) || (-0 + V) Pn|f +1- [T 12 o),
Jj=1 j=1

with Py orthogonal projection in L? onto Span{pkv; k> N+ 1}

° DeErease 1ze8nN H?V) with (z/,p; v) #0, forall j € {1,...,N}.
Either

or 3T >0, Ju € C§°((0, T),R) such that

L(P(T,z,u)) < L(2).

Morgan MORANCEY
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Sketch of proof Il

idea : existence of T and w € C§°((0, T),R) such that

d
S L((T,go.0w))| __#0.
o We define
K= {4 € Hivy: $(To, o, u) —> $in H, for T, >0, up € G*((0, To), R) }.

K such that L£(e) = inf L(¢). Th
e e € K such that L(e) nf (). Then

e c U Cu-

MeN*
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© Local exact controllability around finite sums of eigenvectors.
@ Results
@ Rotation and compactness
@ Local controllability around eigenvectors : the return method
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Local exact controllability around finite sums of eigenvectors

N e N*. V,ue H3((0,1),R) such that
(C3) there exists ¢ > 0 such that

C . *
|<1u’90j,Va§0k,V>|ZF7 VJE{].,,N},VI(GN )

(C4) Ak, v — )\J"\/ == Ap,V — An v for all j,n e {1,. . .,N}, k>j+1,
b2 n 1 with {),k} £ (p,

(Cs5) 1,A1,v,..., An,v are rationally independent.

y

Let Go, Cr € Uy and zg := Coipy/, zr := Crpy,. Under Conditions (C3)-(Cs),
there exists T > 0, 6 > 0 such that, if

N
Os,c = {fb € Hvy; (¢/,6°) = j=k and Z; 19/ = (CopvY I, < 6}’
=

for every ¥, € Os.¢,, ¥¢ € Os.¢;, there exists u € L*((0, T),R) such that the
associated solution satisfies ¥(T) = 1.
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Local controllability around eigenvectors up to global phases

Auxiliary controllability result

Assume Conditions (C3)-(Cy).
@ T >0, thereare 01,...,0y €R, § > 0;

Vipy € H <1/’6ﬂ/)o> = 0j—k and ZH% SOJ,VHH <94,

Jj=1

Vipe € Hivy: (U, $F) = 8j=x and lelbfc—e ol

(V)
j=1

there exists u € L2((0, T), R) such that ¥(T, v, u) = ;.
o C! regularity of the map (1, V) — u.

Similar to M (2013) for N = 2,3. No condition on the phase terms 6.
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Proof : rotation

1. Proof in the case o = Cr = In. g, ¥r = .
o Use of the proposition.

s

T",u ; :
¢0 =Yy ~~—p (e"glgol,v,...,e’e”go,vyv).
o Rotation and rational independence of eigenvalues : Condition (Cs).

i i Tr,u=0 ; ;
6 0 r . 61—\ T, On—A T,
(e’ o1 v, ..., € "’<p/v,v) ~r (= (e’( 1TV )<p1,v,...,e’( NTANYV )<PN,V)

—ifOn

—if
~ (e v, ... e o)
@ Use of the proposition.

N T* v _
Yy ~—> (.

@ Conclusion : time-reversibility

T w(T" )
~—r

¢ Yy
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Proof : linearity

2. Proof in the case Co = Cr = C € Uy. Let z:= Cop\,. g, %~ 2.
o Let §, > 0 such that

C* (Bu, (2:02)) € By, (pv9),
and B B
Yo = Ciabg,  tpr = Chiby.
o Stepl.: T:=2T*+ T,, Ju € [2((0, T),R) such that
~ Fu ~
o o Yy
o Linearity of (Sy) with respect to the state

1#(7_, o, u) = ¢(7_7 C":Nbov u) = C’P(fﬂ’m u) = C'(Z’f =y
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Proof : connectedness and compactness

3. Conclusion : Gy, Cr € Up.
o Connectedness in the set of unitary matrices and compactness.

Co
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Proof : connectedness and compactness

3. Conclusion : Gy, Cr € Up.
o Connectedness in the set of unitary matrices and compactness.

C:te0,1]— C(t) € Un
with C(0) = Cp and C(1) = Cf

Co
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Proof : connectedness and compactness

3. Conclusion : Gy, Cr € Up.
o Connectedness in the set of unitary matrices and compactness.
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Proof : connectedness and compactness

3. Conclusion : Gy, Cr € Up.
o Connectedness in the set of unitary matrices and compactness.
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Proof : connectedness and compactness

3. Conclusion : Gy, Cr € Up.
o Connectedness in the set of unitary matrices and compactness.
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Local controllability around eigenvectors up to global phases

N e N*. V, u e H3((0,1),R) such that
(Cs3) there exists ¢ > 0 such that

C . *
|</ij,V7<pk,V>|2F7 VJ€{1a7N}7VkEN ’

(C4) /\k,V—/\j,V ;é/\p,v—)\n,\/ for aIIj,nG {1,...,N}, k >j+1,
p > n+Twith {j,k} £ [p, n},
T >0, there are 01,...,0y € R, § > 0;

N
Vapo € Hivyi (5, %) = Sj=k and D _ [l — @jvllme, <6,

j=1
N
Ve € Hiyy; (F,¥F) = dj=k and Zl It = €%eivllig,, <9,
=

there exists u € L2((0, T),R) such that ¥(T, g, u) = ;.
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Natural strategy : linear test

o Linearized system around (®1,v,...,%®n,v,u =0)
i,V = 2 W —v(t)u(x)®; v, je{l,...,N}
Wi(t,0) = W(t, 1) =0,
W (0,x) = 0.

oo T
wi(T) =13 ij,gpkv/ V() Py VAL &y 1 (T).
k=1 0
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Natural strategy : linear test

o Linearized system around (®1,v,...,%®n,v,u =0)
i,V = 2 W —v(t)u(x)®; v, je{l,...,N}
Wi(t,0) = W(t, 1) =0,
W (0,x) = 0.

o0 T
W(T)= /Z TRV IRY / v(t)e'MvAivitde o, \(T).
k=1 0

o Gap condition 4+ null upper density (Conditions (C3)-(C4)) ~~ Solution of
moment problem for non redundant frequencies

{Ak,v—Aj-,V;je{1,...,N},kzj+1and k:j:/v}.

Morgan MORANCEY Global exact simultaneous controllability of bilinear Schrddinger equations



Natural strategy : linear test

o Linearized system around (®1,v,...,%®n,v,u =0)
0V = —2 W — v(t)u(x)®; v, Jje{l,...,N}
\I!j(t,O) = \Uj(ta 1) =0,
W (0,x) = 0.

00 T
IZ ,LLSOJ V,Sﬁk v \/0' V(t)el()\k,V_Aj,V)tdt q)k,V(T)'
k=1

o Gap condition 4+ null upper density (Conditions (C3)-(C4)) ~~ Solution of
moment problem for non redundant frequencies

{Ak,v—Aj-,V;je{1,...,N},kzj+1and k:j:/v}.

@ Lost directions.

(WI(T),®5v(T)) _ (WX(T), Prv(T))
(v, @jv) (1K, v Pk, V)

Vi ke{l,... N}

Morgan MORANCEY Global exact simultaneous controllability of bilinear Schrddinger equations



The return method

Introduced by Coron (1992). Controllability of nonlinear systems with
non-controllable linearized system.

t=0
20
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The return method

Introduced by Coron (1992). Controllability of nonlinear systems with
non-controllable linearized system.

Local controllability around zy and zf

linearized system not controllable
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The return method

Introduced by Coron (1992). Controllability of nonlinear systems with
non-controllable linearized system.

Construction of a reference trajectory
with controllable linearized system
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The reference trajectory

let T>0and0<e1 <+ <en_1 < T.

Under Conditions (C3) and (C.,), there exist 77 > 0, C > 0 such that V5 € (0,7),
307,....0% € R, 3" € L2((0, T), R) with

”u:]eFHL2 < (n,
such that Vj € {1,..., N}, Vk e {1,...,N — 1},

(L2 (ek), W (er)) = (s vs ©jv) + M0j=k,

and
i n 07
Ip:]ef(T) = (6’91 PLV - e’GNSON,V) .

4

Main ideas : Small perturbations + partial control results (moment problem and
invariants)

nAT) = (% onv. . oy ) = (WIHT), Ou(T)) =0,k > j+1.
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Proof of the construction of the reference trajectory

@ [0,en_1] : Small perturbation (partial control result) such that

(il (en), Wiik(er)) = (upj v, i v) 08—k, Vi € {1,..., N}, Yk € {1,...,N—1}.

@ [en—1, T] : Reaching the target.

ref(T) (emf(pl,Vv"')eiozgoN,V) — P (Wef(T)) :0, VJE {1,...,N},

where
Pi) = D (W ¢rv)env.
K>j+1
Inverse mapping theorem at (0, ®y,v(en—1),...,Pn,v(e)) to
O(u, o) i= (0, P1(¥(T)),, Pu(4M(T)))
Continuous right inverse of d©(0, ®1 v(en—1), ..., Pn,v(€)) : solve a

trigonometric moment problem with frequencies

{)\k’v—)\j)v;je{1,...,N},k2j+1}.
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Controllability of the linearized system around the reference

trajectory

0 = (= 0% + V(x) W — ul ()0 W — v(e)u(x)erat,
Wh(t,0) = Wi(t,1) =0,
(0, x) = W (x).

Linearization of the invariants :

Re((W/, 4d(t))) =0, Y1<j<N,
(W (1)) 4 (Whn gl 1(8)) =0, V1< k<j<N.

ref

1<)

Controllability : There exists # € (0,7) such that for any € (0, 1), for any
suitable (Wo, W) € H?V), there exists v € L2((0, T),R) such that the solution

initiated from Wy satisfies
W(T) =W
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Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

(Wi ) 1 2 N
Wi
w2m

Yh:n

Morgan MORANCEY Global exact simultaneous controllability of bilinear Schrddinger equations



Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

(Wi ) 1
Wyl
w2

Yhon

[ Choice of 1 small enough + moment problem
e Form=0:j€e{l,...,N}, k>j+1landk=j=N

T .
(W), duv(T)) = i(uw,v,wkw/ v(t)e v NivItqe,
0

solve a trigonometric moment problem (Conditions (C3) and (C4)).
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Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

(Wi ) 1
Wyl
w2

Yhon

[ Choice of 1 small enough + moment problem
e Form=0:j€e{l,...,N}, k>j+1landk=j=N

. T .
(W), duv(T)) = i(uw,v,wkw/ v(t)e v NivItqe,
0

solve a trigonometric moment problem (Conditions (C3) and (C4)).
o Choice of 7 sufficiently small == controllability of (W/"(T), ®, v(T)).
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Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

[ Choice of 1 small enough + moment problem
1 Minimal family for diagonal directions.
o Forn=0: -
(W(T), ®jv(T)) ~~r (M%’,v,ﬂpj,v}/ v(t)dt, Vje{l,....N}
0
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Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

[ Choice of 1 small enough + moment problem
1 Minimal family for diagonal directions.

o Forn=0: -

(W(T), ®jv(T)) ~~r (u%’,v,ﬂpj,v}/ v(t)dt, Vje{l,....N}
0
e Forn>0: -
(W(T), @ v(T)) ~rr / v(t)(ubref (1), vref(t))de,  Vje{1,..., N}
0

Independence condition on (uy?:7(t),4/7(t)) in the construction of ).

ref "
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Sketch of proof

Controllability of (W/(T),®, \(T)) for j € {1,...,N} and k € N*.

(Wi d ) 1 2 N

yin
y2n

Yyhon

2 Choice of 7 small enough + moment problem
[ Minimal family for diagonal directions.

Invariants

(Wi, () + (VR U (e) =0, V1< k<j<N.

ref ref
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@ Global exact controllability
@ Global exact controllability under favourable hypotheses
@ Global exact controllability for an arbitrary potential
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Global exact controllability under favourable hypotheses

V, € H*((0,1),R) such that
(Cg) for any j € N*, 3¢; > 0;

G *
{wj v, ok v)| > k_J3’ Vk € N*,
(C7) {1,(\j,v)jen~} are rationally independent : VM € N*,

vr € QM [0}, M
n + Z riXjv # 0.

j=t

Conditions (Cg)-(C7) = Conditions (C1)-(Cs), for any N € N*.

Let N € N*. Under Conditions (Cg)-(C7), for any unitarily equivalent vectors
o, Pr €SN H?V), there are T >0, u € L?((0, T),R) such that

¢(T7¢0) U) = ’(:bf'
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Sketch of proof
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Sketch of proof

Global approximate controllability
Existence of M € N* Uy
z0,2f € Cu

*Zy 'l/’f

Z0 -
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Sketch of proof

Exact controllability of (Spr)
around 2o, z ¢ b

¢
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Sketch of proof

Time reversibility
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Dealing with an arbitrary potential |

V € H*((0,1),R) arbitrary

)

{ oy = — (02, + V(x) + p(x)) ¥/ — u(t)u(x), (t,x)€(0,T)x(0,1), (&
Y(t,0) = ¢I(t,1) =0, je{1,...,N},

Link between propagators of (Sy) and (Sy) :
»(T . o, u) = (T, o, u — 1).

@ Qy : set of u € H*((0,1),R) such that Conditions (Cg) and (C7) are
satisfied for V replaced by V + p i.e.

: * Cj *
VJ eN ) EICJ' > 0; |<M90j7V+,U«790k,V+,U«>| > k_J?,’ VkeN )

{1, (Aj,v4+u)jen-} are rationally independent.

o ;€ Qy : global exact controllability of (Sy) in SN H?V+;4)-
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Dealing with an arbitrary potential |l

@ Assume p € Qy. Let g, € SN H?V).
Let u; € HY((0,1),R) with u1(0) =0, u1(1) = —1. Then,

Bo = (Lo, 1), W= (L. 1) €SN H{vip)-

o Reaching the 'right space’ : v, e, 17:0, for (Sw).
o Global exact controllability of (Sy) : 3T > 0, 3@ € L2((0, T),R) such that

1

11[}0 ML;J) ,;ijv fOI" (SN)v

~ T,o—1 ~
Py ~— g, for (Sw).
o Time reversibility : 177; raly) P, for (Sn).

e Quy is residual in H*((0,1),R).
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Open problems and perspectives

Conclusion
o Global exact controllability
@ Arbitrary number of equations
@ No restriction on the potential

Open problems

o Large time : Lyapunov strategy, rotation (Kronecker diophantine
approximation), compactness argument.

@ Optimal spaces : H?V), H?V) (Lyapunov strategy in infinite dimension)
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Open problems and perspectives

Conclusion
o Global exact controllability
@ Arbitrary number of equations
@ No restriction on the potential

Open problems

o Large time : Lyapunov strategy, rotation (Kronecker diophantine
approximation), compactness argument.

@ Optimal spaces : H?V), H?V) (Lyapunov strategy in infinite dimension)

Thank you for your attention.
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