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The wave equation with boundary control

We consider the following wave equation:

Yt — ( ( ) ) + d(x t)y - O (Z‘,t) € (07 1) X (OvT)
y(0,t) =0, y(1,t) = v(t), te (0,7)
y(@,0) =wo(x),  wu(z,0) =y(x), z € (0,1).

v

c € C3([0,1]) with ¢(z) > ¢ > 0in [0,1]
de L>((0,1) x (0,T))
yo € L2(0,1) and y; € H~1(0,1)

We search a control v = v(t) such that

y(T)=0,  y(T)=0. (1)

v

v

v

Aim
For a controllability time T" > 0 large enough and for every yo, y1, give a
numerical approximation of the control v of minimal L2-norm.
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Hilbert Uniqueness Method - a brief recall

1 T
Minimize J(y,v):2/ lu(t)|? dt
0

(2)
Subject to (y,v) € C(yo,y1;T)
where C(yo,y1;T) denotes the linear manifold
o | (y,v) :v € L*0,T), y solves the wave equation
Clyo, v T) = { and satisfies y(T) = y.(T) =0 '
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Hilbert Uniqueness Method - a brief recall

1 T
Minimize J(y,v) = 2/ lu(t)]? dt
0

Subject to (y,v) € C(yo,y1;T)

(2)

where C(yo,y1;T) denotes the linear manifold

o | (y,v) :v € L*0,T), y solves the wave equation
Clyo, v T) = { and satisfies y(T) = y,(T) =0 '

By duality arguments this minimization problem is equivalent to
the following one

min (0, ¢1
((,007(,01)€H6(0,1)><L2(0,1) ( )

J*(p0, 1) = Qfo |%: (1, ¢)2dt
+ Jo vo(@)er(@, 0)dz — (y1, @ (-, 0)) g1,
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Hilbert Uniqueness Method - a brief recall

Dual minimization problem reads as :

min J*(Sp(b 801)
(‘;DO#PI)EH(% (071) XL2(071)

J* (0, 1) = %foTl lou(1,)[2dt
+f0 yo(ﬂ?)g{)t(.ﬁ,())dl' - <y1790('?0)>H*1,H3

Lo=20 in Qr,
p=0 on Xp

(o( 1), (-, T)) = (w0, p1), in Q.
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Hilbert Uniqueness Method - a brief recall

min J* (0, ¢1
(WO#PI)EH(%(O?I)XLQ(OJ) ( )

Tpoer) = 3 Jy lea(10)Pdl
+ Jo wo@)en(w, 0)dz = (1,0, 0)) -1 1y

Ly =0 in Qr,
p=0 on X
((P('?T)acpt('aT)) = (3007(101)7 in Q.

The coercivity of J* is the consequence of the following
observability estimate : there exists a constant kr > 0 such that

HSO('?O)’SDt("O)H%/ < k% o2 (1, ')H%Q(O,T)? V(po,¢1) €V, (2)

where V = H}(0,1) x L?(0,1).
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Hilbert Uniqueness Method - a reformulation

Since ¢ is completely and uniquely determined by (o, 1),
we consider the following extremal problem:

min j*(cp), subject to Ly =0,
ped
where

- ) B Ly e LQ(QT)
P = {gp € L(Qr), ¢ = 0 on Xr such that ©.(1,-) € L2(0,T) [~

Remark

® js an Hilbert space endowed with the inner product

T
(©.P)e = /0 (D)1, )7, (1, 8) dt + 1 // LoLpdx dt.

for any fixed n > 0.
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Hilbert Uniqueness Method - a mixed reformulation

We consider the following mixed formulation : find
(o, \) € ® x L?(Q7) solution of

a(p, ) + (@A) = (), Vg e (3)
b(QD, — VX S L2<QT)a

>
N—
=)

where
T
@ Bx DR alp) = [ (Lol 071, 0t
0

b:®x L*(Qr) = R, b(p,\) = // Lo(x, t)\(x, t)dxdt

1
1:® =R, )= —/0 yo(x) ¢z, 0)dz + (y1, (-, 0))—11.
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Theorem

1. The mixed formulation (3) is well-posed.

2. The unique solution (p, \) € ® x L*(Qr) is the unique
saddle-point of the Lagrangian L : ® x L?(Qr) — R defined
by

1
L(p, ) = alp, 9) + (e, A) = U(p)- (4)
3. The optimal function @ is the minimizer of J* over ® while

the optimal function A € L*(Q7) is the state of the controlled
wave equation in the weak sense.
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Theorem

1. The mixed formulation (3) is well-posed.

2. The unique solution (p, \) € ® x L*(Qr) is the unique
saddle-point of the Lagrangian L, : ® x L?(Qr) — R defined
by

1
L:(¢, ) = ar(p, 0) + (e, A) = 1) (4)
3. The optimal function @ is the minimizer of J* over & while

the optimal function A € L*(Qr) is the state of the controlled
wave equation in the weak sense.

Nicolae Cindea  Approximation of the HUM control for the wave equation



Ingredients of the proof

We easily check that :
> a is continuous over ® x ®, symmetric and positive
» b is continuous over ® x L?(Qr)

» assuming ¢ € A and T' > T*(c), [ is continuous over ® (as a
direct consequence of an apropriate Carleman estimate )

The well-posedness of the mixed formulation is a consequence of
the following two properties (see Brezzi and Fortin 1991 book):

> a is coercive on N (b), where:
N (b) = {p € ® such that b(p, \) = 0 for every A € L*(Qr)}.
» b satisfies the usual "inf-sup” condition over ® x L?(Q7):

- LTV > 6.
AeL2(Qr) pea |1@lle M 2(qp)
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Numerical approximation

Let ®; and M}, be two finite dimensional spaces parametrized by
the variable h such that

o, Cc®, M, c L*(Qr), VYh>O0.

We introduce the following approximated problems : find
(on, An) € ®p, x My, solution of

ar(@ha@h) + b(@haéh) = l(@h)a v@h € <I>h
b(on, An) = 0, Y n, € M.

where

ar (¢, ) = alyp, 90)+7“// |L|* dz dt
T

for any given r > 0.
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We introduce a triangulation 7}, such that Q7 = Uger;, K and we
assume that {7, }n>0 is a regular family. We define

@), = {¢on, € CY(Qr) : ¢nlk €P(K) VYK € Th, ¢n=0on S}

where P(K') may be chosen as
» The Bogner-Fox-Schmit (BFS for short) C'! element defined
for rectangles.
» The reduced Hsieh-Clough-Tocher (HCT for short) C!
element defined for triangles.
My, = {)\h S CO(@) : )\h|K S Q(K) VK € 77L},

2| 2|

2|
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Mixed formulation as a linear system

Let ny, = dim &4, my, = dim M}, and let the real matrices
App € R By, € RMw™ and Ly, € R™ be defined by

ar(en, Pn) =< Arplon} {®n} >rrnrrn,  Von, @n € O,
b(¢n, An) =< Br{en}, {\n} >rme mmn, Von € ®p, VA, € My,
Uen) =< Ln, {¢n} >, Von € @

With these notations, the finite dimensional mixed problem reads
as follows : find {¢y} € R™ and {\,} € R™" such that

(50 ) (8 )= (0)
Bh 0 Rnh+mh,nh+mh {)\h} Rnh+mh 0 Rnh+mh

’Uh(t) = C<1)7TAt(¢h,:r(17 ))
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A numerical example

Yo(x) = 4z 1(g,1/9)(2), yi(x) =0, T=24.

The control of minimal L?-norm is known exactly :

v(t) =2(1 =)y 3/2(t).
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A numerical example
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Figure: Control of minimal L2-norm v and its approximation vy, on (0, T).
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A numerical example

X, t)

Figure: The primal variable \;, in Q7; h = 2.46 x 1072; r = 10~2.

Approximation of the HUM control for the wave equation
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A numerical example

0.4 T T
0.35+ 9
0.3f i
0.25+ 9
0.2 q
0.151 q
0.1r :
——BFS
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—&—HCT non uniform
0.05 : :
107 107"
h

Figure: Evolution of |[v — val|z2(0,) W.r.t. h for BFS finite element (),
HCT-uniform mesh (o) and HCT- non uniform mesh (O); r = 1.
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A numerical example - mesh adaptation

Figure: Iterative refinement of the triangular mesh over Q with respect
to the variable \j,: 142,412,1 154, 2 556,4 750 triangles; » = 2 x 1073,
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A numerical example - mesh adaptation

AX, 1)

Figure: Primal variable Ay, in Q.
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Another numerical example - distributed control case

) = o —500(z—0.2)2

Yo(z : y1(z) =0

T=22  w=(02,04)

and a non-constant function ¢ = ¢(x) € C([0, 1]) with

1. z € [0,0.45]
c(z)=1< €1.,5] (d(x)>0), ze€(0.45,0.55) (5)
5. z € [0.55,1].
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other numerical example - distributed control case

A, t)

Figure: Left : Triangular mesh of gr and of Q. Right : The primal
variable A\ in Q7.
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Some perspectives

B Optimization in space-
time of the support of the
control
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Some perspectives

B Optimization in space-
time of the support of the
control

B ‘“inf-sup” condition is
uniform with respect to h?

inf  sup b(en; An)

I L LVE— 5h-
MeMy g ed, ll@nlle, | nllaz,

107 107"

Figure: BFS finite element - Evolution
of the inf-sup constante §;, with respect
to hforr=10"% (<), 7 = 1073 (»),
r=1072 (o) and r = 1071 (O).
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N. Cindea, A. Munch, A mixed formulation for the direct
approximation of the control of minimal L?-norm for linear type
wave equations, submitted August 2013.

Thank you for the attention!

Nicolae Cindea  Approximation of the HUM control for the wave equation



Proposition (C, Fernandez-Cara, Miinch, ESAIM COCV 2013)

Let z9 <0, ¢o > 0 and ¢ € A(zo,cp). Let § > 0 and let us consider the
function ¢(x,t) := |z — x¢|? — Bt? + My and g(x,t) := e @) Finally,
let us assume that

1
T> = V2(z — zg).
> I[I&f]i]j( c(x) = (x — xo)

Then there exist positive constants sy and M, such that, for all s > s,
one has

// 259 (Jwe|® + Jwg|?) d:cdt+s/ / e29\w|? dx dt

<M/ / 259|Lw|2dmdt+Ms/ 29w, (1,t)|? dt.
T

A(zg,co) = {c € C3([0,1]) : e(x) > co >0,

— min (c(af) + (x — xo)cgg(x)) < min (c(ﬂc) + %(m - 300)01(95)) }7

[0,1] [0,1]

Nicolae Cindea  Approximation of the HUM control for the wave equation



