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Optimal control problem

The objetive function

min
u0∈Uad

J(u0) =

∫
R2

(u(x, T )− ud(x))2dx


∂tu+ divx(f(u)) = 0, in R2 × (0, T )

u(x, 0) = u0(x), x ∈ R2
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Linearization without shock

δJ(u0)[δu0] =

∫
R2

(u(x, T )− ud(x))δuT (x)dx
∂tδu+ divx(f ′(u)δu) = 0, in R2 × (0, T )

δu(x, 0) = δu0(x), x ∈ R2

Using the adjoint system

δJ(u0)[δu0] =

∫
R2

p(x, 0)δu0(x)dx


∂tp+ f ′(u) · ∇p = 0, in R2 × (0, T )

p(x, T ) = u(x, T )− ud, x ∈ R2
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Example A) ut +
(
u2/2

)
x

+
(
u4/4

)
y

= 0, with T = 0.2
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The functional J# in example A)
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ut + (f(u))x = 0, in Q− ∪Q+

ntΣ [u]Σt + nxΣ [f(u)]Σt = 0, on Σ
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Σ
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ΣT

t

IR

Q− Q+

pt + f ′(u)px = 0, in Q− ∪Q+

[p]Σt = 0, on Σ
q(t) = p(ϕ(t), t),
q̇ = 0,

p(x, T ) = u(x, T )− ud(x), x ∈ R \ ΣT

q(T ) =
[(u(·,T )−ud)2/2]

ΣT

[u]
ΣT

.

δJ(u0)[δu0, δϕ0] =

∫
R

(u(x, T )− ud(x))δu0(x)dx− [u]Σ0q(0)δϕ0
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pt + f ′(u)px = 0, in Q− ∪Q+

[p]Σt = 0, on Σ
q(t) = p(ϕ(t), t),
q̇ = 0,

p(x, T ) = u(x, T )− ud(x), x ∈ R \ ΣT

q(T ) =
[(u(·,T )−ud)2/2]
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ut +

(
u2

2

)
y

= 0, R2 × (0, T ),

u0(x, y) =

{
1 (x, y) ∈ (0, 1)× (0, 1),
0 otherwise.
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Example A)

ut + (u2/2)x + (u4/4)y = 0
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Figure : u0, alternating descent
method, iteration k = 56

Figure : u0, the discrete approach,
iteration k = 99

Figure : uT , alternating descent
method, iteration k = 56

Figure : uT , the discrete approach,
iteration k = 99
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THANK YOU!
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