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o = Size and Power of the test

F(als) = 3(1 — 2)?
f(z|b) = 327

/ f(z|b)dx = / 3z%dx = :cgut
0 0

/ f(z|s)dz = / 31 —z)dz=1—(1—Zew)®
0 0

Recall the definition of the size of the test:
Rejecting the hypothesis H, when it is true P(z € W|Hy) < «

IO = Q= Ty = ol/3 =0.368
Power of the test: P(x € S —W|H;) =, Power=1-p

1 — (1= Zewe)® =1—(1—0.368)% =0.748



o = Bayes’ theorem
1(c) Stot = 10, btor = 100, 2¢e = 0.1

we found the cumulative probabilities before:

€p = a:g’ut s =1—(1— xcut)3

b = btot *€p — 100:173

cut =0.10 S = Stot " €s = 10(1 - (1 - xcut)?’) = 2.71

Tcut=0.1

Tcut=0.1

1(d) s = 0.09, 1, = 0.91
Recall Bayes’ theorem
P(z < zeyt|s)ms B €T g

P < Teyt) = o
(SICB LE t) P(il’/' < mcutls)ws + P(CE < xC’U«t|b)7rb €sTs T €T

Signal purity P(s|r < xy:) = 0.964



. = p-value, significance

1(e) Experiment - observe n,, events, in the region x <x,,,

obs

Poison distribution P(n|s, b) = ﬂe—@m
n

Expected bkg events b= 0.5 — b= biot - €5 = biot * Ty — Teur = 0.171
= P(n > neps|s = 0,b) = i b—ne_b—l—nwi_lb—ne_b
p-Va].ue p - - obs _2 ) — n' — ‘ n'
N=MNobs n=

b
p=1—(1+b+ E)e_b = 0.0144



= . .
¥, p-value, significance

1(e) Experiment - observe n_, events, in the region x<x_

Poison distribution P(n|s, b) = ﬂe—mw
n

Expected bkg events b= 0.5 — b= biot - €5 = biot * Ty — Teur = 0.171

o0 v
p-value p:P(nZnobs|3:0,b) = E He b — 1 — E He
2 N=MNobs n=0

b
p=1—(1+b+ E)e_b = 0.0144

More events?! - Use identity from Sec. 10 of arXiv:1307.2487, relating
the sum of Poisson probabilities to the cumulative x* distribution:
m
b _ :
Z Ee b_—1-— sz (2b, ndof), with Ndof = 2(m + 1) — 2Mpbs
n=0

p = F,2(2b;2n4s) = 1 — TMath::Prob(2b, 2n4s) <€ Function in ROOT
p = 1 — TMath::Prob(1.0,6) = 0.0144

Significance: Z = & !(1 — p) = TMath::NormQuantile(1 — p) = 2.19
6



IESN = : L o

T = L] Expected (median) significance
1(f) xcut —_ 0-1

For s < b, med[Zy|s + b] = s/v/b, otherwise med[Z|s + b] = \/2 ((s +b)In (1 it g) — s)
We computed s and b for x,,,,=0.1

b= bt €y = 10025, =010 5= S8tor €= 10(1—(1— Teut)’)|, =271

med|[Zy|s + b] = \/2 ((s +b)In (1 + g) - s) — 3.65

Compare to: med|[Zy|s + b] = % = 8.57



= FAE g Expected (median) significance

1A med[Zy|s+b] = \/2 ((s +b)In (1 + %) — s) = 3.65

Compare to: med|Zy|s + b] = % = 8.57

Write a program to compute the s and b at different x_ ., and then
compute the median significance as a function of x_;.
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From the plot: Max med|Z|s + b] = 3.68 for z.,; = 0.13



Expected (median) significance

1(g) Design a test that exploits each measured value in the entire range
of x. We define a test statistic to test the bkg-only hypothesis that is a
monotonic function of the likelihood ratio

L Stotf mzl )
B _22 [1 " brot f leb):|

10° ™ lbll’l T tlh 12  The code generates 10M experiments.

othesis . :
o'k yP , 1 Count number of events found in the
=--- S+b hypothesis E

b-only test, below the s+b median
g < med[qg|s+b] =7
: E ; pp="7x10""
w0k {1 med[Zyls+ b = (1 — py) = 4.83

1045—

L= s+b median
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= EB E b Expected (median) significance

1(g) How to generate s+b hypothesis
f(z) = msf(x]s) + mp f(2|b)
Find r ~ U|0, 1]
If (r < ms) take x ~ f(z|s)

< Mixt del
otherwise z ~ f(z|b) 1Xture moae

For z ~ f(z) we find the cumulative distribution function and solve for r

X(r)

Transformation method

F(z) = —/Om f(zdz' =r

Require: P(r < 1) = P(z < 2(+'))

ie. /_x g(rydr=1"= /::) f(@) da' = F(z(r))
Flz|s)=1-(1-2z)3 sz=1—r!/3
F(zb) =23 -z =r1/3

NB We are generating two independent random numbers here... 10



