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Truncated-basis calculations

Ml ) o Expansions in oscillator eigenstates are
Y(r) = > cnun(b;r) ) )
n=0 convenient. .. but necessarily truncated!

@ Both IR and UV physics are cut off, balance determined by scale b

IR extrapolations

Low-energy spectrum of 2 indistinguishable from that in a box!
< asymptotic wavefunctions + S-matrix govern extrapolations

2 \—2KooL
AE(L) = K/oo'yooe fooo —+ - S. N. More et al., Phys. Rev. C 87, 044326 (2013)
R. J. Furnstahl et al., Phys. Rev. C 89, 044301 (2014)

o Identify the relevant UV cutoff!

@ Derive a physically motivated extrapolation formula!
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UV cutoff from duality

Naive choice would be Ag = \/2uFmax = V2N +3/b... (N =2n+1{)
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UV cutoff from duality

Naive choice would be Ag = \/2uFmax = V2N +3/b... (N =2n+1{)
Configuration space o) o)
A p T
o effective hard-wall box Huo = 2% + 21 b2 J

@ consider smallest
eigenvalue of p?
— L =1Ly=
2(N+3/2+A)b
with A =2

b= (uhQ)~ '/

Momentum space
@ same situation!

@ consider smallest
eigenvalue of 72

‘—)A:AQZ

V2(N¥3/2+A)/b

cf., e.g., M. Caprio, NUCLEI2013 talk
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UV cutoff from duality

Naive choice would be Ag = \/2uFmax = V2N +3/b... (N =2n+1{)
Configuration space —_ o) o)
e A P T
o effective hard-wall box Huo = 2% + 21 b2 J

@ consider smallest

eigenvalue of p? Momentum space

@ same situation!

— L =1Ly=
2(N+3/2+A)b @ consider smallest
with A =2 eigenvalue of 72
b: hQ*l/Q (—>A:A2:
(HRQ) V2N +3/2+A)/b

cf., e.g., M. Caprio, NUCLEI2013 talk

Subleading corrections

Ay

A=Ay +—+ =+
~~ n n

=2

x, = first positive root of jy(z)

=0

f=1

L3-2r2) | —L(3-2n?)
—£(5+ 227)

6%(5-{-2:13%)
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Deuteron — Ay vs. Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b

I I
10’ \ 2 |
H 3
ok s, N’LO (500 MeV)
* SRG A =2.0 fm"'
2 %,
10 s *
w” %
-~ %
Lu-c 10—3 - .. _
< 3
4| ® |
1077 o HOwithaA, o
10°F . .
%
—6 | . le P
10 7y 2 3 4 5
-1
A[fm ]

UV extrapolations in finite oscillator bases — p. 4



Deuteron — Ay vs. Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b

10 [e 7
\ 2H

o' *a N’LO (500 MeV)
\\ SRG A =2.0 fm"'
2| ? |
10 )
m’c .‘
%
\-c =3 ? _
w10 o
< H
4| ) |
1077 o HOwitha, o
10°F . .
90
—6 [ le, P
10 7y 2 3 4 5
-1
A[fm ]

UV extrapolations in finite oscillator bases — p. 4



Deuteron — Ay vs. Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b

100 B I [T ] I ]
\ 2H e—(k//\) H(k’k,)ef(k'//\)
N 3
10 {\\ N’LO (500 MeV)
N SRGA=2.0fm "
1071 A I I
=) [ ~
[8a} [) >~
~ % ~ -
o 10°F * T~—g
< s
4| e |
1077 ¢ HOwithaA, o
—=n=2
10°F . .
90
—6 | . le, P
10 7y 2 3 4
-1
A[fm ]

UV extrapolations in finite oscillator bases — p. 4



Deuteron — Ay vs. Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b
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Deuteron — Ay vs

Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b
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Deuteron — Ay vs. Ay

Ao =1/2(N +3/2)/b, Ay = \/2(N +3/2+2)/b
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Regularized contact interaction

Exact cutoff dependence

T. Papenbrock, S. Bogner, R. Furnstahl

Simple toy model: V(k, k') ~a (k) fa(k) o fPk)=e (})’

f /\( )?
—1—47ra/ dk k222 5~ KA
ki +k
0.65 L B B
r regularized contact a = —0.1 fm
[~ interaction mot|vated by non_rel_ EFT 0.64 quartic regulator with A = 2.0 fm ! -
. . @--B-= OO -0 --0---B---
@ regulator motivated by SRG evolution < oes- o R
T oe2f @1’/ O direct calc. 4
00 < / =~ fit to direct calc.
o fit g = i — A X /dk Fa(k)? ]
A oeofL- . T
20 22 24 26 28 3.0 32

A (fm™)
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Regularized contact interaction

T. Papenbrock, S. Bogner, R. Furnstahl

Simple toy model: V(k, k') ~a (k) fa(k) o fPk)=e (})’

Exact cutoff dependence

A 2
-1 :47ra/0 dk k? I (k) ~ KA

K% + k2
0.65———T1 71 R
r regularized contact a = —0.1 fm
@ interaction mot|vated by non_rel_ EFT 0.641- quartic regulator with A = 2.0 fm ™
r G AR D= ED = O3 OB O8O ==
@ regulator motivated by SRG evolution < oss e
& a
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Regularized contact interaction

T. Papenbrock, S. Bogner, R. Furnstahl

Simple toy model: V(k, k') ~a (k) fa(k) o fPk)=e (})’

Exact cutoff dependence

A 2
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K% + k2
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What now if the interaction is
not separable?!
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p.



Separate and conquer

o take a given Hamiltonian H=Hy+V...
e ...and a (bound) state |¢), | H [¢)) = E [¢)

® set Viep = gl) (1] with 1)) =V [1), g=" = (4|V )

see, e.g., Ernst, Shakin, Thaler (1973); Lovelace (1964)
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Separate and conquer

o take a given Hamiltonian H=Hy+V...
e ...and a (bound) state |¢), | H [¢)) = E [¢)

® set Viep = gl) (1] with 1)) =V [1), g=" = (4|V )

see, e.g., Ernst, Shakin, Thaler (1973); Lovelace (1964)

< This reproduces the same state |¢)) !

v) WV

%
(Vsep = )

l) =V |[¢) (quite simple. .. ) >
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Separate and conquer

o take a given Hamiltonian H=Hy+V...
e ...and a (bound) state |¢), | H [¢)) = E [¢)

® set Viep = gl) (1] with 1)) =V [1), g=" = (4|V )

see, e.g., Ernst, Shakin, Thaler (1973); Lovelace (1964)

< This reproduces the same state |¢)) !

‘ y V) (Y 1% “ -
(‘/sep ‘U> = # |’l;’)> =V

(WLIVI])

¥) (quite simple. . .) >

Cutoff dependence

Just replace. ..

2

e a—g A + w3 k2

.in previous relations! @ KA = Foo — AX / dkn(k)?
A

This incorporates properties of the potential and the state! J
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Separable extrapolations

Just take |¢)) from the largest oscillator space! )=V ) ho

UV extrapolations in finite oscillator bases — p. 8



Separable extrapolations

Just take |¢)) from the largest oscillator space! ) =V ) o

Fits
® KAexp = Koo — @ X e~ bA

— —bA?
o KA,Gauss = Koo —Q X €

00
@ KAsep = Koo — a/ dk W(k)2
A
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Separable extrapolations

Just take |¢)) from the largest oscillator space! 7 =V |¥)uo
072F T T T T T T T T T 1 .
[ Poschl-Teller a = 2/3 fm™', g = o Fits
068 e WA
r - QK = Koo —Q X €
064 b —4 fm s Asexp o0
o 1 _IA2
‘E 060 @ KA,Gauss = Koo — @ X € bA
T o056 — 0o
< 1 2
< 052 O osc. calculation ] (] RA,sep = Koo — @ dk n(k)
exponential fit e A

048 -- Gaussian fit
0.44 — separable fit

I I O N ENI EY
10 12 14 16 18 20 22 24 26 28 3.0

Ay (fm™)

nmax ‘ 8
Foowp | 0.6038
Koo Gauss | 0.6495
Foosep | 0.6326
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Separable extrapolations

Just take |¢)) from the largest oscillator space!

072F T T T T T T T T T T T T T
I Poschl-Teller « = 2/3 fm™', 3 =3

0.68 -
064~ ph=4fm
0.60 -

0.56

ka (fm™)

0.52+ O osc. calculation
exponential fit
048 -- Gaussian fit

— separable fit

0.44 -0

I N L L PR I R IR E— L
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Fits
® KAexp = Koo — @ X e~ bA
bA2

@ KA,Gauss = Koo — @ X e

o0
@ KA sep = Koo — a/ dkn(k)?
A

3.0
A2 (fmfl)
Mmax | 8 | 12
Fooexp | 0.6938 | 0.6778
Foo,Gauss | 0.6495 | 0.6594
Foosep | 0.6326 | 0.6513
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Separable extrapolations

Just take |¢)) from the largest oscillator space! 7 =V |¥)uo
072F T T T T T T T T T T T T T " T R
I Poschl-Teller « = 2/3 fm™', 3 =3 | Fits
0.68} A WA
r QK = Koo —Q X €
064~ ph=4fm Asexp e
T oeol B _ —bA?
‘E L ° KA,Gauss = Koo —Q X €
T o056 — 0o
< r 2
< 052k O osc. calculation ] (] RA,sep = Koo — @ dk n(k)
F exponential fit A
048 , -- Gaussian fit
[/ — separable fit

0.44 /0.

- ol e e e 1
10 12 14 16 18 20 22 24 26 28 3.0

A2 (fm7 ! )

Foowp | 0.6038 | 0.6778 | 0.6719
Koo Gauss | 0.6495 | 0.6594 | 0.6633
Koosep | 0.6326 | 0.6513 | 0.6593
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Separable extrapolations

Just take |¢)) from the largest oscillator space!
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0.68 —
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Fits

® KAexp = Koo — @ X e~ bA
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T o056 0o
; 0_52; O osc. calculation ] o RA,sep = Koo — a// dk n(k)2
ro, exponential fit A
048 / - = Gaussian fit
0.44 jo — separable fit
711‘0‘ 1‘.2‘ 114‘ 116‘ 1‘.8‘2‘.0‘2}2‘2‘.4‘2‘.6‘2‘.8‘ 3‘(;
A2 (fmfl)
Mma | 8 | 12 16 20
Kooexp | 0.6938 | 0.6778 | 0.6719 | 0.6693
Koo,Gauss | 0.6495 | 0.6594 | 0.6633 | 0.6649
Koosep | 0.6326 | 0.6513 | 0.6593 | 0.6630
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Separable extrapolations

Just take |¢)) from the largest oscillator space!

0.72-
0.68
0464;
0.60;

0.56

ka (fm™)

0.52 -

0.4815"

0.44

I Poschl-Teller « = 2/3 fm™', 3 =3

b=4fm

O osc. calculation -
exponential fit
-- Gaussian fit

— separable fit

I IO N RO I
18 20 22 24 26 28 3.0

6

A R N
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) = 14 WJ>HO

Fits

® KAexp = Koo — @ X e~ bA

— —bA?
o KA,Gauss = Koo —Q X €

oo
@ KAsep = Koo —a/
A

dkn (k)

AQ (fmfl)
max | 8 | 12 16 20 24
Fooexp | 0-6938 | 0.6778 | 0.6719 | 0.6693 | 0.6680
Koo Gauss | 0.6495 | 0.6594 | 0.6633 | 0.6649 | 0.6657
Foosep | 0.6326 | 0.6513 | 0.6593 | 0.6630 | 0.6648
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Sepa

Just take |¢)) from the largest oscillator space!

0.72

0.68
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0.52

0.48

0.44

rable extrapolations

I Poschl-Teller « = 2/3 fm™', 3 =3

r b=41fm

L O osc. calculation -
exponential fit

[ -- Gaussian fit

Lo — separable fit
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m) =V WJ>HO
Fits
® KAexp = Koo — @ X e~ bA
@ KA,Gauss = Koo — @ X e_bA2
oo
@ KA sep = Koo — a/ dkn(k)?
A

AQ (fmfl)
max | 8 | 12 16 20 24 || 32
Fooexp | 0.6938 [ 0.6778 | 0.6719 | 0.6693 | 0.6680 || 0.6671
Fioo,Gauss | 0.6495 | 0.6594 | 0.6633 | 0.6649 | 0.6657 || 0.6663
Foosep | 0.6326 | 0.6513 | 0.6593 | 0.6630 | 0.6648 || 0.6661
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Separable extrapolations

Just take |¢)) from the largest oscillator space!
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O osc. calculation
exponential fit
-- Gaussian fit

— separable fit
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Fits
® KAexp = Koo — @ X e~ bA
@ KA,Gauss = Koo — @ X e_bA2
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@ KA sep = Koo — a/ dk n(k)2
A

v

only two parameters!

A2 (fmfl)
Mmax | 8 | 12 16 20 24 || 32
Fooexp | 0.6938 [ 0.6778 | 0.6719 | 0.6693 | 0.6680 || 0.6671
Foo,Gauss | 0.6495 | 0.6594 | 0.6633 | 0.6649 | 0.6657 || 0.6663
Foosep | 0.6326 | 0.6513 | 0.6593 | 0.6630 | 0.6648 || 0.6661
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Back to the deuteron

Finally, consider realistic nucleon—nucleon interactions!

S—D coupled channels

< Deuteron ~ (Voo Voo _( I¥o) )
Ve = ( Voo Vo ) - [a) = ( 4h2)
v =gx ( |70) ) ( (Mol )T In0} = Voo ltbo) + Voa [¢62)
SD.sep g |772> <772| |772> = ‘720 Wio> + VQQ |”¢2>
10 (ol (k2 + 52) ™" o) 0 ( |770>) _
[(O 1>—|—g><< 0 (na (B2 + £2) ™" |n2) |172) !
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Back to the deuteron

Finally, consider realistic nucleon—nucleon interactions!

S—D coupled channels

< Deuteron ~ (Voo Voo _( I¥o) )
Ve = ( Voo Vi ) - [a) = ( th2)
b= () (Y 0= Sl il
SPsep =9 |12) (2] [n2) = ‘720 o) + V22 [ha)
10 (ol (k2 + 52) ™" o) 0 ( |770>) _
[(O 1>—|—g><< 0 (nQ\(l%erﬁz)*l 72) [72) =0

Quantization condition

_1:4ng/Adkk2M
0 fii+k2

< fit formulas, as before!
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Deuteron results

En achleidt
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— separable fit
15| 4
O W O R
10 12 14 16 18 20 22 24 26
As (fm™h)
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Deuteron results

E achleidt
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Deuteron results

Entem—Machleidt
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Deuteron results

Entem—Machleidt
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Quick summary

Collada de la Pllana (2702m)

Centro de Ciencias (1150m)

benasque.org

UV extrapolations in finite oscillator bases — p. 11



Quick summary

Collada de la Pllana (2702m)

Centro de Ciencias (1150m)

benasque.org

UV extrapolations in finite oscillator bases — p. 11



Quick summary

Collada de la Pllana (2702m)
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Summary and outlook

Summary
duality of the oscillator Hamiltonian implies Ayy = A2(N)
for separable interactions, the UV extrapolation is simple

more generally, one can use separable approximations

deuteron results look very promising!

Outlook / To Do

@ scaling arguments suggests that by solving the two-body problem
exactly one can extrapolate many-body results — check this!

o figure out how to do reliable combined IR and UV extrapolations
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Summary
duality of the oscillator Hamiltonian implies Ayy = A2(N)
for separable interactions, the UV extrapolation is simple

more generally, one can use separable approximations

deuteron results look very promising!

Outlook / To Do

@ scaling arguments suggests that by solving the two-body problem
exactly one can extrapolate many-body results — check this!

o figure out how to do reliable combined IR and UV extrapolations

X%k

Thanks for your attention!
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