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Cooling and crystallisation of large ensembles 

through superradiant light scattering  
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phase of excitation

light depends on position x 

collective pump strength  R

Field in cavity generated only by atoms

R = 0 for random atomic distribution

R ~ Ng for regular lattice (Bragg)

Geometry: transverse direct 

excitation of atoms from side  !



Maximum photon number  for 0 and l distance

Minimum photon number for l/2 distance
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=> for high field seekers l ordering is energetically favorable



Numerical simulations of coupled dynamics including atomic motion

( start with random distribution at Doppler temperature )



Atom-field dynamics for very large particle number :

=> Vlasov equation for particle distribution   

Continuous density approximation for cold cloud: single particle distribution function   

Vlasov + field equation

stability threshold of 

homogeneous distribution:

cavity

damping

pump laser

opt. potential

frequency

shift of cavity

threshold at thermal equilibrium



time evolution of field intensity above threshold (~ d_c^2)

negative detuning positive detuning

• instability leads to selfordering for negative detuning only

• dynamics driven by energy minimization via selftrapping



stability analysis including diffusion

(Niedenzu, EPL 2011)



Vladan Vuletic: Stanford University (=>MIT)

• >10^6 Atoms trapped and cooled to  ~mK

• with simultaneous coherent light emission 

10^6 Caesium atoms

in resonator with

transverse coherent

pump field

Phase stability of coherent emission

with Pi-jumps (bistable pattern)

Experiment with atoms:



Phase memory of atomic system:

probability of Pi-jumps between sucessive jumps

• Atomic cloud shows memory

• Preparation of initial conditions 

needs great care

• Many possible patterns lead to the 

same field:

only D_N = N_g – N_e counts

• Better memory could be expected if 

extra lattice is added

• more recent experiments in 

Signapore and London (UCL)



Crystalization in infinite (mirrorless) systems: 

continous frequency band of modes

coupled Maxwell + mean field equations

Atomic distribution

Field distribution

right

left

running



Beads in fiber optical trap (optical stretcher) by Singer et. al :

bead Ø = 0,79 µm

Interference

pattern matches

bead size to 

minimize energy

Is energy minimization a sufficient

general principle here ?





• Particles try to adapt der positions until a local energy minimum

is reached

• field gives long range interactions 

single mode cavity: infinite range

multimode cavity : tailorable range 

free space: effective dipole-dipole (~ 1/r^n)



Multifrequency selfordering in a standing wave cavities
(S. Krämer) 

Idea: 

use frequency comb to

pump at a large number

of cavity frequencies

• Choice of frequencies and detunings allows to fix couplings

• Bias patterns via cavity pump – extra control inputs 

• Output pattern reflects particle distribution



Quantum description of selforganization 

of atoms in a lattice 

How will selforganization happen here ?

(dynamics of a quantum phase transition) 

Atoms close to T=0 in 

standing wave 

( e.g. perpendicular to cavity)



“decay of a quantum seesaw “ 

Two degrees of freedom: tilt angle f and particle position x

=> simple model Hamiltonian:

Note: classical equilibrium point at x=f=0 has „long lifetime“ 

but

Quantum mechanical product state of oscillator ground states is not stationary

x

f

classical quantum

linear approx. in j : X-x coupled oscillators



Quantum dynamics yields fast decay

• instant growth of position spread and entanglement

• possibilty of superpositions in a quantum seesaw

allows tilting both ways simultaneously



toy model implemented by aton + cavity field

Two degrees of freedom: tilt angle f and particle position x

Note: classical equilibrium point at x=f=0 

but

product state of oscillator ground states is no stationary state

x

f

classical quantum

field phase replaces tilt angle <> occupation difference replaces position



„mean field“ - dynamics of selforganization for transverse pump

Nagy-Domokos, 

PRL 104, 130401 (2010), NJP 2011

Two-mode approximation (weak pump)

=>  Tavis-Cummings model

=> superradiant phase transition

Fernandez-Vidal, Morigi

Phys. Rev. A 81, 043407 (2010) 

Full spatial dynamics:

generalized BH model

BEC



K Baumann et al. Nature 464, 1301-1306 (2010) doi:10.1038/nature09009

Eperiment ETH: 

Observation of the phase transition to new phase 

with  coherence + ordering present (“supersolid phase”)

Implementation of „Dicke Superradiant Phase“ transition



Measurement of phase diagram

in ordered region: 

coherence + ordering present:   “supersolid phase”



probability of Pi - jumps between successive jumps is strongly reduced 

• No systematic study published

• Symmetry even harder to control 

• Noise studies reveal characteristic 

fluctuations below threshold 

Phase memory of quantum system ?



How and when will selforganization happen here ?

• pump creates optical lattice with

• atoms in lowest band 

• cavity field from scattered lattice light 

Effective Hamiltonian:

pump amplitude determined by atomic distribution operator

multiparticle quantum description of selforganization in a lattice

Beyond mean fieldBeyond mean field



Lowest energy eigenstates of double well

Two degenerate states for single atom at two sites ...

... show atom field entanglement

• strongly entangled ground state

• atom tunneling needs phase flip (stabilization) 

• Symmetry leads to zero field amplitude but nonzero intensity (photons)



many atoms in lattice => two-effective sites needed

each distribution is

‘local‘ stationary state for particles

without tunneling



atom + field evolve in short time towards entangled cat state !   

Numerical solution for two atoms  at two sites

starting at equal population at right and left site    

Note: superfluid selforganizes much faster than Mott insulator !!

Selforganization for quantum field is fast  and involves

entanglement and atomic qunatum statistics



Two „Hopfield“ neuron „ordering“

• stationary states by „energy“ minimization

• dynamics does not follow energy surface



Multifrequency selfordering in a standing wave cavities
(S. Krämer) 

Idea: 

use frequency comb to

pump at a large number

of cavity frequencies



„Mean field“ model : multimode Tavis Cummings

Expand particle operators in trap eigenmodes

Nonlinear coupled oscillator model with tailorable coupling: 

pump amplitudes + detunings as control





Single atom coupled to several degenerate modes

Atom couples modes and 

changes field distribution

3 degenerate modes of: 

(2,0), (0,1),(0,-1) family

MX

m=1

®m(t)um(~~ x )E(x; t) =~

Gauß-Laguerre modes

in spherical mirror cavity 

leer

Degenerate mode selfordering of classical atoms

Horak, Rempe, H.R., 

PRL 2000

Gauß-Laguerre modes

in confocal cavity 

many degenerate modes

One atom Two atoms

Large number of quasistationary states as local energy minima



Multiparticle selfordering in 

confocal resonator with many degenerate modes

S.Gopalakrishnan, B. L.Lev, P. M.Goldbart 

Nat.Phys. 5, 845 (2009).



S.Gopalakrishnan, B. L.Lev, P. M.Goldbart 

Nat.Phys. 5, 845 (2009).

Generalization to multimode confocal cavity :

„Quantum Brazovskii transition“

P. Strack and S. Sachdev, P. Strack and W. Zwerger

• Dicke quantum spin glass of atoms and photons

• Exploring models of associative memory via cavity quantum electrodynamics



two hyperfine states per atom

with Raman coupling

cavity mediated coupling

eliminate field

• direct implementation of Hopfield model with coupling determined by choice of modes !

• classical and quantum implementation depending on temperature

• NV-centers, Circuit QED versions



Formation of anti-ferromagnet



The end ?







measurement induced dynamics :

transmission spectrum of single mode with quantum index

Only one mode: a0

Dp=lp-0 ... probe to empty cavity detuning

Standing wave cavity around partially filled lattice

• Mott insulator:

• Superfluid:

single lorentzian with width  and

frequency shift

classical result

different dispersion shifts corresponding

to all possible atom number distributions

comb-like structure

detuning D00 is operator in particle space



Numerical example: light transmission of a cavity lattice (K-sites)

Splitting corr. to all possible NK=0,...,N

I.Mekhov, Nat. Physics 2007, PRA 2008

related work by P. Meystre + al.  



Generalized setup for nondestructive measurements of atom distributions

in different quantum phases of equal density

scattering spectra + distribution reflect quantum properties of atomic distribution

* Light scattering into Bragg minima exhibits nonclassical features (=> Morigi et.al 2011) 

* Experiments in 2D lattices show Bragg peaks:  (Kuhr, Bloch  and Ketterle group 2011)

* Collective excitations incl. dipol-dipole interaction => super-/subradiance (Zoubi /Ritsch) 



‚Semiclassical‘  approximation

of lattice field (n>>1) :

Quantum atoms on classical seesaw

For symmetric initial condition (e.g. Superfluid, Mott-insulator) 

no fields is created  => 

symmetric initial state is  stationary !  

Population is stable for long time and only eventually 

organizes to ordered state    



Contribution of “Mott-insulator” and “superfluid”

for 4 atoms  in 4 wells 

blue detuning red detuning

Do superpositions of Mott and Superfluid phase survive for large N ? 



M. Lewenstein, G. Morigi et. al.  (PRL 2007, 2008)

Phase diagram in thermodynamic limit

Cavity creates extra effective attraction or repulsion :  bistable phases

=>  phase superpositions of Mott + Superfluid in principle possible !?  

Generalization to fermions,  Morigi PRA 2008 

Thermodynamic limit and phases of cavity generated lattices
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pump

-30 -20 -10 0 10 20 30
-8

-6

-4

-2

0

2

4

6

8

initial distribution of N=2000 atoms for U
0
 =k/1000

cavity axis 

p
u

m
p
 a

x
is

 
l

]

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

distribution of N=2000 atoms after 1ms for U
0
 =k/1000

cavity axis [l ]

p
u

m
p

 a
x

is
 [

l
]

Bragg plane

Selforganisation in 3D

Simulation:

coherent light emission 

in connection with cooling

Atoms order in regular tube-lattice structure with Bragg planes optimizing scattering to the cavity

* analogy to self gravitating systems



Ultracold Atoms in  optical lattices

J

U

V0

Tunneling J depends on laser power (V0)

• Mott-Insulator Phase: J<<U

• Superfluid Phase J>>U

weakly interacting system;

delocalized atoms

Fisher et al. (1989), Jaksch et al. (1998)Theory:

Experiment:  Greiner et al. (2002)

Effective Hamiltonian 



Bose Hubbard model 

for a single standing wave mode resonator

effective single atom Hamiltonian 

quantized light potential 
extra classical potential





Microscopic

dynamics of

selforganization

How do the atoms evolve into

an ordered state at T=0 ?

single atom

Quantum Model for field and atoms 

fast decay towards entangled state



Single atom - single photon kaleidoscope

upm(½; µ; z) = C
LG
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Single atom coupled to several degenerate modes
Atom couples modes and

changes field distribution

stationary state for :

(2,0), (0,1),(0,-1) family simul. atomic trajectory (green)

Spatially resolved photon detection of 

emitted field via 

4-segment detector (Simulation) 

MX

m=1

®m(t)um(~~ x )E(x; t) =~

reconstruction of path from

4 noisy currents => white line

with subwavelength accuracy

z.b.: Gauß-Laguerre Moden for fixed n=2 p+|m|.

leer

(Rempe

MPQ-Munich) 


