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Part I :  Basics
  - Time-dependent Schrödinger equation
  - Second quantization
  - Time-evolution
  - The contour idea

Introduction to Many-body Theory I



Basic quantum mechanics

To describe time-dependent phenomena in nature we have to calculate the 
time evolution of the relevant quantum states. These states are usually given in
a basis representation
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Resolution of the identity



The time-evolution of a quantum state is given by the Schrödinger equation
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)

|Ψ(t0)〉 = |Ψ0〉 (2)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0〉 = 0 (10)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (11)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (12)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (13)

(14)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (15)

1

Brief Article

The Author

January 1, 2012

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)
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To solve this equation we need to know the representation of the Hamiltonian
in a given basis.  If we define
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Position basis 
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (6)

P (α, t) = |〈α|Ψ(t)〉|2 (7)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (8)

|Ψ(t)〉 (9)

|α〉 (10)

x1 . . .xn (11)
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If the system is in state          then the probability to measure state             is
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|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (12)

|Ψ1〉 =
∑

j
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G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (16)

|Φ〉 (17)
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For one particle in position basis we can, for example, define the Hamiltonian

The Schrödinger equation

in the position representation then has the form
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〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (1)

ĥ|n, t〉 = i∂t|n, t〉 (2)

ϕn(x, t) = 〈x|n, t〉 (3)

i∂tϕn(x, t) = 〈x|ĥ|n, t〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|n, t〉 (4)

=

(

−
1

2
∇2 + v(x, t)

)

ϕn(x, t) (5)

〈n|m〉 = δnm (6)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (7)

[

d̂n, d̂m

]

+
= δnm (8)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (9)

ĥ|n〉 = εn|n〉 ĥ (10)

d̂†n =

∫

dxϕn(x)ψ̂†(x) (11)

d̂n =

∫

dxϕ∗
n(x)ψ̂(x) (12)

|n〉 = d̂†n|0〉 (13)

〈x|n〉 = ϕn(x) (14)

h(x) = (15)
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∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (6)

〈n|m〉 = δnm (7)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (8)

[

d̂n, d̂m

]

+
= δnm (9)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (10)
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Two particles

If we simultaneously measure a particle
in intervals       and        the state is
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∆n ∆m (1)

|xn〉 |xn xm〉 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)

P (α, t) = |〈α|Ψ(t)〉|2 (8)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (14)

|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)
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e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)
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i ĉj +

1

2

∑

ij

wij n̂in̂j (16)

G<(x1t1,x2t2) = i〈Ψ1|Ψ2〉 = i〈Φ|Û(t0, t2)ψ̂
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The particles are indistinguishable
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

〈xn|xm〉 = δnm (4)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (7)
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P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (9)

|Ψ(t)〉 (10)

|α〉 (11)

x1 . . .xn (12)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (13)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
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|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (15)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

〈Φ|ψ̂†(x2)|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ〉 (18)

1

The states are normalized  

Let us consider fermions. Only the states with n > m are linearly independent and
we have 
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∆n ∆m (1)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (2)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (3)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (4)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (5)

〈xn|xm〉 = δnm (6)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (7)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (8)
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0
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|Ψ2〉 = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ〉 (17)

|Ψ2〉 =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j〉〈ΨN−1,j |ψ̂(x1)|Φ〉e−iEN
0

(t1−t0) (18)
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=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

cs,j = hN � 1, s|âj | 0i

1



Second quantization 

Brief Article

The Author

January 1, 2012

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (1)

∆n ∆m (2)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (3)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (4)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (5)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (6)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (7)

〈xn|xm〉 = δnm (8)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (9)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (10)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (11)

P (α, t) = |〈α|Ψ(t)〉|2 (12)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (13)

|Ψ(t)〉 (14)

|α〉 (15)

x1 . . .xn (16)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (17)

|Ψ1〉 =
∑

j

|ΨN−1,j〉〈ΨN−1,j|ψ̂(x2)|Φ〉e−iEN
0

(t2−t0) (18)

1

For N fermions we have (with P a permutation)
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|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (1)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (2)

∆n ∆m (3)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (4)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (5)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (6)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (7)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (8)

〈xn|xm〉 = δnm (9)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (10)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (11)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (12)

P (α, t) = |〈α|Ψ(t)〉|2 (13)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (14)

|Ψ(t)〉 (15)

|α〉 (16)

x1 . . .xn (17)

|Ψ1〉 = ψ̂(x2)Û(t2, t0)|Φ〉 (18)

1

 There is a unique operator            that generates the position basis. It is defined by
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1

      is called creation operator
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ψ̂†(x) (1)

|x1〉 = ψ̂†(x1)|0〉 (2)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (3)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (4)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (5)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (8)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (9)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (10)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (11)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (12)

〈xn|xm〉 = δnm (13)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (16)

P (α, t) = |〈α|Ψ(t)〉|2 (17)

P (x1 . . .xn, t) = |〈x1 . . . xn|Ψ(t)〉|2 (18)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0〉 = 0 (6)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (7)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (8)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (9)

(10)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (11)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (12)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1

Determinant



It follows :
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ψ̂†(x) (1)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (2)

|x1〉 = ψ̂†(x1)|0〉 (3)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (4)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (5)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (6)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (7)

∆n ∆m (8)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (9)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (10)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (11)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (12)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (13)

〈xn|xm〉 = δnm (14)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (15)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (16)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (17)

P (α, t) = |〈α|Ψ(t)〉|2 (18)

1

The adjoint             of the creation operator therefore satisfies

and hence (by expanding the determinant along column N) we have
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ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (1)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (2)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (3)

ψ̂†(x) (4)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (5)

|x1〉 = ψ̂†(x1)|0〉 (6)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (7)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (8)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (9)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (10)

∆n ∆m (11)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (12)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (13)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (14)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (15)

1
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ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

ψ̂(x)|0〉 = 0 (34)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (35)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (36)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (37)

(38)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (39)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . .yN 〉∗ = 〈y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1〉 (40)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (41)

ψ̂†(x) ψ̂(x) (42)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (43)

|x1〉 = ψ̂†(x1)|0〉 (44)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (45)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (46)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (47)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (48)

∆n ∆m (49)

|xn〉 |xn xm〉 = λ|xm xn〉 = λ2|xn xm〉 → λ = ±1 (50)

|Ψ〉 =
∑

n

|xn〉〈xn|Ψ〉 (51)

|Ψ〉 =
∑

n>m

|xn xm〉〈xn xm|Ψ〉 (52)

Pnm = |〈xn xm|Ψ〉|2 = |Ψ(xn, xm)|2 (53)

〈xn xm|xn′ xm′〉 = δnn′δmm′ ± δnm′δmn′ (54)

〈xn|xm〉 = δnm (55)

Pn = |〈xn|Ψ〉|2 = |Ψ(xn)|2 (56)

3
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〈Φ|Ô†|χ〉 = 〈χ|Ô|Φ〉∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ# · G$
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G# · Σ$
]

(t1, t2)

i∂tG
#(t, τ) =

[

ΣR · G# + Σ# % GM
]

(t, τ)

−i∂tG
$(τ, t) =

[

G$ · ΣA + GM % Σ$
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f % g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c$(τ, t) = c(t0 − iτ, t)

c#(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)

1

Remember that the adjoint of an operator Ô is defined by 
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0〉 = 0 (4)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (5)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (6)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (7)

(8)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (9)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (10)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1〉 = ψ̂†(x1)|0〉 (14)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (15)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (16)

1
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0〉 = 0 (4)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (5)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (6)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (7)

(8)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (9)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (10)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1〉 = ψ̂†(x1)|0〉 (14)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (15)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (16)

1

It follows (with anti-commutator                                         ):
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ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

The operator          is called annihilation operator
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ψ̂(x)|0〉 = 0 (1)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (2)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (3)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (4)

(5)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (6)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (7)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1〉 = ψ̂†(x1)|0〉 (11)

|x1 x2〉 = ψ̂†(x2)|x1〉 = ψ̂†(x2)ψ̂
†(x1)|0〉 (12)

|x1 . . .xN 〉 = ψ̂†(xN )|x1 . . .xN−1〉 = ψ̂†(xN ) . . . ψ̂†(x1)|0〉 (13)

|x1 . . .xN 〉 = (−1)P |xP (1) . . .xP (N)〉 (14)

〈x1 . . . xN |y1 . . .yN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

For example:



The density operator is defined by 
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0〉 = 0 (6)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (7)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (8)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (9)

(10)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (11)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (12)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0〉 = 0 (7)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (8)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (9)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (10)

(11)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (12)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (13)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

The expectation value
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n(x) = 〈Ψ|n̂(x)|Ψ〉 (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0〉 = 0 (8)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (9)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (10)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (11)

(12)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (13)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (14)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

is the particle density of the system in state 
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n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0〉 = 0 (8)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (9)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (10)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (11)

(12)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (13)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (14)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

and has the property

For example:

Brief Article

The Author

January 9, 2012

ψ̂†(x) ψ̂(x)|y1y2〉 = ψ̂†(x) (δ(x − y2)|y1〉 − δ(x − y1)|y2〉)
= δ(x − y2)|y1x〉 − δ(x − y1)|y2x〉
= (δ(x − y1) + δ(x − y2))|y1y2〉

〈Φ|Ô†|χ〉 = 〈χ|Ô|Φ〉∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ# · G$
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G# · Σ$
]

(t1, t2)

i∂tG
#(t, τ) =

[

ΣR · G# + Σ# ' GM
]

(t, τ)

−i∂tG
$(τ, t) =

[

G$ · ΣA + GM ' Σ$
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ' g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ

dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c$(τ, t) = c(t0 − iτ, t)

c#(t, τ) = c(t, t0 − iτ)

1



For N particles we define the Hamiltonian by
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〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (1)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (2)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (3)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (4)

ψ(x, t) = 〈x|ψ(t)〉 (5)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (6)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (7)

〈n|m〉 = δnm (8)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (9)

[

d̂n, d̂m

]

+
= δnm (10)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (11)

ĥ|n〉 = εn|n〉 ĥ (12)

1
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〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (1)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (2)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (3)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (4)

ψ(x, t) = 〈x|ψ(t)〉 (5)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (6)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (7)

〈n|m〉 = δnm (8)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (9)

[

d̂n, d̂m

]

+
= δnm (10)

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (11)

ĥ|n〉 = εn|n〉 ĥ (12)

1

or equivalently, for any state 

Brief Article

The Author

January 4, 2012

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (1)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (2)

〈x1 . . .xN |Ĥ |Ψ〉 (3)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (4)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (5)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (6)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (7)

ψ(x, t) = 〈x|ψ(t)〉 (8)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (9)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (10)

〈n|m〉 = δnm (11)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (12)

[

d̂n, d̂m

]

+
= δnm (13)

1
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〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (1)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (2)

〈x1 . . .xN |Ĥ |Ψ〉 (3)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (4)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (5)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (6)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (7)

ψ(x, t) = 〈x|ψ(t)〉 (8)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (9)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (10)

〈n|m〉 = δnm (11)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (12)

[

d̂n, d̂m

]

+
= δnm (13)

1
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|Ψ〉 (1)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (2)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (3)

〈x1 . . .xN |Ĥ |Ψ〉 (4)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (5)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (6)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (7)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (8)

ψ(x, t) = 〈x|ψ(t)〉 (9)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (10)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (11)

〈n|m〉 = δnm (12)

1

Since the one- and two-body potentials are diagonal in the position representation 
it is easy to express them in second quantization

Many-body wave function



For the 2-particle interaction we have

Since the density operator has the property

Brief Article

The Author

January 1, 2012

[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0〉 = 0 (7)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (8)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (9)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (10)

(11)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (12)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . . yN 〉∗ = 〈y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1〉∗ (13)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

it follows that
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Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (1)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(2)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (3)

Ŵ |x1 . . . xN 〉 =
1

2

∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (4)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (5)

|Ψ(t0)〉 = |Ψ0〉 (6)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (7)

[A,B]+ = AB + BA (8)

x = r,σ (9)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (10)

n̂(x) = ψ̂†(x)ψ̂(x) (11)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (12)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (13)

1
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Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (1)

Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (2)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(3)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (4)

Ŵ |x1 . . . xN 〉 =
1

2

∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (5)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (6)

|Ψ(t0)〉 = |Ψ0〉 (7)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (8)

[A,B]+ = AB + BA (9)

x = r,σ (10)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (11)

n̂(x) = ψ̂†(x)ψ̂(x) (12)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (13)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (14)

1

Brief Article

The Author

January 1, 2012

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (1)

Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (2)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(3)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (4)

Ŵ |x1 . . . xN 〉 =
1

2

N
∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (5)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (6)

|Ψ(t0)〉 = |Ψ0〉 (7)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (8)

[A,B]+ = AB + BA (9)

x = r,σ (10)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (11)

n̂(x) = ψ̂†(x)ψ̂(x) (12)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (13)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (14)

1



Similarly for the one-body potential
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V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ〉 (4)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (5)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (6)

〈x1 . . .xN |Ĥ |Ψ〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (8)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (9)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (10)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (11)

ψ(x, t) = 〈x|ψ(t)〉 (12)

1
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V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ〉 (4)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (5)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (6)

〈x1 . . .xN |Ĥ |Ψ〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (8)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (9)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (10)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (11)

ψ(x, t) = 〈x|ψ(t)〉 (12)

1

The kinetic energy operator is only slightly more difficult. Let’s illustrate it for
3 particles. Remember that

Ŵ |x1 . . . xN 〉 =
1

2

N
∑

i!=j

w(xi,xj)|x1 . . .xN 〉 (33)

i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (34)

|Ψ(t0)〉 = |Ψ0〉 (35)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (36)

[A,B]+ = AB + BA (37)

x = r,σ (38)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (39)

n̂(x) = ψ̂†(x)ψ̂(x) (40)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (41)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (42)

ψ̂(x)|0〉 = 0 (43)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (44)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (45)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (46)

(47)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (48)

〈x1 . . .xN−1|ψ̂(xN )|y1 . . .yN 〉∗ = 〈y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1〉 (49)

= 〈y1 . . .yN |x1 . . .xN 〉 =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (50)

ψ̂†(x) ψ̂(x) (51)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (52)

3
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ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (1)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (2)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ〉 (6)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (8)

〈x1 . . .xN |Ĥ |Ψ〉 (9)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (10)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (11)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (12)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (13)

1
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ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (1)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (2)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ〉 (6)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (7)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (8)

〈x1 . . .xN |Ĥ |Ψ〉 (9)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (10)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (11)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (12)

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (13)

1



If we therefore define
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T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (1)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (2)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (3)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (4)

(5)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (6)

|Ψ〉 (7)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (8)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (9)

〈x1 . . .xN |Ĥ |Ψ〉 (10)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i"=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (11)

Ψ(x1 . . .xN ) = 〈x1 . . .xN |Ψ〉 (12)

〈x|ĥ|x′〉 = (−
1

2
∇2 + v(x, t))〈x|x′〉 (13)

1

then since T is Hermitian
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (3)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (4)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (5)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (6)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ〉 (10)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (11)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (12)

〈x1 . . .xN |Ĥ |Ψ〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (14)

1
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (3)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (4)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (5)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (6)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ〉 (10)

〈x1 . . . xN |Ĥ|x′
1 . . .x′

N 〉 (11)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |x′
1 . . .x′

N 〉 (12)

〈x1 . . .xN |Ĥ |Ψ〉 (13)

=





N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i#=j

w(xi,xj)



 〈x1 . . .xN |Ψ〉 (14)

1
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〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (3)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (4)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (5)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (6)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ〉 (10)

〈x1 . . . xN |Ĥ|x′
1 . . .x′
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[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n〉 =

∫
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∑
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ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (66)

ψ(x, t) = 〈x|ψ(t)〉 (67)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =
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†
i âj +
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ˆ †
(x) ˆ (x)|y1y2i =

ˆ †
(x) (�(x� y2)|y1i � �(x� y1)|y2i)

= �(x� y2)|y1xi � �(x� y1)|y2xi
= (�(x� y1) + �(x� y2))|y1y2i

h�| ˆO†|�i = h�| ˆO|�i⇤

kR(t, t0) = ✓(t� t0)[k>(t, t0)� k<(t, t0)]

kA(t, t0) = �✓(t0 � t)[k>(t, t0)� k<(t, t0)]

i@t1G
7
(t1, t2) = hHF

(t1)G
7
(t1, t2) +

h

⌃

7 ·GA
+ ⌃

R ·G7
+ ⌃

e ·Gd
i

(t1, t2)

�i@t2G
7
(t1, t2) = G7

(t1, t2)h
HF

(t2) +
h

G7 · ⌃A
+GR · ⌃7

+Ge · ⌃d
i

(t1, t2)

i@tG
e
(t, ⌧) =

h

⌃

R ·Ge
+ ⌃

e ?GM
i

(t, ⌧)

�i@tG
d
(⌧, t) =

h

Gd · ⌃A
+GM ? ⌃d

i

(t, ⌧)

2

|n1 . . . nN i =
Z

dx1 . . . dxN 'n1(x1) . . .'n
N

(xN )

ˆ †
(xN ) . . . ˆ †

(x1)|0i

=

Z

dx1 . . . dxN 'n1(x1) . . .'n
N

(xN )|x1 . . .xN i (1)

hx1 . . .xN |n1 . . . nN i =
X

P

(�1)

P'n1(xP (1)) . . .'n
N

(xP (N)) =

�

�

�

�

�

�

�

'n1(x1) . . . 'n
N

(x1)

.

.

.

.

.

.

'n1(xN ) . . . 'n
N

(xN )

�

�

�

�

�

�

�

e�↵(t�t0)kf(t)k2  C2
(t)

↵
sup

t02[t0,t]
e�↵(t�t0)kg(t0)k2

kf(t)k2  C2
(t)

Z t

t0

dt0e↵(t
0�t0)e�↵(t0�t0)kg(t0)k2

 C2
(t) sup

t02[t0,t]
kg(t0)k2e�↵(t0�t0)

Z t

t0

dt0e↵(t
0�t0)

| {z }

 e

↵(t�t0)

↵

x 2 [�1, 1]

v(x, t) = sin

2
(⇡x) sin(!t)

 0(x) = A(e
� 1

(1�x

2)
+ 1)

ˆH(t) =
X

ij

hij(t) â
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In general we can generate N-particle states

We can relate them to position basis states as follows

and find that their overlaps are given by Slater determinants

The creation and annihilation operators therefore add and remove orbitals
from Slater determinants



The Hamiltonian in a general one-particle basis then attains the form

ĥ|ψ(t)〉 = i∂t|ψ(t)〉 (66)

ψ(x, t) = 〈x|ψ(t)〉 (67)

i∂tψ(x, t) = 〈x|ĥ|ψ(t)〉 =

∫

dx′ 〈x|ĥ|x′〉〈x′|ψ(t)〉 (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

〈x|x′〉〈x′|ψ(t)〉

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

〈n|m〉 = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

Ĥ(t) =
∑

ij

hij(t) â†i âj +
1

2

∑

ijkl

vijkl â
†
i â†j âk âl

|n〉 =

∫

dx |x〉〈x|n〉 =

∫

dxϕn(x)ψ̂†(x)|0〉 (73)

ϕn

ĥ|n〉 = εn|n〉 ĥ (74)

â†n =

∫

dxϕn(x)ψ̂†(x) (75)

ân =

∫

dxϕ∗
n(x)ψ̂(x) (76)

|n〉 = â†n|0〉 (77)

〈x|n〉 = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

〈x|ĥ(t)|x′〉 = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)
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[ân, âm]+ = δnm (72)
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|n〉 = â†n|0〉 (77)

〈x|n〉 = ϕn(x) (78)

h(x) = (79)
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The convenient basis states in practice depend on the problem.
Commonly used ones are, for example, Kohn-Sham or Hartree-Fock orbitals



Second quantization:  Take home message 

- Second quantization is nothing but a convenient way to generate a 
  many-particle basis that automatically has the correct (anti)symmetry. 

  Basis states are created by (anti)-commuting operators with
  simple (anti)-commutation relations
  
- As we will see, second quantization is very convenient in many-body  
  theory as it allows for simple manipulation of perturbative terms 
  without the need to deal with (anti)-symmetrized orbital products

- The derivation of the Hamiltonian in second quantization 
  is easy in position basis as the Hamiltonian is almost diagonal 
  in this basis



Expectation values

A general expectation value is of the form
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〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (3)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (4)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(5)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(6)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (7)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (8)

T (9)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (10)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (11)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (12)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (14)

1
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i@thn| (t)i = hn| ˆH(t)| (t)i =
X

m

hn| ˆH(t)|mihm| (t)i =
X

m

Hnm(t)hm| (t)i

cn(t) = hn| (t)i

i@tc(t) = H(t) c(t)

hx|ni = 'n(x)

�nm = hn|mi =
Z

dx hn|xihx|mi =
Z

dx'⇤
n(x)'m(x)

[ân, â
†
m]+ = �nm

[ân, âm]+ = [â†n, â
†
m]+ = 0

a†n|0i =
Z

dx'n(x) ˆ †
(x)|0i

| {z }

|xi

=

Z

dx|xihx|ni = |ni

|n1 . . . nN i = â†n
N

. . . â†n1
|0i

1

where we defined the evolution operator as 

The Heisenberg operator satisfies an equation of motion

initial state

and the operator Ô(t) in the Heisenberg picture as 
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dt Ĥ(t)
}
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}

(5)

T
{
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i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (1)

|Ψ(T )〉 = T
{
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−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (2)
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(3)

T
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eÂ(t1)eB̂(t2)
}
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e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (5)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (6)

T (7)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (8)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (9)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (10)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (11)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (12)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (13)

1

It follows from the Schrödinger equation that 

and therefore that the Heisenberg operator satisfies the equation of motion 
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〈Ô(t)〉 = 〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉 (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(3)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (4)

|Ψ(T )〉 = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (5)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(6)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(7)

|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (8)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (9)

T (10)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (11)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (12)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (14)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (15)

1

For example,  you can check that the field operator satisfies

Let us now derive a more explicit expression for the evolution operator
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[i@t � h(xt)] ˆ H(x, t) =

Z

dyw(x,y) n̂H(yt) ˆ H(xt)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

1
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i∂t|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉 (1)

|Ψ(t0)〉 = |Ψ0〉 (2)

n(x) = 〈Ψ|n̂(x)|Ψ〉 |Ψ〉 (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN 〉 =
N

∑

j=1

δ(x − xj) |x1 . . . xN 〉 (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0〉 = 0 (10)

ψ̂(x)|y1〉 = δ(x − y1)|0〉 (11)

ψ̂(x)|y1 y2〉 = δ(x − y2)|y1〉 − δ(x − y1)|y2〉 (12)

ψ̂(x)|y1 y2 y3〉 = δ(x − y3)|y1 y2〉 − δ(x − y2)|y1 y3〉 + δ(x − y1)|y2 y3〉 (13)

(14)

ψ̂(x)|y1 . . .yN 〉 =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN 〉 (15)

1

We start again from the Schrödinger equation

If we divide [t0 , T ] into small intervals Δ then 
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|Ψ(T )〉 ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)〉 = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)〉 (1)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)〉 (2)

T (3)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (4)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (6)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (7)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (8)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (9)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (10)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (11)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (12)

(13)

1
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Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (4)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (6)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (7)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (8)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (9)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (10)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (11)

V̂ (t)|x1 . . .xN 〉 =
N

∑

j

v(xj , t)|x1 . . .xN 〉 =

∫

dx n̂(x)v(x, t)|x1 . . .xN 〉 (12)

(13)

1

where         denotes time-ordering that orders the latest operator most left.
We used that operators commute under time-ordering

Brief Article

The Author

January 5, 2012

T
{
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}

|Ψ(t0)〉 (3)

= T
{

e−i
Pn
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eÂ(t1)eB̂(t2)
}

= T
{
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Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (7)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (8)

〈y1y2y3|T̂ |x1x2x3〉 = 〈x1x2x3|T̂ |y1y2y3〉∗ (9)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈x1x2x3|y1y2y3〉∗ (10)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

〈y1y2y3|x1x2x3〉 (11)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (12)

ψ̂†(x)∇2ψ̂(x) |y1y2y3〉 (13)

= ∇2δ(x − y3)|y1 y2 x〉 + ∇2δ(x − y2)|y1xy3〉 + ∇2δ(x − y1)|xy2 y3〉 (14)

1

In the limit Δ => 0 then 

Time-evolution operator
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where         denotes anti-time-ordering that orders the latest operator most right.
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The evolution operator can then be written as

and the expectation value 

can therefore be written as 

If we expand in powers of the Hamiltonian then a typical term is
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96 Chapter 4. The contour idea

Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
︸ ︷︷ ︸

γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be di!erent from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the

We define a contour 𝜸 consisting of two copies of the interval [t0 , t] . A generic

element z of  𝜸 can lie on the forward branch 𝜸_ or the backward branch 𝜸+
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dt Ĥ(t)dt t2 < t1
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n

)�
=

¯T
n

ei
P

n

j
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dt Ĥ(t)dt t1 < t2
¯T e+i

R
t1
t2
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We can define operators on the contour
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Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
︸ ︷︷ ︸

γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be di!erent from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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n

)�
=

¯T
n

ei
P

n

j
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n

)�
=

¯T
n

ei
P

n

j
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n

)�
=

¯T
n

ei
P

n

j
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With this trick we can write the expectation value in a compact way
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Figure 4.2: Illustration of the three possible locations of z2 and z1 for z2 later than z1. The
domain of integration is highlighted with bold lines.

We can proceed further by introducing the contour integral between two points z1 and
z2 on γ in the same way as the standard integral along any contour. If z2 is later than z1,
see Fig. 4.2, then we have
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,

while if z2 is earlier than z1
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dz̄ Â(z̄).

In this definition z̄ is the integration variable along γ and not the complex conjugate of z.
The latter is denoted by z∗. The generic term of the expansion (4.1) is obtained by integrating
over all {ti} between t and t0 and over all {t′i} between t0 and t the operator (4.2). Taking
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Figure 4.2: Illustration of the three possible locations of z2 and z1 for z2 later than z1. The
domain of integration is highlighted with bold lines.
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into account that (4.2) is equivalent to (4.8) and using the definition of the contour integral
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The expectation value can then be written as

and since the operators commute under the time-ordering



It will be useful to extend the concept of expectation value to ensembles
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〈ÔH(t)〉 =
∑

n
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]

+
(

∂tÔ(t)
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|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (8)

T
{
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]

+
(

∂tÔ(t)
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Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
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ÔH(t), ĤH(t)
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|Ψ(t0)〉 = Û(T, t0)|Ψ(t0)〉 (12)

T
{
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eÂ(t1)eB̂(t2)
}

= T
{
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Tr Â =
∑

m
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ρ̂ ÔH(t)
}

(10)

ρ̂ =
∑

n

wn|Ψn〉〈Ψn| (11)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (12)
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j Ĥ(tj )∆
}

|Ψ(t0)〉 (47)

5



This corresponds to an initial system at inverse temperature β and chemical potential μ
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Tr Â =
∑

m
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Tr
{

e−βĤM
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Time-ordering:  Take home message 

- Time-ordering is a direct consequence of the structure of
  time-dependent Schrödinger equation.
  
- Expectation values consist of a time-ordered evolution operator
  for the ket state and an anti-time-ordering for the bra state

- The expectation of any operator value can be rewritten in terms of a 
  single time-ordered exponential by introducing contour ordering

- In case of systems prepared in an initial ensemble the expectation
  value can be rewritten as a time-ordering on a contour with an
  additional vertical track



Introduction to Many-body Theory  II

Part II :  Feynman diagrams and the Green’s function
  - Why Green’s functions?
      operator orderings and Wick’s theorem
  - Feynman diagrams and the self-energy
  - The physical interpretation of the Green’s function
  - Spectral function and photo-emission



Operator correlators

We have seen that the expansion of an expectation value leads to products
of the form, so-called operator correlators
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Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��
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We want to find an efficient way to evaluation such operator correlators.
Let us look at one of the simplest
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If we differentiate with respect to the contour times we can generate relations
between various correlators
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Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��
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where the contour delta function satisfies

commutator

For two fermionic field operators it is, however, more convenient to define
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�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

h ˆO(t)i = h 0|T�
⇢

e
�i

R
�+

Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��

Ĥ(z̄)dz̄
�

| 0i

h ˆO(t)i = h 0|T�
n

e�i
R
�

Ĥ(z̄)dz̄
ˆO(t±)

o

| 0i

z2 > z1

ˆH(z = t0±) = ˆH(t0)

= T�
n

ˆH(t1+) . . . ˆH(tn+) ˆO(t) ˆH(t01�) . . . ˆH(t0n�)
o

= T�
n

ˆH(t1+) . . . ˆH(tn+) ˆO(t) ˆH(t01�) . . . ˆH(t0n�)
o

T�
n

ˆAP (1)(zP (1)) . . . ˆAP (1)(zP (1))

o

=

ˆA1(z1) . . . ˆAn(zn) z1 > . . . > zn

1

anti-commutator
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d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

h ˆO(t)i = h 0|T�
⇢

e
�i

R
�+

Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��

Ĥ(z̄)dz̄
�

| 0i

h ˆO(t)i = h 0|T�
n

e�i
R
�

Ĥ(z̄)dz̄
ˆO(t±)

o

| 0i

z2 > z1

ˆH(z = t0±) = ˆH(t0)

= T�
n

ˆH(t1+) . . . ˆH(tn+) ˆO(t) ˆH(t01�) . . . ˆH(t0n�)
o

= T�
n

ˆH(t1+) . . . ˆH(tn+) ˆO(t) ˆH(t01�) . . . ˆH(t0n�)
o

1

For example



For a general string of fermionic operators we define
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T�
n

ˆO1 . . . ˆOn

o

=

X

P

(�1)

P ✓(zP (1), . . . , zP (n))
ˆOP (1) . . . ˆOP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

h ˆO(t)i = h 0|T�
⇢

e
�i

R
�+

Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��

Ĥ(z̄)dz̄
�

| 0i

h ˆO(t)i = h 0|T�
n

e�i
R
�

Ĥ(z̄)dz̄
ˆO(t±)

o

| 0i

z2 > z1

ˆH(z = t0±) = ˆH(t0)

1

where

We further define that operators at equal time are kept in their relative order.
For example
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T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

=

X

P

(�1)

P ✓(zP (1), . . . , zP (n))
ˆOP (1) . . . ˆOP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

h ˆO(t)i = h 0|T�
⇢

e
�i

R
�+

Ĥ(z̄)dz̄
ˆO(t±) e

�i
R
��

Ĥ(z̄)dz̄
�

| 0i

1

from this definition it follows that
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T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

1
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T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

1

We just put the operators in the correct order and add a plus/minus sign
depending on whether the final permutation was even/odd



It follows that operators containing an even number of equal time field operators
(such as the Hamiltonian) commute under the time-ordered product, in agreement
with our earlier definition 

If we expand an expectation value in powers of one- or two-body interactions
we obtain strings with an equal number of annihilation and creation operators.
The most general such string has the form 
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ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

1
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ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

1

From the equation of motion of the field operator
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[i@t � h(xt)] ˆ H(x, t) =

Z

dyw(x,y) n̂H(yt) ˆ H(xt)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o
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⇢

d
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ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2
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⇢

1 z1 > . . . > zn
0 otherwise

1

we can derive equations of motion for the operators Ĝn
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⇢
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j . . . n; 10 . . .

u
k0 . . . n0
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= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)
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o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

1
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⇢
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j . . . n; 10 . . .

u
k0 . . . n0
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ˆOP (1) . . . ˆOP (n)
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P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

1

We find

Which can be rewritten as

We therefore obtain a set of hierarchy equations for the correlators Ĝn



The first equation in this hierarchy is

An example of an equation higher in the hierarchy is

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dz1
� h(1)

�

ˆG1(1; 1
0
) = �(1, 10)� i

Z

d¯1w(1, ¯1) ˆG2(1, ¯1; 1
0, ¯1+)



i
d

dzk
� h(k)

�

Gn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

gn(1 . . . n; 1
0 . . . n0

) =

n
X

j=1

(�1)

k+j�(k, j0) gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

3

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dz1
� h(1)

�

ˆG1(1; 1
0
) = �(1, 10)� i

Z

d¯1w(1, ¯1) ˆG2(1, ¯1; 1
0, ¯1+)



i
d

dz2
� h(2)

�

ˆG2(1, 2; 1
0, 20) =� �(2, 10) ˆG1(1; 2

0
) + �(2, 20) ˆG1(2; 2

0
)

� i

Z

d¯1w(2, ¯1) ˆG3(1, 2, ¯1; 1
0, 20, ¯1+)



i
d

dzk
� h(k)

�

Gn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

gn(1 . . . n; 1
0 . . . n0

) =

n
X

j=1

(�1)

k+j�(k, j0) gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

3

In a next step we will convert these operator equations into
differential equations



Many-particle Green’s function

The n-particle Green’s function is defined as
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Gn(1 . . . n; 1
0 . . . n0

) =

Tr

h

e��ĤM

ˆGn(1 . . . n; 10 . . . n0
)

i

Tr

h

e��ĤM

i

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi
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h

T�
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dzk
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⇢
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✓
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) . . . ˆ †
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T�
n

 (x1z1) ˆ 
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= �T�
n

ˆ †
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1

or equivalently

Brief Article

The Author

December 26, 2013

Gn(1 . . . n; 1
0 . . . n0

) =

Tr

h

e��ĤM
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1

The n-particle Green’s function satisfies the same set of differential
equations as the correlators Ĝn
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dz Ĥ(z)
ˆ (1) ˆ †

(1

0
)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
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1
P

k=0

1
k!

�

i
2

�k R
w(1, 10) . . . w(k, k0) g2k(1, 10, . . . ; 1+, 10+, . . .)
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j = xjzj (22)

7

Martin-Schwinger hierarchy

(plus a set of similar equations with respect to the primed coordinates)

The hierarchy equations need to be solved with the boundary conditions

which are known as the Kubo-Martin-Schwinger (KMS) boundary conditions
(which can be derived from the definition of the Green’s functions)

From the n-particle Green’s function we can calculate any n-body observable



For example,  if Ô(t) is a 1-body operator :

Brief Article

The Author

January 6, 2012

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (1)

j = xjzj (2)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr
{

e−i
R

γ
dz Ĥ0(z)

} (3)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (4)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (5)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(6)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (7)

1

then 
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〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (1)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (2)

j = xjzj (3)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ dz Ĥ0(z)
} (4)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (5)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(7)

1

The calculation of n-body observables is therefore possible once we know
how to solve the Martin-Schwinger hierarchy equations.  How to do this?

Further insight in the hierarchy is obtained by considering a non-interacting 
system which has the n-particle Green’s function
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G(1, 1′) =
1

i

Tr
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr
{

e−i
R

γ
dz Ĥ(z)

} (1)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (2)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(3)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (4)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (5)

j = xjzj (6)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (7)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (8)

1



The Martin-Schwinger hierarchy becomes
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Gn(1 . . . n; 1
0 . . . n0

) =

Tr

h

e��ĤM

ˆGn(1 . . . n; 10 . . . n0
)

i

Tr

h

e��ĤM

i

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

Gn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

gn(1 . . . n; 1
0 . . . n0

) =

n
X

j=1

(�1)

k+j�(k, j0) gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

1
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gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(1)

gk (2)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ
dz Ĥ(z)ψ̂(1)ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (3)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(4)

〈Â〉 = Tr ρ̂Â (5)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (6)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(7)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (8)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (9)

j = xjzj (10)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ
dz Ĥ0(z)

} (11)

1

where we denote
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g(1, 1′) = g1(1, 1
′) (1)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(2)

gk (3)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (4)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(5)

〈Â〉 = Tr ρ̂Â (6)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (7)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(8)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (9)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (10)

j = xjzj (11)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (12)

1

The solution to this equation is

This is known as Wick’s theorem



The proof of this identity is easy:  Apply the operators
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
∇2 + v(x, z) (2)

g(1, 1′) = g1(1, 1
′) (3)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(4)

gk (5)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

〈Â〉 = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
∇2 + v(x, z) (2)

g(1, 1′) = g1(1, 1
′) (3)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(4)

gk (5)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

〈Â〉 = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1

on both sides of the equation and check that we recover the Martin-
Schwinger equations with the correct boundary conditions

To use Wick’s theorem we need to solve
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1

with the KMS boundary conditions. This is an easy problem in practice.



Many-particle Green’s function:  Take home message 

- The main motivation for defining the n-particle Green’s function
  is that it for this object we can derive a set of coupled hierarchy
  equations, known as the Martin-Schwinger hierarchy, which forms a 
  the basis for a systematic perturbation theory

- From the n-particle Green’s function we can calculate n-body  
  observables

- From the Martin-Schwinger hierarchy for a non-interacting system
  it is easy to derive an explicit expression for the n-particle Green’s
  function in terms of the one-particle Green’s function. 
  This expression is known as Wick’s theorem and forms the
  basis of many-body perturbation theory 



Perturbation expansion

Wick’s theorem allows for an expansion of the n-particle Green’s function in 
powers of the non-interacting one-particle Green’s function.  

Let us illustrate this procedure for the one-particle Green’s function given by
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G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (1)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (2)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(3)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (4)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (5)

j = xjzj (6)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (7)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (8)

1

We can expand this expression in powers of the two-body interaction



gn(1 . . . n, 1
0 . . . n0

) =

1

in

Tr T
n

e�i
R
�

dz Ĥ0(z)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

o

Tr T
n

e�i
R
�

dz Ĥ0(z)
o

(23)

Tr T
n

e��ĤM

ˆOH0(t) ˆWH0(z1) . . . ˆWH0(zn)
o

=

0

@

n
Y

j=1

1

2

Z

dxjdx
0
jw(xj ,x

0
j)

1

A

Tr T
(

e��ĤM

ˆOH0(t)
n
Y

k=1

ˆ †
H0

(xkzk) ˆ 
†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆO(t)

o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆO(t) ˆW (z1) . . . ˆW (zn)

o

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆ (xz) ˆ †

(x0z0)
o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆ (xz) ˆ †

(x0z0) ˆW (z1) . . . ˆW (zn)
o

h ˆO(t)i =
Tr

n

ˆU(t0 � i�, t0) ˆU(t0, t) ˆO(t) ˆU(t, t0)
o

Tr

n

ˆU(t0 � i�, t0)
o

(24)

h ˆO(t)i =
Tr T

n

e�i
R
�

dz Ĥ(z)
ˆO(t)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
o

(25)

ˆH(z) =

⇢

ˆH(t) z 2 [t0,1[

ˆHM z 2 [t0, t0 � i�]
(26)

e��ĤM

= e�i[(t0�i�)�t0]ĤM

=

ˆU(t0 � i�, t0) (27)

wn =

e��E
n

Z
(28)

wn =

e��E
n

P

m e��E
m

(29)

Z =

X

n

e��E
n

(30)

ˆHM | ni = En| ni (31)

⇢̂ =

X

n

wn| nih n| =
e��ĤM

Tr

n

e��ĤM

o

(32)
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For the numerator we have

gn(1 . . . n, 1
0 . . . n0

) =

1

in

Tr T
n

e�i
R
�

dz Ĥ0(z)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

o

Tr T
n

e�i
R
�

dz Ĥ0(z)
o

(23)

Tr T
n

e��ĤM

ˆOH0(t) ˆWH0(z1) . . . ˆWH0(zn)
o

=

0

@

n
Y

j=1

1

2

Z

dxjdx
0
jw(xj ,x

0
j)

1

A

Tr T
(

e��ĤM

ˆOH0(t)
n
Y

k=1

ˆ †
H0

(xkzk) ˆ 
†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e��ĤM

ˆ H0(xz) ˆ 
†
H0

(x0z0) ˆWH0(z1) . . . ˆWH0(zn)
o

=

0

@

n
Y

j=1

1

2

Z

dxjdx
0
jw(xj ,x

0
j)

1

A

Tr T
(

e��ĤM

ˆ H0(xz) ˆ 
†
H0

(x0z0)
n
Y

k=1

ˆ †
H0

(xkzk) ˆ 
†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆO(t)

o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆO(t) ˆW (z1) . . . ˆW (zn)

o

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆ (xz) ˆ †

(x0z0)
o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆ (xz) ˆ †

(x0z0) ˆW (z1) . . . ˆW (zn)
o

h ˆO(t)i =
Tr

n

ˆU(t0 � i�, t0) ˆU(t0, t) ˆO(t) ˆU(t, t0)
o

Tr

n

ˆU(t0 � i�, t0)
o

(24)

h ˆO(t)i =
Tr T

n

e�i
R
�

dz Ĥ(z)
ˆO(t)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
o

(25)

ˆH(z) =

⇢

ˆH(t) z 2 [t0,1[

ˆHM z 2 [t0, t0 � i�]
(26)

e��ĤM

= e�i[(t0�i�)�t0]ĤM

=

ˆU(t0 � i�, t0) (27)

wn =

e��E
n

Z
(28)

wn =

e��E
n

P

m e��E
m

(29)
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The integrand has the form

This can be rewritten as a 
non-interacting (2n+1)-
particle Green’s function



This gives the following expansion for the one-particle Green’s function

Brief Article

The Author

January 6, 2012

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (1)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(2)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (3)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (4)

j = xjzj (5)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ dz Ĥ0(z)
} (6)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (7)

1

〈Â〉 = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (15)

j = xjzj (16)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (17)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=




n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)



 Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

〈Ô(t)〉 =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (18)

〈Ô(t)〉 =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (19)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(20)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (21)

wn =
e−βEn

Z
(22)

2

Using Wick’s theorem we can now replace the non-interacting 
n-particle Green’s functions by determinants



This gives the perturbation expansion for the Green’s function :

It is now only a technical matter to evaluate these terms

This leads to Feynman diagrams. Let us give an example an expand the 
numerator N(a,b) to first order

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

3
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N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(1)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (3)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (4)

i ∂zj − h(xj , zj) (5)

h(x, z) = −
1

2
∇2 + v(x, z) (6)

g(1, 1′) = g1(1, 1
′) (7)

1

Expanding the 3x3 determinant along the first column we find



It is not difficult to prove that the disconnected diagrams from the numerator
are cancelled by those of the denominator and we can further simplify to

where in the expansion of the determinant we retain only the connected (C) and 
topologically inequivalent (TI) terms

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)
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G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣
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∣

∣

∣
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∣

∣
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∣

∣

∣
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∣
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∣

(1)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣
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∣
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∣
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∣
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

1

The expansion of G has the structure

where the self-energy is defined as the sum over irreducible diagrams
(i.e. can not be cut in two by cutting one g-line)

The Green’s function thus satisfies the equation



Skeletons

A skeleton diagram is a diagram without self-energy insertions, for example

The corresponding skeleton is therefore

By replacing ‘g’ by ‘G’ in the skeleton we sum over all self-energy insertions
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where we sum over all dressed irreducible skeletons in terms of G
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or, if we use the equation of motion for g : (i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ
dz Ĥ(z)ψ̂(1)ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(16)

=

−i
∞
∑

k=0

1
k!

(

i
2

)k ∫

dx
∫

w(1, 1′) . . . w(k, k′) o(x, z)g2k+1(xz, 1, 1′, . . . ;x′z+, 1+, 1′+, . . .)|x=x′,z=t

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)

(17)

〈Ô(t)〉 = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (18)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (19)

j = xjzj (20)
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1

This is a self-consistent equation of motion for the Green’s function that
needs to be solved with the boundary conditions

ELDA/GGA
xc [n] =

Z

d3rf(n,rn,r2n)

(i t +
1
2
r2 � vs(rt))⌃i(rt) = 0

n(rt) =
N

X

i=1

|⌃i(rt)|2

vs(rt) = v(rt) + vH(rt) + vxc(rt)

Ĥ(t) = ĥ(t) + Ŵ

ĥ(t) =
N

X

i

h(rit)

h(rt) =
1
2
[�ir+ A(rt)]2 + v(rt)� µ

⌅̂ =
e��Ĥ0

Tr e��Ĥ0

hÔi = Tr
n

⌅̂ Ô
o

hÔ(t)i = Tr
n

⌅̂ ÔH(t)
o

ÔH(t) = Û(t0, t) Ô Û(t, t0)

i tÛ(t, t0) = Ĥ(t)Û(t, t0)

i t0Û(t, t0) = �Û(t, t0)Ĥ(t0)

Û(t, t) = 1

Û(t, t0) = T exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t, t0) = TC exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t0 � i�, t0) = e��Ĥ0

hÔ(t)i =
Tr

n

Û(t0 � i�, t0)Û(t0, t) Ô Û(t, t0)
o

Tr
n

Û(t0 � i�, t0)
o

G(1, 2) = �ihTC [⌥̂H(1)⌥̂†
H(2)]i = ⇥(t1, t2)G>(1, 2) + ⇥(t2, t1)G<(1, 2)

G>(1, 2) = �ih⌥̂H(1)⌥̂†
H(2)i

G<(1, 2) = ih⌥̂†
H(2)⌥̂H(1)i

G(x1t0 � i�, 2) = �G(x1t0, 2)

G(1,x2t0) = �G(1,x2t0 � i�)

G2(1, 2, 3, 4) = (�i)2hTC [⌥̂H(1)⌥̂H(2)⌥̂†
H(3)⌥̂†

H(4)]i

2

Kadanoff-Baym
equations



W-skeletons

We can further renormalize the interaction lines, by removing all interaction
line insertions. For example

10.7. W -skeleton diagrams 287

which is a nonlinear integral equation for G. Alternatively, we could apply [δ(1′; 1)i d
dz1
−

h(1′; 1)] to the first row and integrate over 1, [−i
←−
d

dz2
δ(2; 2′)−h(2; 2′)] to the second row and

integrate over 2, and convert (10.18) into a coupled system of nonlinear integro-di!erential
equations

∫

d1

[

δ(1′; 1) i
d

dz1
− h(1′; 1)

]

G(1; 2) = δ(1′; 2) +

∫

d4Σs[G, v](1′; 4)G(4; 2) (10.19)

∫

d2 G(1; 2)

[

−i
←−
d

dz2
δ(2; 2′)− h(2; 2′)

]

= δ(1; 2′) +

∫

d3G(1; 3)Σs[G, v](3; 2′) (10.20)

to be solved with the KMS boundary conditions. These equations are exactly the Kadano!-
Baym equations discussed in Section 9.4. From the results of the previous Chapter we also
know that if the approximate self-energy is Φ-derivable then the Green’s function obtained
from (10.19) and (10.20) preserves all basic conservation laws. In particular, the solution the
Kadano!-Baym equations with the exact self-energy (obtained by summing all the G-skeleton
self-energy diagrams) yields the exact Green’s function.

10.7 W -skeleton diagrams

The topological concept of G-skeleton diagrams can also be applied to the interaction lines
and leads to a further reduction of the number of diagrams. Let us call a piece of diagram
a polarization insertion if it can be cut away by cutting two interaction lines. For example

(10.21)

is a G-skeleton diagram with two polarization insertions

(10.22)

The polarization diagrams, like the ones above, must be one-interaction-line irreducible, i.e.,
they cannot break into two disjoint pieces by cutting an interaction line. Thus, even though
we could cut away the piece P1vP2 by cutting two interaction lines on the l.h.s. of (10.21),
the diagram P1vP2 is not a polarization diagram since it breaks into the disjoint pieces P1

and P2 by cutting the interaction line in the middle.
The polarization diagrams can be used to define the dressed or screened interaction W

according to
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288 Chapter 10. MBPT for the Green’s function

(10.23)

In this diagrammatic equation P is the sum of all possible polarization diagrams. We
will refer to P as the polarizability. Similarly to the self-energy the polarizability can
be considered either as a functional of the noninteracting Green’s function G0 and the
interaction v, P = P [G0, v], or as a functional of the dressed G and v, P = Ps[G, v].
Equation (10.23) has the form of the Dyson equation (10.8) for the Green’s function. In
formulas it reads

W (1; 2) = v(1; 2) +

∫

v(1; 3)P (3; 4)v(4; 2) +

∫

v(1; 3)P (3; 4)v(4; 5)P (5; 6)v(6; 2) + . . .

= v(1; 2) +

∫

v(1; 3)P (3; 4)W (4; 2) (10.24)

where the integral is over all repeated variables.
Let us express Σs[G, v] in terms of the screened interaction W . We say that a diagram

is a W -skeleton diagram if it does not contain polarization insertions. Then the desired
expression for Σ is obtained by discarding all those diagrams which are not W -skeletonic in
the expansion (10.17), and then replacing v with W . The only diagram for which we should
not proceed with the replacement is the Hartree diagram [first diagram in (10.17)] since here
every polarization insertion is equivalent to a self-energy insertion, see for instance the third
diagram of Fig. 10.6. In the Hartree diagram the replacement v →W would lead to a double
counting. Therefore

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ] (10.25)

where ΣH[G, v] is the Hartree self-energy while the remaining part is the so called exchange-
correlation (XC) self-energy which includes the Fock (exchange) diagram and all other dia-
grams accounting for nonlocal in time e!ects (correlations), see again the discussion in
Section 6.1.1 and Section 7.3. The subscript “ss” specifies that to construct the functional
Σss or Σss,xc we must take into account only those self-energy diagrams which are skele-
tonic with respect to both Green’s function and interaction lines. The skeletonic expansion
of the self-energy in terms of G and W (up to third order in W ) is shown in Fig. 10.7(a).
Similarly, the MBPT expansion of the polarizability in terms of G and W is obtained by
taking only G- and W -skeleton diagrams and then replacing G0 → G and v → W . This
operation leads to a polarizability P = Pss[G,W ] which can be regarded as a functional of
G and W and whose expansion (up to second order in W ) is shown in Fig. 10.7(b).

The diagrammatic expansion in terms of W instead of v does not only have the math-
ematical advantage of reducing the number of diagrams. There is also a physical advan-
tage [79]. In bulk systems and for long-range interactions, like the Coulomb interaction, many

We can then define the screened interaction W by

irreducible
polarizability
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the expansion (10.17), and then replacing v with W . The only diagram for which we should
not proceed with the replacement is the Hartree diagram [first diagram in (10.17)] since here
every polarization insertion is equivalent to a self-energy insertion, see for instance the third
diagram of Fig. 10.6. In the Hartree diagram the replacement v →W would lead to a double
counting. Therefore

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ] (10.25)

where ΣH[G, v] is the Hartree self-energy while the remaining part is the so called exchange-
correlation (XC) self-energy which includes the Fock (exchange) diagram and all other dia-
grams accounting for nonlocal in time e!ects (correlations), see again the discussion in
Section 6.1.1 and Section 7.3. The subscript “ss” specifies that to construct the functional
Σss or Σss,xc we must take into account only those self-energy diagrams which are skele-
tonic with respect to both Green’s function and interaction lines. The skeletonic expansion
of the self-energy in terms of G and W (up to third order in W ) is shown in Fig. 10.7(a).
Similarly, the MBPT expansion of the polarizability in terms of G and W is obtained by
taking only G- and W -skeleton diagrams and then replacing G0 → G and v → W . This
operation leads to a polarizability P = Pss[G,W ] which can be regarded as a functional of
G and W and whose expansion (up to second order in W ) is shown in Fig. 10.7(b).

The diagrammatic expansion in terms of W instead of v does not only have the math-
ematical advantage of reducing the number of diagrams. There is also a physical advan-
tage [79]. In bulk systems and for long-range interactions, like the Coulomb interaction, many

We can then define the screened interaction W by

In formula
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We can then in W-skeletonic diagrams replace w by  W with the exception
of the Hartree diagram.  We have
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Figure 10.6: Self-energy diagrams to second order in the interaction strength.

This is exactly the Hartree-Fock self-energy of Fig. 9.1 [see also (9.13)] in which G has been
replaced by G0. According to our new convention the prefactor is now included in the
diagram and coincides with the prefactor derived heuristically in Section 7.1. As anticipated
the perturbative expansion fixes the prefactors univocally. In the Hartree term of (10.13)
we also added a δ-function since in the corresponding Green’s function diagram (second
diagram of Fig. 10.5) we have 1 = 2. This applies to all self-energy diagrams that start and
end with the same interaction vertex (see, e.g., the 3-rd and 6-th diagram in the second
row of Fig. 10.5). The second-order self-energy diagrams are shown in Fig. 10.6. There are
only 6 diagrams to be considered against the 10 second-order Green’s function diagrams.
In the next two Sections we will achieve another reduction in the number of diagrams by
introducing a very useful topological concept.

Exercise 10.5. Evaluate the r.h.s. of (10.12) to second order in the interaction v and show
that it is given by the sum of the 1-st and 2-nd diagrams in Fig. 10.6 (all other diagrams in
the same figure contain a δ(z1, z2) and hence they are part of the singular (Hartree-Fock)
self-energy).

10.6 G-skeleton diagrams

A G-skeleton diagram for the self-energy is obtained by removing all self-energy insertions
from a given diagram. A self-energy insertion is a piece that can be cut away from a diagram
by cutting two Green’s function lines. For example, the diagram

(10.14)

has 4 self-energy insertions residing inside the thin-dashed parabolic lines. The r.h.s. high-
lights the structure of the diagram and implicitly defines the self-energy insertions Σi,
i = 1, 2, 3, 4. The G-skeleton diagram corresponding to (10.14) is therefore

286 Chapter 10. MBPT for the Green’s function

(10.15)

The G-skeleton diagrams allow us to express the self-energy in terms of the interacting
(dressed) Green’s function G rather than the noninteracting Green’s function G0. Consider
again the example (10.15). If we sum over all possible self-energy insertions we find

(10.16)

where each grey circle represents the exact self-energy. Thus, the sum over ni on the l.h.s.
gives the dressed G and the result is the G-skeleton diagram (10.15) in which G0 is replaced
by G. This procedure yields the self-energy Σ = Σs[G, v] as a functional of the interaction
v and of the dressed Green’s function G. The subscript “s” specifies that the functional is
constructed by taking only the G-skeleton diagram from the functional Σ = Σ[G0, v] and
then replacing G0 with G: Σ[G0, v] = Σs[G, v]. In the next Chapter we will show how
to use this result to construct the functional Φ[G] = Φ[G, v] whose functional derivative
with respect to G is the exact self-energy. Using the G-skeleton diagrams we can write the
self-energy up to second order in the interaction as

(10.17)

There are only 2 G-skeleton diagrams of second order against the 6 diagrams in Fig. 10.6.
The approximation for the self-energy corresponding to these 4 G-skeleton diagrams is
called the second-Born approximation.

For any given approximation to Σs[G, v] we can calculate an approximate Green’s func-
tion from the Dyson equation

G(1; 2) = G0(1; 2) +

∫

d3d4G0(1; 3)Σs[G, v](3; 4)G(4; 2)

= G0(1; 2) +

∫

d3d4G(1; 3)Σs[G, v](3; 4)G0(4; 2), (10.18)
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Figure 10.7: Diagrammatic MBPT expansion in terms of G and W of (a) the self-energy up
to third order and (b) the polarization up to second order.

self-energy diagrams are divergent. The e!ect of the polarization insertions is to cut o!
the long-range nature of v. Replacing v with W makes these diagrams finite and physically
interpretable. We will see an example of divergent self-energy diagrams in Section 13.5.

From the diagrammatic structure of the polarization diagrams we see that

P (1; 2) = P (2; 1) (10.26)

and, as a consequence, also

W (1; 2) = W (2; 1) (10.27)

which tells us that the screened interaction between the particles is symmetric, as one
would expect. It is worth noticing, however, that this symmetry property is not fulfilled by
every single diagram. For instance, the 3-rd and 4-th diagrams of Fig. 10.7(b) are, separately,
not symmetric. The symmetry is recovered only when they are summed. This is a general
property of the polarization diagrams: either they are symmetric or they come in pairs of
mutually reversed diagrams. By a reversed polarization diagram we mean the same diagram
in which the end points are interchanged. If we label the left and right vertices of the 3-rd
and 4-th diagrams of Fig. 10.7(b) with 1 and 2 then the 4-th diagram with relabeled vertices
2 and 1 (reversed diagram) becomes identical to the 3-rd diagram.

10.7. W -skeleton diagrams 289

Figure 10.7: Diagrammatic MBPT expansion in terms of G and W of (a) the self-energy up
to third order and (b) the polarization up to second order.

self-energy diagrams are divergent. The e!ect of the polarization insertions is to cut o!
the long-range nature of v. Replacing v with W makes these diagrams finite and physically
interpretable. We will see an example of divergent self-energy diagrams in Section 13.5.

From the diagrammatic structure of the polarization diagrams we see that

P (1; 2) = P (2; 1) (10.26)

and, as a consequence, also

W (1; 2) = W (2; 1) (10.27)

which tells us that the screened interaction between the particles is symmetric, as one
would expect. It is worth noticing, however, that this symmetry property is not fulfilled by
every single diagram. For instance, the 3-rd and 4-th diagrams of Fig. 10.7(b) are, separately,
not symmetric. The symmetry is recovered only when they are summed. This is a general
property of the polarization diagrams: either they are symmetric or they come in pairs of
mutually reversed diagrams. By a reversed polarization diagram we mean the same diagram
in which the end points are interchanged. If we label the left and right vertices of the 3-rd
and 4-th diagrams of Fig. 10.7(b) with 1 and 2 then the 4-th diagram with relabeled vertices
2 and 1 (reversed diagram) becomes identical to the 3-rd diagram.

This gives the double-skeletonic expansion for the self-energy

and the polarizability



The lowest order in W gives the GW approximation
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ˆGn(1 . . . n; 10 . . . n0
)

i

Tr

h

e��ĤM
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Figure 10.7: Diagrammatic MBPT expansion in terms of G and W of (a) the self-energy up
to third order and (b) the polarization up to second order.

self-energy diagrams are divergent. The e!ect of the polarization insertions is to cut o!
the long-range nature of v. Replacing v with W makes these diagrams finite and physically
interpretable. We will see an example of divergent self-energy diagrams in Section 13.5.

From the diagrammatic structure of the polarization diagrams we see that

P (1; 2) = P (2; 1) (10.26)

and, as a consequence, also

W (1; 2) = W (2; 1) (10.27)

which tells us that the screened interaction between the particles is symmetric, as one
would expect. It is worth noticing, however, that this symmetry property is not fulfilled by
every single diagram. For instance, the 3-rd and 4-th diagrams of Fig. 10.7(b) are, separately,
not symmetric. The symmetry is recovered only when they are summed. This is a general
property of the polarization diagrams: either they are symmetric or they come in pairs of
mutually reversed diagrams. By a reversed polarization diagram we mean the same diagram
in which the end points are interchanged. If we label the left and right vertices of the 3-rd
and 4-th diagrams of Fig. 10.7(b) with 1 and 2 then the 4-th diagram with relabeled vertices
2 and 1 (reversed diagram) becomes identical to the 3-rd diagram.
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These form a self-consistent set of equations for G and W



Diagrammatic expansion:  Take home message 

- Wick’s theorem allows for a straightforward expansion of the
  Green’s function in powers of the interaction

- The number of diagrammatic terms can be drastically reduced
  by introduction of the self-energy.

- The self-energy can be expanded in powers of the dressed Green’s
  function and the screened interaction W by the introduction of
  skeletonic diagrams. This leads to self-consistent equations in terms
  of G and W.

- The lowest order in this expansion is the famous GW approximation
  (see lectures Matteo Gatti)



Contours and formalisms

Let us now briefly clarify some issues that may confuse you in practice,
namely the different flavors of many-body theory.

With different assumptions we can modify the contour
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Figure 4.5: Contours and Hamiltonian Ĥ(z) for (a) the exact formula (b) the adiabatic formula
and (c) the zero-temperature formula with β →∞.

The adiabatic assumption is based on the idea that one can generate the density matrix
ρ̂ with Hamiltonian ĤM starting from the density matrix ρ̂0 with Hamiltonian ĤM

0 and then
switching on the interaction adiabatically, i.e.,

ρ̂ =
e−βĤ

M

Z
= Ûη(t0,−∞)

e−βĤ
M
0

Z0
Ûη(−∞, t0) = Ûη(t0,−∞) ρ̂0 Ûη(−∞, t0), (4.25)

where Ûη is the real-time evolution operator with Hamiltonian

Ĥη(t) = Ĥ0 + e−η|t−t0|Ĥint,

and η is an infinitesimally small positive constant. This Hamiltonian coincides with the
noninteracting Hamiltonian when t → −∞ and with the full interacting Hamiltonian when
t = t0. Mathematically the adiabatic assumption is supported by the Gell-Mann-Low the-
orem [44, 45] according to which if β → ∞ and ĤM

0 has a nondegenerate ground state
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|Φ0〉 (hence ρ̂0 = |Φ0〉〈Φ0|) then Ûη(t0,−∞)|Φ0〉 ≡ |Ψ0〉 is an eigenstate8 of ĤM (hence
ρ̂ = |Ψ0〉〈Ψ0|). In general the validity of the adiabatic assumption should be checked case
by case. Under the adiabatic assumption we can rewrite the time-dependent ensemble
average in (4.17) as

O(z = t±) = Tr
[

ρ̂ Û(t0, t)Ô(t)Û (t, t0)
]

= Tr
[

ρ̂0 Ûη(−∞, t0) Û(t0, t)Ô(t)Û(t, t0)Ûη(t0,−∞)
]

, (4.26)

where the cyclic property of the trace has been used. Similarly to what we did in the
previous Sections we can cast (4.26) in terms of a contour-ordered product of operators.
Consider the contour γa of Fig. 4.5(b) which is essentially the same contour of Fig. 4.5(a)
where t0 → −∞. If the Hamiltonian changes along the contour as

Ĥ(t±) =

{

Ĥη(t) = Ĥ0 + e−η|t−t0|Ĥint for t < t0
Ĥ(t) = Ĥ0(t) + Ĥint for t > t0

Ĥ(z ∈ γM) = ĤM
0 = Ĥ0 − µN̂,

then (4.26) takes the same form as (4.21) in which γ → γa and the Hamiltonian goes into the
Hamiltonian of Fig. 4.5(b)

O(z) =
Tr
[

T
{

e−i
∫

γa
dz̄ Ĥ(z̄) Ô(z)

}]

Tr
[

T
{

e−i
∫

γa
dz̄ Ĥ(z̄)

}] (adiabatic assumption) (4.27)

We will refer to this way of calculating time-dependent ensemble averages as the adiabatic
formula. This is exactly the formula used by Keldysh in his original paper [37]. The adiabatic
formula is correct only provided that the adiabatic assumption is fulfilled. The adiabatic
formula gives the noninteracting ensemble average of the operator Ô if z ∈ γM.

We can derive yet another expression of the ensemble average of the operator Ô for
systems unperturbed by external driving fields and hence described by a Hamiltonian Ĥ(t >
t0) = Ĥ independent of time. In this case, for any finite time t we can approximate Û(t, t0)
with Ûη(t, t0) since we can always choose η ( 1/|t− t0|. If we do so in (4.26) we get

O(z = t±) = Tr
[

ρ̂0 Ûη(−∞, t)Ô(t)Ûη(t,−∞)
]

. (4.28)

According to the adiabatic assumption we can generate the interacting ρ̂ starting from
the noninteracting ρ̂0 and then propagating forward in time from −∞ to t0 using the
evolution operator Ûη . If so then ρ could also be generated starting from ρ̂0 and then
propagating backward in time from ∞ to t0 using the same evolution operator Ûη since
Ĥη(t0 −∆t) = Ĥη(t0 +∆t). In other words

ρ̂ = Ûη(t0,∞) ρ̂0 Ûη(∞, t0).

8The state |Ψ0〉 is not necessarily the ground state.
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Adiabatic assumption
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and η is an infinitesimally small positive constant. This Hamiltonian coincides with the
noninteracting Hamiltonian when t → −∞ and with the full interacting Hamiltonian when
t = t0. Mathematically the adiabatic assumption is supported by the Gell-Mann-Low the-
orem [44, 45] according to which if β → ∞ and ĤM
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Comparing this equation with (4.25) we conclude that

ρ̂0 = Ûη(−∞,∞) ρ̂0 Ûη(∞,−∞). (4.29)

Now it may be reasonable to expect that this identity is fulfilled because every eigenstate
|Φk〉 of ρ̂0 goes back to |Φk〉 by switching on and o! the interaction adiabatically, i.e.,

〈Φk|Ûη(∞,−∞) = eiαk〈Φk|. (4.30)

This expectation is generally wrong due to the occurrence of level crossings and degeneracies
in the spectrum of Ĥη .9 However if ρ̂0 = |Φ0〉〈Φ0| is a pure state then (4.29) implies that
(4.30) with k = 0 is satisfied.10 For ρ̂0 to be a pure state we must take the zero-temperature
limit β → ∞ and have a nondegenerate ground state |Φ0〉 of ĤM

0 . We will refer to
the adiabatic assumption in combination with equilibrium at zero temperature and with
the condition of no ground-state degeneracy as the zero-temperature assumption. The
zero-temperature assumption can be used to manipulate (4.28) a bit more. Since |Φ0〉 is
nondegenerate we have

lim
β→∞

ρ̂0 = |Φ0〉〈Φ0| =
|Φ0〉〈Φ0|Ûη(∞,−∞)

〈Φ0|Ûη(∞,−∞)|Φ0〉
= lim

β→∞

e−βĤ
M
0 Ûη(∞,−∞)

Tr
[

e−βĤ
M
0 Ûη(∞,−∞)

] .

Inserting this result into (4.28) we find

lim
β→∞

O(z = t±) = lim
β→∞

Tr
[

e−βĤ
M
0 Ûη(∞, t)Ô(t)Ûη(t,−∞)

]

Tr
[

e−βĤ
M
0 Ûη(∞,−∞)

] . (4.31)

If we now rewrite the exponential e−βĤ
M
0 as exp[−i

∫

γM
dz̄ ĤM

0 ] and construct the contour

γ0 which starts at −∞, goes all the way to ∞ and then down to ∞− iβ we see that (4.31)
has again the same mathematical structure of (4.21) in which γ → γ0 and the Hamiltonian
along the contour changes as illustrated in Fig. 4.5(c). It is worth noticing that the contour
γ0 has the special property of having only a forward branch. We will refer to this way
of calculating ensemble averages as the zero-temperature formula. The zero temperature
formula is correct only provided that the zero-temperature assumption is fulfilled. This is
certainly not the case if the Hamiltonian of the system is time dependent. There is indeed
no reason to expect that by switching on and o! the interaction the system goes back to

9Consider for instance a density matrix ρ̂0 = 1
2
(|Φ1〉〈Φ1| + |Φ2〉〈Φ2|). Then the most general solution of

(4.29) is not (4.30) but

〈Φ1|Ûη(∞,−∞) = eiα cos θ〈Φ1|+ sin θ〈Φ2|,

〈Φ2|Ûη(∞,−∞) = sin θ〈Φ1|− e−iα cos θ〈Φ2|,

with α and θ two arbitrary real numbers.
10For completeness we mention that the phase factor α0 ∼ 1/η. This has no consequence in the calculation

of observable quantities but it may lead to instabilities when solving the time-dependent Schrödinger equation
numerically, see also Exercise 4.1.

When expanding in powers of the interaction only the terms on the
real axis remain.  This leads to 3 variants

1) Full formalism with the Matsubara approach 
    (equilibrium finite temperature) as an initial case

2) Keldysh formalism (adiabatic assumption)

3) Zero-temperature standard time-ordered formalism
  (zero-temperature assumption)

Zero-temperature assumption



In all the 3 formulations all diagrammatical expressions is identical. 
The only thing that changes is the way the final integrals in the Feynman
diagrams are done.
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1
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∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
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G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

〈Â〉 = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =
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k=0
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(

i
2

)k ∫
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2
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G(1, 2) = −i〈T
{

ψ̂H(1)ψ̂†
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Û(t, t0) = T exp(�i

Z t

t0
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Û(t, t) = 1

Û(t, t0) = T exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t, t0) = TC exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t0 � i�, t0) = e��Ĥ0

hÔ(t)i =
Tr

n

Û(t0 � i�, t0)Û(t0, t) Ô Û(t, t0)
o

Tr
n

Û(t0 � i�, t0)
o

G(1, 2) = �ihTC [⌥̂H(1)⌥̂†
H(2)]i = ⇥(t1, t2)G>(1, 2) + ⇥(t2, t1)G<(1, 2)

G>(1, 2) = �ih⌥̂H(1)⌥̂†
H(2)i

G<(1, 2) = ih⌥̂†
H(2)⌥̂H(1)i

G(x1t0 � i�, 2) = �G(x1t0, 2)

G(1,x2t0) = �G(1,x2t0 � i�)

G2(1, 2, 3, 4) = (�i)2hTC [⌥̂H(1)⌥̂H(2)⌥̂†
H(3)⌥̂†

H(4)]i

2

Propagation of a “particle” (added electron)

Propagation of a “hole” (removed electron)

Only information on the contour
is in the Heaviside functions

Real-time functions



Brief Article

The Author

January 7, 2012

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
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2
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∣
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∣

∣
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2
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∣
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∣

∣

∣
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∞
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ik
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∣
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∣
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∣
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∣
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∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
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k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣
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∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2
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∣

∣

∣

∣

∣

∣

∣

∣

∣
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g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)
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∣

∣

∣

∣

∣

∣

∣

∣

∣
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ΣHF(1, 2) ∼ δ(z1, z2)

︸︷︷︸

G(1, 2) = −i〈T
{

ψ̂H(1)ψ̂†
H(2)

}

〉 = θ(z1, z2)G>(1, 2) + θ(z1, z2)G<(1, 2)

(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ
d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣
∣
∣
∣

g(1; 1+) g(1; 1′+)
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∣
∣
∣
∣
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∫
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∣
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∣
∣
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∣
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∣
∣
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∫
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∣
∣
∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣
∣
∣
∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
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...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

1

Hartree-Fock type diagrams are instantaneous
since the Coulomb interaction is
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Σ(1, 2) = ΣHF(1, 2) + θ(z1, z2)Σ>(1, 2) + θ(z2, z1)Σ<(1, 2)

ΣHF(1, 2) ∼ δ(z1, z2)

︸︷︷︸

G(1, 2) = −i〈T
{

ψ̂H(1)ψ̂†
H(2)

}

〉 = θ(z1, z2)G>(1, 2) + θ(z1, z2)G<(1, 2)

(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ

d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣
∣
∣
∣

g(1; 1+) g(1; 1′+)
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∣
∣
∣

±
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∣
∣
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∣
∣

+
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∫
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∣
∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣
∣
∣
∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣
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∣
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The self-energy has the structure

A general contour function has the structure
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kR = k✓()

I(z, z0) =

Z

�
dz00⌃(z, z00)G(z00, z0)

k(z, z0) = k�(t) �(z, z0) + ✓(z, z0) k>(t, t0) + ✓(z0, z) k>(t, t0)

hn̂(x, t)i =
Tr T

n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

ˆH(z) ! ˆH(z) + � ˆV (z)

� ˆV (z) =

Z

dx n̂(x) �v(xz)

�hn̂(x, t)i = �i

Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

+ihn̂(x, t)i
Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

hn̂(x, t)i = �i

Z

�
dz1

Z

dx0 hT
�

�n̂(xz)�n̂(x0z0)
 

i�v(x0z1)

�n̂(xz) = n̂(xz)� hn̂(xz)i

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2

⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

G(1, 2) = g(1, 2) +

Z

�
d3d4 g(1, 3)(⌃H [G,w](3, 4) + ⌃ss,xc[G,W ](3, 4))W (4, 2)

1



One often needs to do integrals of the form 

There are simple rules to convert these into real time functions. 
For example, on the original contour:
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(a)

kR(t, t0) = k�(t) �(t� t0) + ✓(t� t0)
⇥

k>(t, t0)� k<(t, t0)
⇤

kA(t, t0) = k�(t) �(t� t0)� ✓(t0 � t)
⇥

k>(t, t0)� k<(t, t0)
⇤

c(z, z0) =

Z

�
dz00 a(z, z00) b(z00, z0)

k(z, z0) = k�(t) �(z, z0) + ✓(z, z0) k>(t, t0) + ✓(z0, z) k>(t, t0)

hn̂(x, t)i =
Tr T

n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

ˆH(z) ! ˆH(z) + � ˆV (z)

� ˆV (z) =

Z

dx n̂(x) �v(xz)

�hn̂(x, t)i = �i

Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

+ihn̂(x, t)i
Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

hn̂(x, t)i = �i

Z

�
dz1

Z

dx0 hT
�

�n̂(xz)�n̂(x0z0)
 

i�v(x0z1)

�n̂(xz) = n̂(xz)� hn̂(xz)i

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2

⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

1
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c< = a< · bA + aR · b< + ae ? bd

kR(t, t0) = k�(t) �(t� t0) + ✓(t� t0)
⇥

k>(t, t0)� k<(t, t0)
⇤

kA(t, t0) = k�(t) �(t� t0)� ✓(t0 � t)
⇥

k>(t, t0)� k<(t, t0)
⇤

c(z, z0) =

Z

�
dz00 a(z, z00) b(z00, z0)

k(z, z0) = k�(t) �(z, z0) + ✓(z, z0) k>(t, t0) + ✓(z0, z) k>(t, t0)

hn̂(x, t)i =
Tr T

n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

ˆH(z) ! ˆH(z) + � ˆV (z)

� ˆV (z) =

Z

dx n̂(x) �v(xz)

�hn̂(x, t)i = �i

Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

+ihn̂(x, t)i
Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

hn̂(x, t)i = �i

Z

�
dz1

Z

dx0 hT
�

�n̂(xz)�n̂(x0z0)
 

i�v(x0z1)

�n̂(xz) = n̂(xz)� hn̂(xz)i

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2

⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

1

where 

ˆ †
(x) ˆ (x)|y1y2i =

ˆ †
(x) (�(x� y2)|y1i � �(x� y1)|y2i)

= �(x� y2)|y1xi � �(x� y1)|y2xi
= (�(x� y1) + �(x� y2))|y1y2i

h�| ˆO†|�i = h�| ˆO|�i⇤

kR(t, t0) = ✓(t� t0)[k>(t, t0)� k<(t, t0)]

kA(t, t0) = �✓(t0 � t)[k>(t, t0)� k<(t, t0)]

i@t1G
7
(t1, t2) = hHF

(t1)G
7
(t1, t2) +

h

⌃

7 ·GA
+ ⌃

R ·G7
+ ⌃

e ·Gd
i

(t1, t2)

�i@t2G
7
(t1, t2) = G7

(t1, t2)h
HF

(t2) +
h

G7 · ⌃A
+GR · ⌃7

+Ge · ⌃d
i

(t1, t2)

i@tG
e
(t, ⌧) =

h

⌃

R ·Ge
+ ⌃

e ?GM
i

(t, ⌧)

�i@tG
d
(⌧, t) =

h

Gd · ⌃A
+GM ? ⌃d

i

(t, ⌧)

f · g =

Z 1

t0

f(t)g(t)

f ? g =

Z �

0
d⌧ f(⌧)g(⌧)

c(z, z0) =

Z

�
dz̄ a(z, z̄)b(z̄, z0)

cM (⌧, ⌧ 0) = c(t0 � i⌧, t0 � i⌧ 0)

cd(⌧, t) = c(t0 � i⌧, t)

ce(t, ⌧) = c(t, t0 � i⌧)

cR(t, t0) = c�(t)�(t� t0) + ✓(t� t0)[c>(t, t0)� c<(t, t0)]

cA(t, t0) = c�(t)�(t� t0)� ✓(t0 � t)[c>(t, t0)� c<(t, t0)]

c(z, z0) = c�(z)�(z, z0) + ✓(z, z0)c>(z, z0) + ✓(z, z0)c<(z, z0)
Z

�
d2⌃(1, 2)G(2, 10)

⌃(1, 2) = ⌃

HF
(1, 2) + ✓(z1, z2)⌃

>
(1, 2) + ✓(z2, z1)⌃

<
(1, 2)

⌃

HF
(1, 2) ⇠ �(z1, z2)

|{z}

6

ˆ †
(x) ˆ (x)|y1y2i =

ˆ †
(x) (�(x� y2)|y1i � �(x� y1)|y2i)

= �(x� y2)|y1xi � �(x� y1)|y2xi
= (�(x� y1) + �(x� y2))|y1y2i

h�| ˆO†|�i = h�| ˆO|�i⇤

kR(t, t0) = ✓(t� t0)[k>(t, t0)� k<(t, t0)]

kA(t, t0) = �✓(t0 � t)[k>(t, t0)� k<(t, t0)]

i@t1G
7
(t1, t2) = hHF

(t1)G
7
(t1, t2) +

h

⌃

7 ·GA
+ ⌃

R ·G7
+ ⌃

e ·Gd
i

(t1, t2)

�i@t2G
7
(t1, t2) = G7

(t1, t2)h
HF

(t2) +
h

G7 · ⌃A
+GR · ⌃7

+Ge · ⌃d
i

(t1, t2)

i@tG
e
(t, ⌧) =

h

⌃

R ·Ge
+ ⌃

e ?GM
i

(t, ⌧)

�i@tG
d
(⌧, t) =

h

Gd · ⌃A
+GM ? ⌃d

i

(t, ⌧)

f · g =

Z 1

t0

f(t)g(t)

f ? g =

Z �

0
d⌧ f(⌧)g(⌧)

c(z, z0) =

Z

�
dz̄ a(z, z̄)b(z̄, z0)

cM (⌧, ⌧ 0) = c(t0 � i⌧, t0 � i⌧ 0)

cd(⌧, t) = c(t0 � i⌧, t)

ce(t, ⌧) = c(t, t0 � i⌧)

cR(t, t0) = c�(t)�(t� t0) + ✓(t� t0)[c>(t, t0)� c<(t, t0)]

cA(t, t0) = c�(t)�(t� t0)� ✓(t0 � t)[c>(t, t0)� c<(t, t0)]

c(z, z0) = c�(z)�(z, z0) + ✓(z, z0)c>(z, z0) + ✓(z, z0)c<(z, z0)
Z

�
d2⌃(1, 2)G(2, 10)

⌃(1, 2) = ⌃

HF
(1, 2) + ✓(z1, z2)⌃

>
(1, 2) + ✓(z2, z1)⌃

<
(1, 2)

⌃

HF
(1, 2) ⇠ �(z1, z2)

|{z}
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and 

ˆ †
(x) ˆ (x)|y1y2i =

ˆ †
(x) (�(x� y2)|y1i � �(x� y1)|y2i)

= �(x� y2)|y1xi � �(x� y1)|y2xi
= (�(x� y1) + �(x� y2))|y1y2i

h�| ˆO†|�i = h�| ˆO|�i⇤

kR(t, t0) = ✓(t� t0)[k>(t, t0)� k<(t, t0)]

kA(t, t0) = �✓(t0 � t)[k>(t, t0)� k<(t, t0)]

i@t1G
7
(t1, t2) = hHF

(t1)G
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(t1, t2) +

h

⌃

7 ·GA
+ ⌃

R ·G7
+ ⌃

e ·Gd
i
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7
(t1, t2) = G7
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HF

(t2) +
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G7 · ⌃A
+GR · ⌃7

+Ge · ⌃d
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e
(t, ⌧) =
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⌃
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+ ⌃
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i

(t, ⌧)

�i@tG
d
(⌧, t) =

h

Gd · ⌃A
+GM ? ⌃d

i

(t, ⌧)

f · g =

Z 1

t0

f(t)g(t)

f ? g =

Z �

0
d⌧ f(⌧)g(⌧)

c(z, z0) =

Z

�
dz̄ a(z, z̄)b(z̄, z0)

cM (⌧, ⌧ 0) = c(t0 � i⌧, t0 � i⌧ 0)

cd(⌧, t) = c(t0 � i⌧, t)

ce(t, ⌧) = c(t, t0 � i⌧)

cR(t, t0) = c�(t)�(t� t0) + ✓(t� t0)[c>(t, t0)� c<(t, t0)]

cA(t, t0) = c�(t)�(t� t0)� ✓(t0 � t)[c>(t, t0)� c<(t, t0)]

c(z, z0) = c�(z)�(z, z0) + ✓(z, z0)c>(z, z0) + ✓(z, z0)c<(z, z0)
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�
d2⌃(1, 2)G(2, 10)
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HF
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In this lecture I will not elaborate further on these so-called Langreth rules



Different contours:  Take home message 

- The original contour can be deformed at the expense of
  additional approximations

- The adiabatic assumption leads to the standard Keldysh
  formalism without a vertical track

- The zero-temperature assumption leads to the standard 
  time-ordered formalism restricted to equilibrium zero-temperature
  systems

- All equations of the three formalism are identical. 
  Only the translation of the final contour integrals to real-time
  functions is different but in all cases straightforward.
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We remove a particle from state j at time t.  After this the system is left in
a superposition of eigenstates of the ionized system
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X

s

|N � 1, sihN � 1, s|âj e�iĤ(t�t0)| 0i
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where

The probability to find the system in (N-1)-particle state after removal
of the particle is then
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=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

cs,j = hN � 1, s|âj | 0i
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The diagonal lesser Green’s function has the form

It will be convenient to write this in frequency space
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�iG<
jj(t, t

0
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�iG<
jj(t, t

0
) = h 0|â†j,H(t0)âj,H(t)| 0i = h˜ j(t
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Let us now see how this relates to a photo-current in a photo-emission
experiment
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Figure 6.8: Schematic representation of a photoemission experiment. After the absorption of
the photon γ of energy ω0 the system is left in an excited state formed by the photoelectron
and N − 1 electrons in the s-th excited state.

6.3.4 Photoemission experiments and interaction e!ects

At the moment the spectral function is a pure mathematical object providing information
on the underlying physical system (we have seen that it has δ-like peaks at the removal and
addition energies). Can we also relate it to some measurable quantity? In this Section we
show that the spectral function can be measured with a photoemission experiment.

Let us start by considering a system of electrons (fermionic system). A photoemission
experiment consists in irradiating the system with light of frequency ω0 > 0 and then
measuring the number of ejected electrons (or photoelectrons) with energy ε, see Fig. 6.8.
Without loss of generality we can set the threshold of the continuum (scattering) states
to zero so that ε > 0. Due to energy conservation EN,0 + ω0 = EN−1,s + ε where
EN,0 is the energy of the initially unperturbed system with N particles and EN−1,s is the
energy of the s-th excited state in which the system is left after the photoelectron has been
kicked out.17 Clearly, if the frequency ω0 is smaller than EN−1,0 − EN,0, with EN−1,0
the ground-state energy of the system with N − 1 particles, no electron will be ejected.
Let us develop a simple theory to calculate the result of a photoemission experiment.
The electromagnetic field is described by a monochromatic vector potential A(r, t) =
A(r)eiω0t + A∗(r)e−iω0t. Experimentally one observes that the photocurrent (number of
ejected electrons per unit time) is proportional to the intensity of the electromagnetic field,
and hence we can discard the A2 term appearing in the single-particle Hamiltonian (3.1). The
time-dependent perturbation which couples the light to the electrons is then proportional
to p̂ ·A(r̂, t) +A(r̂, t) · p̂. Expanding the field operators over some convenient basis the
most general form of this perturbation in second quantization reads

Ĥl−e(t) =
∑

ij

(hije
iω0t + h∗ije

−iω0t)d̂†i d̂j .

According to the Fermi Golden rule18 the probability per unit time of the transition from the
initial state |ΨN,0〉 with energy EN,0 to an excited state |ΨN,m〉 with energy EN,m is given

17Even though in most experiments the system is initially in its ground state our treatment is applicable also to
situations in which EN,0 refers to some excited state, read again beginning of Section 6.3.3.

18In Chapter 14 we will present a pedagogical derivation of the Fermi Golden rule and clarify several subtle points.
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P0!m = 2⇡|h N,m|
X

ij

h⇤ij â
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=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

cs,j = hN � 1, s|âj | 0i
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The photo-current is then given by

Similarly in an inverse photo-emission experiment the light intensity
is given by i G>

These two quantities are often combined in a single function known
as the spectral function
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Physical interpretation:  Take home message 

- The hole and particle Green’s functions relate directly to the
  spectra measured in photo-emission and inverse photo-emission
  experiments (See Simo Huotari’s lectures)  

- These spectra contain information on band structure and probabilities
  for various inelastic events

- The renormalization and broadening of the main
  single-particle peak due to interactions in metallic systems
  leads to a quasi-particle picture which forms the basis
  of Landau’s theory of quantum liquids.



Introduction to Many-body Theory  III

Part III:  Linear response and examples
  - The 2-particle Green’s function and optical spectra
  - Hedin’s equations
  - Linear response
  - Examples:  Time-dependent screening in an electron gas



The 2-particle Green’s function

We can further expand the two-particle Green’s function using Wick’s theorem

5.3. Exact solution of the hierarchy from Wick’s theorem 139

requires an even number of interchanges and we recognize the noninteracting (2k + 2)-
particle Green’s function
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′ . . . , k, k′; c, d, 1+, 1′+, . . . , k+, k′+)

multiplied by i2k+2Z0. The denominator in (5.33) is the same as that of the one-particle
Green’s function in (5.30) and therefore G2 becomes
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where the integrals are over 1, 1′, . . . , k, k′. Using Wick’s theorem we can now transform
G2 into an exact perturbative expansion in terms of the noninteracting Green’s function G0
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(5.34)

In a similar way the reader can work out the equations for the higher order Green’s functions
as well as for the partition function Z which we write below6
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(5.35)

Many-body perturbation theory (MBPT) is now completely defined. The evaluation of
(5.32) or (5.34) is a well defined mathematical problem and there exist many useful tricks to
carry on the calculations in an e!cient way. In his memorable talk at the Pocono Manor
Inn in 1948 Feynman showed how to represent the cumbersome Wick expansion in terms of

6The ratio Z/Z0 is simply the denominator of the formulas (5.32) and (5.34) for G and G2 .

Again only connected diagrams contribute. In the same way as before 
non-connected diagrams cancel and we can expand in G-skeletons by
removing self-energy insertions

See also lectures by
Ilya Tokatly
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self-energy insertions and then replace G0 with G. In this way the expansion of G2 to first
order in the interaction contains only four diagrams and reads

(12.7)

This first order approximation to G2 generates the second-Born approximation (10.17) for Σ
through the relation (9.1), which we rewrite below for convenience

∫

d3Σ(1; 3)G(3; 2) = ±i

∫

d3 v(1; 3)G2(1, 3; 2, 3
+). (12.8)

Finally we could remove from (12.6) all diagrams with polarization insertions and then replace
v with W . Keeping only G- and W -skeleton diagrams, equation (12.6) provides us with an
expansion of G2 in terms of the dressed Green’s function G and interaction W . Below we
investigate the structure of the expansion of G2 in G-skeleton diagrams and postpone to
Section 12.5 the expansion in G- and W -skeleton diagrams.

We represent G2(1, 2; 3, 4) as a grey square with two outgoing lines starting from
opposite vertices of the square and ending in 1 and 2, and two ingoing lines starting from 3
and 4 and ending in the remaining vertices of the square

(12.9)

This diagrammatic representation is unambiguous if we specify that the third variable (which
is 3 in this case) is located to the right of an imaginary oriented line connecting diagonally
the first to the second variable (which are 1 and 2 in this case). Indeed, the only other
possible source of ambiguity is which variable is first; looking at (12.9) we could say that
it represents either G2(1, 2; 3, 4) or G2(2; 1; 4, 3). However, the exact as well as any
conserving approximation to G2 is such that G2(1, 2; 3, 4) = G2(2; 1; 4, 3) and therefore
we do not need to bother about which variable is first. From the G-skeletonic expansion it
follows that the general structure of G2 is
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3 (12.10)

or, in formula,

G2(1, 2; 3, 4) = G(1; 3)G(2; 4)±G(1; 4)G(2; 3)

+

∫

G(1; 1′)G(3′; 3)Kr(1
′, 2′; 3′, 4′)G(4′; 4)G(2; 2′), (12.11)
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Figure 12.2: Diagrams for the kernel Kr up to second order in the interaction.

where the kernel Kr is represented by the square grid and accounts for all G2-diagrams
of order larger than zero. These diagrams are all connected since if the piece with external
vertices, say, 1 and 3 was disconnected from the piece with external vertices 2 and 4 [like
the first diagram in (12.10)] then there would certainly be a self-energy insertion. The rules
to assign the variables to the square grid Kr(1, 2; 3, 4) are the same as those for G2: the
first two variables 1 and 2 label the opposite vertices with an outgoing line and the third
variable 3 labels the vertex located to the right of an imaginary oriented line going from 1 to
2. The diagrams for Kr up to second order in the interaction are shown in Fig. 12.2. The
Feynman rules to convert them into mathematical expressions are the same as those for G2

(see beginning of the Section). The only extra rule is that if two external vertices i and j
coincide, like in the first eight diagrams of Fig. 12.2, then we must multiply the diagram by
δ(i; j). This is the same rule that we introduced for the Hartree self-energy diagram, see
discussion below (10.13).

From Fig. 12.2 we see that in the 4-th, 5-th, 6-th and 9-th diagram the vertices 1 and
3 can be disconnected from the vertices 2 and 4 by cutting two G-lines. The remaining
diagrams are instead two-particle irreducible since (1, 3) and (2, 4) cannot be disjoint by
cutting two G-lines. This is the reason of the subscript r in the kernel Kr which contains
also two-particle reducible diagrams and can therefore be called a reducible kernel. Let us
denote by K the irreducible kernel.

K is obtained from Kr by removing all two-particle reducible diagrams. The Feyn-
man rules for K are identical to the Feynman rules for Kr.

A generic Kr-diagram has the structure K(1)GGK(2)GG . . .K(n) with the K(i) two-
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or, in formula,

G2(1, 2; 3, 4) = G(1; 3)G(2; 4)±G(1; 4)G(2; 3)

+
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G(1; 1′)G(3′; 3)Kr(1
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Again the product of the prefactors of K(1) and K(2) times the (±) sign coming from
the GG-double-line agrees with the prefactor (12.13). Therefore we can write the following
Dyson-like equation for the reducible kernel (integral over primed variables is understood)

Kr(1, 2; 3, 4) = K(1, 2; 3, 4)±
∫

K(1, 2′; 3, 4′)G(4′; 1′)G(3′; 2′)Kr(1
′, 2; 3′, 4), (12.14)

which is represented by the diagrammatic equation

(12.15)

Equation (12.14) is known as the Bethe-Salpeter equation for the reducible kernel. Inserting
(12.15) into (12.10) we find

= + ( + ... (

= +

++

with the grey blob

L(1, 2; 3, 4) ≡ ±
[

G2(1, 2; 3, 4)−G(1; 3)G(2; 4)
]

. (12.16)

The function L fulfills the diagrammatic equation

=
1 4

3 2

1 4

3 2

1

3

1' 4' 4

22'3'

+ +

or, in formulas (integral over primed variables is understood),

L(1, 2; 3, 4) = G(1; 4)G(2; 3)±
∫

G(1; 1′)G(3′; 3)K(1′, 2′; 3′, 4′)L(4′, 2; 2′, 4) (12.17)

The reader can easily check the correctness of these equations by iterating them. We will
refer to L as the two-particle XC function since it is obtained from G2 by subtracting the
Hartree diagram.

There are several reasons for introducing yet another quantity like L. On one hand we
see that by setting 4 = 2 and 3 = 1 the L-diagrams are the same as the χ-diagrams, with
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Bethe-Salpeter
equation

To find the 2-particle Green’s function we have to solve the Bethe-Salpeter equation

If we expand the self-energy in G-skeletonic diagrams then the following important
relation is valid
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12.4 Diagrammatic proof of K = ±δΣ/δG

In this Section we prove the important relation

K(1, 2; 3, 4) = ± δΣ(1; 3)

δG(4; 2)
(12.34)

between the self-energy Σ = Σs[G, v] and the kernel K = Ks[G, v] of the Bethe-Salpeter
equation. In (12.34) Σs and Ks are functionals of G and v (built using G-skeleton diagrams).
The proof consists in showing that by cutting a G-line in all possible ways from every
Σ-diagram2 we get the full set of K-diagrams each with the right prefactor. Let us first
consider some examples. For the Hartree-Fock self-energy

ΣHF(1; 3) = +
1 3 1 3

the prefactor is (±i) for the first diagram and (+i) for the second diagram. The functional
derivative with respect to G(4; 2) yields the K-diagrams

±δΣHF(1; 3)

δG(4; 2)
=

(12.35)

whose prefactors are correctly given by plus/minus the prefactors of the Σ-diagrams from
which they originate. Another example is the first bubble diagram of the second-Born
approximation

Σ2B,bubble(1; 3) =

with prefactor ±i2. Its functional derivative generates the following three diagrams for the
kernel

±δΣ2B,bubble(1; 3)

δG(4; 2)
=

The prefactor of the first diagram is i2(±)l = i2(±)2 = i2. Similarly one can calculate the
prefactor of the other two diagrams and check that it is again given by i2.

The general proof of (12.34) follows from few statements.

2As already observed several times, to cut a G-line in all possible ways is equivalent of taking the functional
derivative with respect to G.

It is not hard to prove this diagrammatically
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Let us give some examples
K



What about the W-skeletons? Remember that
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(10.23)

In this diagrammatic equation P is the sum of all possible polarization diagrams. We
will refer to P as the polarizability. Similarly to the self-energy the polarizability can
be considered either as a functional of the noninteracting Green’s function G0 and the
interaction v, P = P [G0, v], or as a functional of the dressed G and v, P = Ps[G, v].
Equation (10.23) has the form of the Dyson equation (10.8) for the Green’s function. In
formulas it reads

W (1; 2) = v(1; 2) +

∫

v(1; 3)P (3; 4)v(4; 2) +

∫

v(1; 3)P (3; 4)v(4; 5)P (5; 6)v(6; 2) + . . .

= v(1; 2) +

∫

v(1; 3)P (3; 4)W (4; 2) (10.24)

where the integral is over all repeated variables.
Let us express Σs[G, v] in terms of the screened interaction W . We say that a diagram

is a W -skeleton diagram if it does not contain polarization insertions. Then the desired
expression for Σ is obtained by discarding all those diagrams which are not W -skeletonic in
the expansion (10.17), and then replacing v with W . The only diagram for which we should
not proceed with the replacement is the Hartree diagram [first diagram in (10.17)] since here
every polarization insertion is equivalent to a self-energy insertion, see for instance the third
diagram of Fig. 10.6. In the Hartree diagram the replacement v →W would lead to a double
counting. Therefore

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ] (10.25)

where ΣH[G, v] is the Hartree self-energy while the remaining part is the so called exchange-
correlation (XC) self-energy which includes the Fock (exchange) diagram and all other dia-
grams accounting for nonlocal in time e!ects (correlations), see again the discussion in
Section 6.1.1 and Section 7.3. The subscript “ss” specifies that to construct the functional
Σss or Σss,xc we must take into account only those self-energy diagrams which are skele-
tonic with respect to both Green’s function and interaction lines. The skeletonic expansion
of the self-energy in terms of G and W (up to third order in W ) is shown in Fig. 10.7(a).
Similarly, the MBPT expansion of the polarizability in terms of G and W is obtained by
taking only G- and W -skeleton diagrams and then replacing G0 → G and v → W . This
operation leads to a polarizability P = Pss[G,W ] which can be regarded as a functional of
G and W and whose expansion (up to second order in W ) is shown in Fig. 10.7(b).

The diagrammatic expansion in terms of W instead of v does not only have the math-
ematical advantage of reducing the number of diagrams. There is also a physical advan-
tage [79]. In bulk systems and for long-range interactions, like the Coulomb interaction, many
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Figure 12.2: Diagrams for the kernel Kr up to second order in the interaction.

where the kernel Kr is represented by the square grid and accounts for all G2-diagrams
of order larger than zero. These diagrams are all connected since if the piece with external
vertices, say, 1 and 3 was disconnected from the piece with external vertices 2 and 4 [like
the first diagram in (12.10)] then there would certainly be a self-energy insertion. The rules
to assign the variables to the square grid Kr(1, 2; 3, 4) are the same as those for G2: the
first two variables 1 and 2 label the opposite vertices with an outgoing line and the third
variable 3 labels the vertex located to the right of an imaginary oriented line going from 1 to
2. The diagrams for Kr up to second order in the interaction are shown in Fig. 12.2. The
Feynman rules to convert them into mathematical expressions are the same as those for G2

(see beginning of the Section). The only extra rule is that if two external vertices i and j
coincide, like in the first eight diagrams of Fig. 12.2, then we must multiply the diagram by
δ(i; j). This is the same rule that we introduced for the Hartree self-energy diagram, see
discussion below (10.13).

From Fig. 12.2 we see that in the 4-th, 5-th, 6-th and 9-th diagram the vertices 1 and
3 can be disconnected from the vertices 2 and 4 by cutting two G-lines. The remaining
diagrams are instead two-particle irreducible since (1, 3) and (2, 4) cannot be disjoint by
cutting two G-lines. This is the reason of the subscript r in the kernel Kr which contains
also two-particle reducible diagrams and can therefore be called a reducible kernel. Let us
denote by K the irreducible kernel.

K is obtained from Kr by removing all two-particle reducible diagrams. The Feyn-
man rules for K are identical to the Feynman rules for Kr.

A generic Kr-diagram has the structure K(1)GGK(2)GG . . .K(n) with the K(i) two-

Kr

Let us look at the reducible kernel again interaction line
reducible



If we remove from Kr all interaction line reducible we obtain a 
new kernel 

Brief Article

The Author

January 5, 2014

˜Kr

hxnxm|xn0xm0i = �nn0�mm0 ± �nm0�mn0
=

�

�

�

�

�nn0 �nm0

�mn0 �mm0

�

�

�

�

±

Aij(!) = i
h

G>
ij(!)�G<

ij(!)
i

Aii(!) � 0

ˆHl�e(t) =
X

ij

(hij e
i!0t

+ h⇤ij e
�i!0t
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Q = Σ, Γ, K̃, P, etc. has to be understood as Qss[G,W ]. The vertex Γ allows us to write
the self-energy as a functional of G and W according to

Σ(1; 2) =

or in formula

Σ(1; 2) = ±i δ(1; 2)

∫

d3 v(1; 3)G(3; 3+) + i

∫

d3d4W (1; 3)G(1; 4)Γ(4, 2; 3) (12.46)

We see that if we take a Γ-diagram and expand W = v + vPv + . . . in powers of v we get
Λ-diagrams with no external polarization insertions and hence the product WΓ does not
lead to double countings.

The kernel K̃r can also be used to write the polarizability according to

P (1; 2) =

1 2 1 2
~+ i

where the prefactor i in the second term on the r.h.s. is due to the di!erent Feynman rules
for P (m interactions give a prefactor im+1, see Section 10.8) and for K̃r (m interactions
give a prefactor im, see Section 12.2). The zero-th order polarization diagram can also be
seen as a closed Γ-diagram in which Γ is approximated by δδ = •, i.e.,

1 2
= i

1 2

It easy to check that this is an equality: The diagram on the l.h.s. is a polarization diagram
and hence the prefactor is ±i while the diagram on the r.h.s. is a closed Γ-diagram and
hence the prefactor is ± due to the GG-double-line. This explains the presence of the
factor i in front of it. We thus see that

i=

or in formulas

P (1; 2) = ±i

∫

d3d4G(1; 3)G(4; 1)Γ(3, 4; 2) (12.47)
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The reducible kernel can again be expanded in a G-line irreducible one
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The solution of (12.42) gives an infinite series of bubble and ladder diagrams similar to those
of Fig. 12.3(b). The new vertex can now be inserted back into (12.39) to obtain a new self-
energy. A subsequent di!erentiation with respect to G then gives yet another vertex and
we can continue to iterate ad infinitum. We are not aware of any proof that such iterative
scheme converges nor that it generates all possible skeleton diagrams for the self-energy.

From the solution of (12.39) and (12.41) we get the self-energy as a functional of G and v.
The natural question then arises whether we can derive a similar system of equations from
which to get the self-energy as a functional of G and W . To have Σ in terms of G and W
we must first replace v → W in the second diagram of (12.39), and then remove from Λ all
diagrams containing a polarization insertion and again replace v → W . In order to remove
polarization insertions from Λ we need to introduce another kernel K̃r:

K̃r(1, 2; 3, 4) is obtained from Kr(1, 2; 3, 4) by discarding all those diagrams that
are one-interaction line reducible, i.e., that can be broken into two disjoint pieces,
one containing (1, 3) and the other containing (2, 4), by cutting an interaction line.

In Fig. 12.2 the 2-nd, 4-th, 5-th and 6-th diagrams are one-interaction line reducible while
the remaining diagrams are one-interaction line irreducible. Alternatively we can say that we
are removing from Kr all those diagrams that give rise to a polarization insertion when they
are closed with two G-lines (so as to form a Λ-diagram). The reader can easily check that
with the exception of the 2-nd, 4-th, 5-th and 6-th diagram of Fig. 12.2 no other diagram
in the same figure gives rise to a polarization insertion when it is closed with two G-lines.
Since the kernel K̃r is not two-particle irreducible we can introduce an irreducible kernel
K̃ in the same fashion as we did for Kr .

The kernel K̃ is two-particle irreducible and one-interaction line irreducible.

The only diagram in K which is one-interaction line reducible is the Hartree diagram [first
diagram in (12.35)] and hence

K̃(1, 2; 3, 4) = K(1, 2; 3, 4)− i δ(1; 3)δ(2; 4)v(1; 2). (12.43)

This equation is represented by the diagrammatic relation

where the striped square with a tilde is K̃ . The reducible kernel K̃r can then be expanded
in terms of the irreducible kernel K̃ in a Bethe-Salpeter-like equation
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†
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i âj | N,0i|2 �(!0 � (EN,m � EN,0))
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The polarizability can then be expressed as

340 Chapter 12. MBPT for the two-particle Green’s function

So far we regarded K̃ = K̃s[G, v] as a functional of G and v. If we remove from it
all diagrams with a polarization insertion and subsequently replace v → W we obtain a
new functional K̃ss[G,W ] which yields K̃ as a functional of G and W . Then, writing the
self-energy like in (10.25), i.e.,

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ],

we can establish the following relation between K̃ = K̃ss and Σxc = Σss,xc

K̃(1, 2; 3, 4) = ±δΣxc(1, 3)

δG(4; 2)
(12.44)

The proof of (12.44) is identical to the proof of (12.34). We stress again that for (12.44) to
be valid we must exclude from Σxc all self-energy diagrams with a polarization insertion
and use W as the independent variable. We now have all ingredients to construct the
vertex function Γ = Γss[G,W ] without polarization insertions.3 The new vertex function
is obtained from K̃ = K̃ss[G,W ] in a similar way as Λ = Λs[G, v] is obtained from
K = Ks[G, v], see (12.41),

where Γ is represented by the black triangle. In the first equality K̃r = K̃ss,r[G,W ] is
the sum of all the K̃r-diagrams which do not contain polarization insertions and in which
v → W ; similarly in the second equality K̃ = K̃ss[G,W ]. The mathematical expression of
this diagrammatic equation is

Γ(1, 2; 3) = δ(1; 2+)δ(3; 2) +

∫

d4d5d6d7
δΣxc(1; 2)

δG(4; 5)
G(4; 6)G(7; 5)Γ(6, 7; 3) (12.45)

Equation (12.45) is the Bethe-Salpeter equation for the G- and W -skeleton vertex function
Γss[G,W ]. In the remaining of this Section we will regard all quantities as functional of
the independent variables G and W ; in other words we will not specify that a quantity

3The reader may wonder why we did not use the symbol Λss for this vertex. The vertex Γ is obtained from
Λ by removing all diagrams containing a polarization insertion and then replacing v → W . Now the point is
that Λ(1, 2; 3) can have a polarization insertion which is either internal or external. A Λ-diagram with an internal
polarization insertion is, e.g., the diagram resulting from the 3-rd term of Fig. 12.2, while a Λ-diagram with an
external polarization insertion is, e.g., the diagram resulting from the 4-th, 5-th or 6-th term of Fig. 12.2. The typical
structure of a Λ-diagram with an external polarization insertion is Λ(1, 2; 3) ∝

∫

d4d5Λi(1, 2; 4)v(4; 5)Pj(5; 3)
with Λi some vertex diagram and Pj some polarization diagram. To construct Γ we have to remove from Λ the
diagrams with internal and/or external polarization insertions. It is then clear that by expandingW = v+vPv+. . .
in a Γ-diagram we get back only Λ-diagrams with internal polarization insertions, i.e., we cannot recover the full
Λ. In other words Γss[G,W ] #= Λs[G, v]. This is the motivation for using a di!erent symbol. The situation is
di!erent for the self-energy and polarizability since the expansion of W in Σss[G,W ] and Pss[G,W ] gives back
Σs[G, v] and Ps[G, v].

12.5. Vertex function and Hedin equations 341

Q = Σ, Γ, K̃, P, etc. has to be understood as Qss[G,W ]. The vertex Γ allows us to write
the self-energy as a functional of G and W according to

Σ(1; 2) =

or in formula

Σ(1; 2) = ±i δ(1; 2)

∫

d3 v(1; 3)G(3; 3+) + i

∫

d3d4W (1; 3)G(1; 4)Γ(4, 2; 3) (12.46)

We see that if we take a Γ-diagram and expand W = v + vPv + . . . in powers of v we get
Λ-diagrams with no external polarization insertions and hence the product WΓ does not
lead to double countings.

The kernel K̃r can also be used to write the polarizability according to

P (1; 2) =

1 2 1 2
~+ i

where the prefactor i in the second term on the r.h.s. is due to the di!erent Feynman rules
for P (m interactions give a prefactor im+1, see Section 10.8) and for K̃r (m interactions
give a prefactor im, see Section 12.2). The zero-th order polarization diagram can also be
seen as a closed Γ-diagram in which Γ is approximated by δδ = •, i.e.,

1 2
= i

1 2

It easy to check that this is an equality: The diagram on the l.h.s. is a polarization diagram
and hence the prefactor is ±i while the diagram on the r.h.s. is a closed Γ-diagram and
hence the prefactor is ± due to the GG-double-line. This explains the presence of the
factor i in front of it. We thus see that

i=

or in formulas

P (1; 2) = ±i

∫

d3d4G(1; 3)G(4; 1)Γ(3, 4; 2) (12.47)
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For the kernel        the following relation is valid 
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=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

1

Brief Article

The Author

January 5, 2014

P (1, 2) = �i

Z

d4G(1, 3)G(4, 1)�(3, 4; 2)

˜K(1, 2; 3, 4) = ��⌃xc(1, 3)

�G(4, 2)

�(1, 2; 3) = �(1, 2+)�(3, 2)�
Z

d(4567) ˜K(1, 5; 2, 4)G(4, 6)G(7, 5)�(6, 7; 3)

˜Kr
˜K K

hxnxm|xn0xm0i = �nn0�mm0 ± �nm0�mn0
=

�

�

�

�

�nn0 �nm0

�mn0 �mm0

�

�

�

�

±

Aij(!) = i
h

G>
ij(!)�G<

ij(!)
i

Aii(!) � 0

ˆHl�e(t) =
X

ij

(hij e
i!0t

+ h⇤ij e
�i!0t
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as follows from a diagrammatic proof

The equation for the vertex therefore becomes

340 Chapter 12. MBPT for the two-particle Green’s function

So far we regarded K̃ = K̃s[G, v] as a functional of G and v. If we remove from it
all diagrams with a polarization insertion and subsequently replace v → W we obtain a
new functional K̃ss[G,W ] which yields K̃ as a functional of G and W . Then, writing the
self-energy like in (10.25), i.e.,

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ],

we can establish the following relation between K̃ = K̃ss and Σxc = Σss,xc

K̃(1, 2; 3, 4) = ±δΣxc(1, 3)

δG(4; 2)
(12.44)

The proof of (12.44) is identical to the proof of (12.34). We stress again that for (12.44) to
be valid we must exclude from Σxc all self-energy diagrams with a polarization insertion
and use W as the independent variable. We now have all ingredients to construct the
vertex function Γ = Γss[G,W ] without polarization insertions.3 The new vertex function
is obtained from K̃ = K̃ss[G,W ] in a similar way as Λ = Λs[G, v] is obtained from
K = Ks[G, v], see (12.41),

where Γ is represented by the black triangle. In the first equality K̃r = K̃ss,r[G,W ] is
the sum of all the K̃r-diagrams which do not contain polarization insertions and in which
v → W ; similarly in the second equality K̃ = K̃ss[G,W ]. The mathematical expression of
this diagrammatic equation is

Γ(1, 2; 3) = δ(1; 2+)δ(3; 2) +

∫

d4d5d6d7
δΣxc(1; 2)

δG(4; 5)
G(4; 6)G(7; 5)Γ(6, 7; 3) (12.45)

Equation (12.45) is the Bethe-Salpeter equation for the G- and W -skeleton vertex function
Γss[G,W ]. In the remaining of this Section we will regard all quantities as functional of
the independent variables G and W ; in other words we will not specify that a quantity

3The reader may wonder why we did not use the symbol Λss for this vertex. The vertex Γ is obtained from
Λ by removing all diagrams containing a polarization insertion and then replacing v → W . Now the point is
that Λ(1, 2; 3) can have a polarization insertion which is either internal or external. A Λ-diagram with an internal
polarization insertion is, e.g., the diagram resulting from the 3-rd term of Fig. 12.2, while a Λ-diagram with an
external polarization insertion is, e.g., the diagram resulting from the 4-th, 5-th or 6-th term of Fig. 12.2. The typical
structure of a Λ-diagram with an external polarization insertion is Λ(1, 2; 3) ∝

∫

d4d5Λi(1, 2; 4)v(4; 5)Pj(5; 3)
with Λi some vertex diagram and Pj some polarization diagram. To construct Γ we have to remove from Λ the
diagrams with internal and/or external polarization insertions. It is then clear that by expandingW = v+vPv+. . .
in a Γ-diagram we get back only Λ-diagrams with internal polarization insertions, i.e., we cannot recover the full
Λ. In other words Γss[G,W ] #= Λs[G, v]. This is the motivation for using a di!erent symbol. The situation is
di!erent for the self-energy and polarizability since the expansion of W in Σss[G,W ] and Pss[G,W ] gives back
Σs[G, v] and Ps[G, v].

If we can further express the vertex in terms of the vertex we have a
closed set of functional differential equations
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Q = Σ, Γ, K̃, P, etc. has to be understood as Qss[G,W ]. The vertex Γ allows us to write
the self-energy as a functional of G and W according to

Σ(1; 2) =

or in formula

Σ(1; 2) = ±i δ(1; 2)

∫

d3 v(1; 3)G(3; 3+) + i

∫

d3d4W (1; 3)G(1; 4)Γ(4, 2; 3) (12.46)

We see that if we take a Γ-diagram and expand W = v + vPv + . . . in powers of v we get
Λ-diagrams with no external polarization insertions and hence the product WΓ does not
lead to double countings.

The kernel K̃r can also be used to write the polarizability according to

P (1; 2) =

1 2 1 2
~+ i

where the prefactor i in the second term on the r.h.s. is due to the di!erent Feynman rules
for P (m interactions give a prefactor im+1, see Section 10.8) and for K̃r (m interactions
give a prefactor im, see Section 12.2). The zero-th order polarization diagram can also be
seen as a closed Γ-diagram in which Γ is approximated by δδ = •, i.e.,

1 2
= i

1 2

It easy to check that this is an equality: The diagram on the l.h.s. is a polarization diagram
and hence the prefactor is ±i while the diagram on the r.h.s. is a closed Γ-diagram and
hence the prefactor is ± due to the GG-double-line. This explains the presence of the
factor i in front of it. We thus see that

i=

or in formulas

P (1; 2) = ±i

∫

d3d4G(1; 3)G(4; 1)Γ(3, 4; 2) (12.47)
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We see that if we take a Γ-diagram and expand W = v + vPv + . . . in powers of v we get
Λ-diagrams with no external polarization insertions and hence the product WΓ does not
lead to double countings.
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1 2
= i

1 2

It easy to check that this is an equality: The diagram on the l.h.s. is a polarization diagram
and hence the prefactor is ±i while the diagram on the r.h.s. is a closed Γ-diagram and
hence the prefactor is ± due to the GG-double-line. This explains the presence of the
factor i in front of it. We thus see that

i=

or in formulas

P (1; 2) = ±i

∫

d3d4G(1; 3)G(4; 1)Γ(3, 4; 2) (12.47)

By a diagrammatic derivation we can also show that the self-energy can be 
expressed in terms of the vertex

Let us collect all the equations that we derived
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G = G0 +G0ΣG

Σ = ΣH + iGWΓ

P = ±iGGΓ i=

W = v + vPW

Γ = δ + δΣxc
δG GGΓ

Table 12.1: Mathematical expression (left column) and diagrammatic representation (right
column) of the Hedin equations.

Equations (12.45), (12.46) and (12.47) together with the Dyson equations G = G0+G0ΣG and
W = v+vPW are the famous Hedin equations. They form a set of coupled equations for G,
Σ, P , W and Γ whose solution yields the same G which solves the Martin-Schwinger hierar-
chy. We thus achieved a major reduction of the equations needed to determine the Green’s
function: from the infinite Martin-Schwinger hierarchy to the 5 Hedin equations. In Table
12.1 we list the Hedin equations and their diagrammatic representation. Like the coupled
equations (12.39) and (12.41) the Hedin equations can be iterated to obtain an expansion of Σ
in terms of G and W . If we start with the zero-th order vertex Γ(1, 2; 3) = δ(1; 2+)δ(3; 2)
we find

Σxc(1; 2) = iW (1; 2)G(1; 2) =
(12.48)



2-particle Green’s function and Hedin’s equations:
Take home message

- For the 2-particle Green’s function we can derive an equation
  with a reducible kernel, known as the Bethe-Salpeter equation.

- The reducible kernel is the functional derivative of the self-energy
  with respect to the Green’s function.

- From the diagrammatic rules we can derive a set of 
  functional differential equations relating the vertex, the
  Dyson and the Bethe-Salpeter equation. These equations are
  known as the Hedin equations.

- The Hedin equations can be iterated in various ways to generate
  different perturbation series. 
  It is not known whether all skeleton diagrams are generated 
  once by such a procedure.
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Linear response functions

If we make the variation 
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dz̄ Ĥ(z̄)n̂(x, t)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
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| N,mi = â†✏ | N�1,si

G<
jj(t� t0) =

Z

d!

2⇡
Gjj(!) e

�i!(t�t0)

�iG<
jj(!) = 2⇡

X

s

|cs,j |2 �(! � (E0 � EN�1,s))

1



There is a close relation between the density response function and the
Bethe-Salpeter equation.  We have
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†
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| N,mi = â†✏ | N�1,si

1

In combination with the Bethe-Salpeter equation we can then further
derive that
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A diagrammatic expansion of the polarizability therefore directly gives 
an approximation for the density response function
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Again the product of the prefactors of K(1) and K(2) times the (±) sign coming from
the GG-double-line agrees with the prefactor (12.13). Therefore we can write the following
Dyson-like equation for the reducible kernel (integral over primed variables is understood)

Kr(1, 2; 3, 4) = K(1, 2; 3, 4)±
∫

K(1, 2′; 3, 4′)G(4′; 1′)G(3′; 2′)Kr(1
′, 2; 3′, 4), (12.14)

which is represented by the diagrammatic equation

(12.15)

Equation (12.14) is known as the Bethe-Salpeter equation for the reducible kernel. Inserting
(12.15) into (12.10) we find

= + ( + ... (

= +

++

with the grey blob

L(1, 2; 3, 4) ≡ ±
[

G2(1, 2; 3, 4)−G(1; 3)G(2; 4)
]

. (12.16)

The function L fulfills the diagrammatic equation

=
1 4

3 2

1 4

3 2

1

3

1' 4' 4

22'3'

+ +

or, in formulas (integral over primed variables is understood),

L(1, 2; 3, 4) = G(1; 4)G(2; 3)±
∫

G(1; 1′)G(3′; 3)K(1′, 2′; 3′, 4′)L(4′, 2; 2′, 4) (12.17)

The reader can easily check the correctness of these equations by iterating them. We will
refer to L as the two-particle XC function since it is obtained from G2 by subtracting the
Hartree diagram.

There are several reasons for introducing yet another quantity like L. On one hand we
see that by setting 4 = 2 and 3 = 1 the L-diagrams are the same as the χ-diagrams, with

L K

Bethe-Salpeter
equation
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12.4 Diagrammatic proof of K = ±δΣ/δG

In this Section we prove the important relation

K(1, 2; 3, 4) = ± δΣ(1; 3)

δG(4; 2)
(12.34)

between the self-energy Σ = Σs[G, v] and the kernel K = Ks[G, v] of the Bethe-Salpeter
equation. In (12.34) Σs and Ks are functionals of G and v (built using G-skeleton diagrams).
The proof consists in showing that by cutting a G-line in all possible ways from every
Σ-diagram2 we get the full set of K-diagrams each with the right prefactor. Let us first
consider some examples. For the Hartree-Fock self-energy

ΣHF(1; 3) = +
1 3 1 3

the prefactor is (±i) for the first diagram and (+i) for the second diagram. The functional
derivative with respect to G(4; 2) yields the K-diagrams

±δΣHF(1; 3)

δG(4; 2)
=

(12.35)

whose prefactors are correctly given by plus/minus the prefactors of the Σ-diagrams from
which they originate. Another example is the first bubble diagram of the second-Born
approximation

Σ2B,bubble(1; 3) =

with prefactor ±i2. Its functional derivative generates the following three diagrams for the
kernel

±δΣ2B,bubble(1; 3)

δG(4; 2)
=

The prefactor of the first diagram is i2(±)l = i2(±)2 = i2. Similarly one can calculate the
prefactor of the other two diagrams and check that it is again given by i2.

The general proof of (12.34) follows from few statements.

2As already observed several times, to cut a G-line in all possible ways is equivalent of taking the functional
derivative with respect to G.
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Figure 12.3: (a) Schematic representation of the light absorption in a insulator with an electron
which is promoted from the valence band to the conduction band and the hole left behind.
(b) Diagrams for L when the kernel is approximated like in (12.22).

with L0(1, 2; 3, 4) = G0(1; 4)G0(2; 3). The diagrammatic content of (12.23) is illustrated in
Fig. 12.3(b). Setting in this equation z1 = z3 = z and z2 = z4 = z′ and using the definition
(12.20) we get

L(x1,x2 , x3,x4; z, z
′) = L0(x1,x2,x3,x4; z, z

′)

+ i

∫

dx′1dx
′
2
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′
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− i
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′
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′
2,x4; z̄, z

′).

This is an identity between functions in Keldysh space and contains a convolution along the
contour. We can easily extract the retarded component from the Langreth rules of Table
5.1 and subsequently Fourier transform. Indeed both L and L0 depend only on the time
di!erence since the insulator is in equilibrium. The result is

LR(x1,x2 , x3,x4;ω) = LR
0 (x1,x2,x3,x4;ω)

+ i

∫

dx′1dx
′
2 L

R
0 (x1,x

′
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R
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′
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To calculate LR
0 we use the identities in the last column of Table 5.1. By definition

L0(x1,x2,x3,x4; z, z
′) = G0(x1, z;x4, z

′)G0(x2, z
′;x3, z)

and hence

LR
0 (x1,x2,x3,x4;ω) =

∫
dω′

2π
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GR
0 (x1,x4;ω + ω′)G<

0 (x2,x3;ω
′)

+G<
0 (x1,x4;ω + ω′)GA

0 (x2,x3;ω
′)
]

. (12.25)
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Figure 12.3: (a) Schematic representation of the light absorption in a insulator with an electron
which is promoted from the valence band to the conduction band and the hole left behind.
(b) Diagrams for L when the kernel is approximated like in (12.22).
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If we calculate the Bethe-Salpeter from the Hartree self-energy

then the Bethe-Salpeter equation becomes
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where χ(1; 2) = −iLH(1, 2; 1, 2) is the density response function (we omit the subscript
“H” in χ in order to simplify the notation), see (15.12). Thus in the Hartree approximation
χ is given by a Dyson-like equation whose diagramatic representation is shown in Fig. 15.5.
For historical reasons this approximation is called the Random Phase Approximation (RPA).
In 1953 Bohm and Pines [136] found a very ingenious way to map the Hamiltonian of a gas
of electrons interacting via a (long-range) Coulomb interaction into the Hamiltonian of a
gas of electrons plus collective excitations interacting via a screened short-range Coulomb
interaction. The RPA is equivalent to neglecting the interaction between the electrons and
the collective excitations, and it becomes exact in the limit of very high densities (rs → 0).
In Appendix N we present a simplified version of the original treatment by Bohm and Pines.
Going beyond the Hartree approximation the kernel K is no longer proportional to a product
of δ-functions and if we take the limit 3→ 1 and 4→ 2 in the Bethe-Salpeter equation we
find that L (under the integral sign) does not reduce to χ.

Let us now go back to (15.76) and consider the structure −iGHGH that appears in
it. For an electron gas subject to a uniform potential V0 (positive background charge) the
momentum-spin kets |pσ〉 are eigenkets of the noninteracting Hamiltonian ĥ = p̂2/2+V0ˆ

as well as of the Hartree Hamiltonian ĥH = p̂2/2+V0ˆ − V̂H with V̂H = −nṽ0ˆ, see (7.14).
This means that for V0 = −nṽ0 the Hartree Green’s function GH is the same as the Green’s
function G0 of a system of noninteracting electrons with energy dispersion εp = p2/2. In
Section 15.2.3 we showed that −iG0G0 is the noninteracting density response function χ0,
and in the previous Section we calculated this χ0 just for electrons with energy dispersion
εp = p2/2. Therefore, in an electron gas the RPA density response function is the solution
of

χ(1; 2) = χ0(1; 2) +

∫

d3d4χ0(1; 3)v(3; 4)χ(4; 2), (15.77)

with χ0 given in (15.68). It is worth noticing that the Coulomb interaction v is spin inde-
pendent and hence χ is not diagonal in spin space even though χ0 is.17 Equation (15.77) is
an integral equation for two-point correlators in Keldysh space. As Keldysh functions the
Coulomb interaction v(3; 4) = δ(z3, z4)/|r3 − r4| has only a singular part while χ and χ0

have the structure (15.56) and do not contain any singular part. Using the Langreth rules of
Table 5.1 to extract the retarded component and Fourier transforming to frequency space we
obtain the equation below

χR(x1,x2;ω) = χR
0 (x1,x2;ω) +

∫

dx3dx4 χ
R
0 (x1,x3;ω)v(x3,x4)χ

R(x4,x2;ω)

17This is simply due to the fact that in the interacting gas a change of, say, the spin up density will a!ect both
the spin up and the spin down densities.
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From it then follows

if we take the retarded component of this expression and Fourier
transform then we find

This approximation for the density response function is also known
as the Random Phase Approximation (RPA).

A better name is the Time-Dependent Hartree Approximation
(it amounts to TDDFT with zero xc-kernel)
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Since both χR
0 and v depend only on the di!erence of the spatial arguments also χR

depends only on the di!erence of the spatial arguments. If we define the Fourier transform
of χR in analogy with (15.19)

∑

σσ′

χR(x,x′;ω) =

∫
dp

(2π)3
eip·(r−r

′)χR(p,ω)

then the RPA equation for χR becomes a simple algebraic equation whose solution is

χR(q,ω) =
χR
0 (q,ω)

1− ṽqχR
0 (q,ω)

, ṽq =
4π

q2
(15.78)

In the remainder of the Section we will discuss this result.

The static Thomas-Fermi screening: The first remark is about the e!ective Coulomb
interaction W = v+vχv, see (11.45), between two electrons in the static limit or, equivalently,
in the zero frequency limit. Approximating χ like in (15.78) the retarded component of W in
Fourier space reads

WR(q,ω) =
ṽq

1− ṽq χR
0 (q,ω)

.

For ω = 0 the imaginary part of χR
0 vanishes, see (15.74), while the real part approaches

−4pF/(2π)2 for q → 0, see (15.69). The small q behavior of the static e!ective interaction
is therefore

WR(q→ 0, 0)→ 4π

q2 + 4pF

π

. (15.79)

This is exactly the screened interaction of the Thomas-Fermi theory [93, 137, 138]. If we
Fourier transform WR(q, 0) back to real space (15.79) implies that at large distances the
e!ective interaction has the Yukawa form

W (x1,x2; 0) #
e−|r1−r2|/λTF

|r1 − r2|
,

with λTF =
√

π/4pF the Thomas-Fermi screening length.18 The physical meaning of the
static e!ective interaction is discussed in the next Section.

Plasmons: The second remark is more relevant to our subsequent discussion and con-
cerns the aforementioned collective excitations found by Bohm and Pines. For an elec-
tron gas subject to an external scalar potential δV the Kubo formula in Fourier space
reads δn(q,ω) = −χR(q,ω)δV (q,ω) with δn(q,ω) the Fourier transform of δn(r, t) =
∑

σ δn(x, t) (for electon the charge q = −1). Therefore

δn(q,ω)

χR(q,ω)
= −δV (q,ω). (15.80)

18In the Fourier transform back to real space WR(q, 0) can be approximated with its small q limit (15.79) if the
distance |r1 − r2|→∞.
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Let us now take the case of the homogeneous electron gas. Since the 
system is translational invariant we can write 

Fourier transform
Coulomb potential

The RPA response function has poles at the poles of
and when 
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The extra pole corresponding to this condition is known as the
plasmon and corresponds to a collective mode of the electron gas



q

p+qp

Brief Article

The Author

January 5, 2014

L(1, 2; 10, 20) = �
⇥

G2(1, 2; 1
0, 20)�G(1, 10)G(2, 20)

⇤

= hT
n

ˆ H(1)

ˆ H(2)

ˆ †
H(2

0
)

ˆ †
H(1

0
)

o

i � hT
n

ˆ H(1)

ˆ †
H(1

0
)

o

ihT
n

ˆ H(2)

ˆ †
H(2

0
)

o

i

�(1, 2) = �i [ hT {n̂H(1)n̂H(2)}i � n(1)n(2) ] = �i L(1, 2; 1+, 2+)

⌃H

q = |q|

✏ =
(p+ q)2

2

� p2

2

=

q2

2

+ |p||q| cos ✓

q2

2

� q pF  ✏  q2

2

+ q pF

�0(q,!)

1� ṽ
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Figure 15.6: Domain of the (ν, x) plane where the imaginary part of the RPA response
function is nonvanishing. Besides the regions I and II we also have a δ-peak along the
plasmon branch (thick line). The dashed line corresponds to a second solution of the
equation 1−A1 = 0. The thin line is the function in (15.86). In this plot rs = 5.

existence of plasmons, see (15.84), we conclude that the imaginary part of the RPA response
function has also a δ-like peak along the plasmon curve in the (q,ω) plane.

From the discussion in Section 15.2 about energy dissipation we can say that the plasmon peak
must be related to a strong absorption of light at the plasma frequency, a result that has been
experimentally confirmed in all simple metals. This absorption can also be deduced from the Maxwell
equations. In an electron gas the Fourier transform of the external electric field obeys the equation

q2Eext(q,ω)−
ω2

c2
εR(q,ω)Eext(q,ω) = 0.

with εR the dielectric function. Thus an electromagnetic wave with wave-vector q and energy ω can
penetrate the medium provided that the dispersion relation q2 = ω2

c2
εR(q,ω) is satisfied. In (15.23)

we saw that ε−1,R(q,ω) = 1 + ṽqχ
R(q,ω) and therefore εR(q,ω) = 1− ṽqP

R(q,ω) with P the
polarizability. In the RPA P = χ0 and using (15.85) we deduce that for small q the dispersion relation
becomes q2 = 1

c2
(ω2 − ω2

p). For energies larger than ωp there always exist real wave-vectors q for
which light can penetrate and be absorbed. On the contrary for ω < ωp the wave-vector is complex
and the amplitude of the electric field decays exponentially in the medium. In this region of the
(q,ω) space there cannot be any absorption since Im[χR] = 0 and hence the light is fully reflected.
Visible light has energy below the typical plasma frequency and it is indeed common experience that
is reflected by most metals.

In Fig. 15.6 we display the domain of the (ν, x) plane where the imaginary part of
χR is nonvanishing. The figure shows the regions I and II which are in common with
the noninteracting response function as well as the numerical solution of the equation
1 − A1(q,ω) = 0 for rs = 5 (thick line). The plasmon branch is well approximated by
(15.86) (thin line) for small x. Besides the plasmon curve the function 1 − A1 vanishes also
along a second curve (dashed line) which is, however, entirely contained in the region where
Im
[

χR
]

"= 0. Inside region II the two solutions of 1 − A1 = 0 approach each other until
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q

�0(q,!) = 0

KH(1, 2; 3, 4) = ��⌃H(1, 3)

�G(4, 2)
=

�(1, 2) = P (1, 2) +

Z

d3d4P (1, 3)w(3, 4)�(4, 2)

�n(1) =

Z

d2�(1, 2) �v(2)

�(1, 2) = �i [ hT {n̂H(1)n̂H(2)}i � n(1)n(2) ]

2



Sudden creation of a positive charge (such as in the creation of a core-hole)

15.5. Time-dependent screening in an electron gas 435

they touch, and thereafter 1 − A1 is always di!erent from zero. Just after the critical value
xc at which the plasmon branch crosses region II the plasmon peak gets broadened by the
particle-hole excitations and the life-time of the corresponding plasmon excitation becomes
finite. This phenomenon is known as the Landau damping. As a matter of fact the plasmon
life-time is finite at any finite temperature as well as at zero temperature if we go beyond
RPA.

Exercise 15.1. Show that the RPA response function satisfies the f -sum rule.

15.5.3 Sudden creation of a localized hole

In this Section we study the time-dependent density δn induced by the sudden creation of
a charge Q at the origin. As we already mentioned this study is relevant to the description
of the transient screening of a core-hole in simple metals. It also constitutes a very peda-
gogical application of the linear response theory since the calculations can be carried out
analytically. We will closely follow the derivation of Canright in Ref. [139]. The potential δV
generated by a charge Q suddenly created at time t = 0 in r = 0 is

δV (x, t) = θ(t)
Q

r
=

∫
dq

(2π)3

∫
dω

2π
eiq·r−iωt δV (q,ω),

with

δV (q,ω) =
4πQ

q2
i

ω + iη
= ṽq Q

i

ω + iη
.

From the linear response equation (15.80) we then have

δn(r, t) =
∑

σ

δn(x, t) = −
∫

dq

(2π)3

∫
dω

2π
eiq·r−iωtB(q,ω)Q

i

ω + iη
,

where the function B = B1 + iB2 = ṽχR was defined in (15.87). Since B depends only on
the modulus q we can easily perform the angular integration and find

δn(r, t) = − 4πQ

(2π)4
1

r

∫ ∞

0
dq q sin(qr)

∫ ∞

−∞
dωB(q,ω)

ie−iωt

ω + iη
. (15.88)

The function B is analytic in the upper-half of the complex ω plane and goes to zero like
1/ω2 when ω → ∞, see Section 15.4. Therefore B has the required properties for the
Kramers-Kronig relations (these relations are derived in Appendix O). Accordingly we write
B in terms the imaginary part B2

B(q,ω) = − 1

π

∫ ∞

−∞
dω′

B2(q,ω′)

ω − ω′ + iη
.

Inserting this relation into (15.88) and performing the integral over ω we obtain

δn(r, t) = −16πQ

(2π)4
1

r

∫ ∞

0
dq q sin(qr)

∫ ∞

0
dωB2(q,ω)

1− cos(ωt)

ω
, (15.89)
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We can calculate the induced density change from the RPA response function.
A few manipulations lead to

Brief Article

The Author

January 6, 2014

L(1, 2; 10, 20) = �
⇥

G2(1, 2; 1
0, 20)�G(1, 10)G(2, 20)

⇤

= hT
n

ˆ H(1)

ˆ H(2)

ˆ †
H(2

0
)

ˆ †
H(1

0
)

o

i � hT
n

ˆ H(1)

ˆ †
H(1

0
)

o

ihT
n

ˆ H(2)

ˆ †
H(2

0
)

o

i

�(1, 2) = �i [ hT {n̂H(1)n̂H(2)}i � n(1)n(2) ] = �i L(1, 2; 1+, 2+)

�n(r, t) = �16⇡Q

(2⇡)4
1

r

Z 1

0
dq q sin qr

Z 1

0
Im�RPA

(q,!) ṽ
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The integral can be split into a contribution from particle-hole
excitations and a contribution from the plasmon
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Figure 15.7: This figure shows the 3D plot of the transient density in an electron gas with
rs = 3 induced by the sudden creation of a point-like positive charge Q = 1 in the origin
at t = 0. The contribution due to the excitation of electron-hole pairs (a) and plasmons (b)
is, for clarity, multiplied by 4π(rpF)2 in the plots to the right. Panel (c) is simply the sum
of the two contributions. Units: r is in units of 1/pF, t is in units of 1/ωp and all densities
are in units of p3F.

The positive charge is screened
at a time-scale of the inverse
plasmon frequency



In the long time limit we have

438 Chapter 15. Linear response theory: many-body formulation

The steady-state limit of the RPA density δn can easily be worked out from (15.89). Due to
the Riemann-Lebesgue theorem the term containing cos(ωt) integrates to zero when t→∞
and hence

δns(r) ≡ lim
t→∞

δn(r, t) = − Q

2π3

1

r

∫ ∞

0
dq q sin(qr)

∫ ∞

−∞
dω

B2(q,ω)

ω
.

The integral over ω can be interpreted like a principal part since B2(q, 0) = 0, see
(15.72). Then from the Kramers-Kronig relation (O.5) we can replace the integral over ω
with B(q, 0) = ṽqχR(q, 0), and hence recover the well known result

δns(r) = −
Q

2π2

1

r

∫ ∞

0
dq q sin(qr)ṽq χ

R(q, 0) = −Q
∫

dq

(2π)3
eiq·r ṽq χ

R(q, 0). (15.90)

This formula yields the static screening in an electron gas. We defer the reader to the classic
book of Fetter and Walecka [45] for a thorough analysis of (15.90) with χR in the RPA.

Among the most interesting consequences of (15.90) with χR in the RPA we mention

• The induced charge

δQ(R) ≡ −4π

∫ R

0

dr r2δns(r)

is close to minus the positive charge Q for R ! λTF , meaning that the electron gas screens an
external charge within a distance of few λTF. At very large distances the screening is perfect,
i.e., δQ(R → ∞) = Q.

• For r % 1/pF the density δns(r) goes to zero like cos(2kFr)/r
3, a results which was derived

by Langer and Vosko in 1960 [140]. However it was Friedel who first pointed out that these
damped spatial oscillations are a general consequence of the discontinuity of the Fermi function
at zero temperature [141]. For this reason in the scientific literature they are known as the Friedel
oscillations.

Equation (15.90) allows us to give a physical interpretation to the e!ective interaction of
the Thomas-Fermi theory. Suppose that the charge Q = q = −1 is the same as the electron
charge. Then the total change in the charge density is q δntot(r) = q[δ(r) + δns(r)] where
δ(r) is the density of the suddenly created charge at the origin. The interaction energy
between the charge distribution q δntot and a generic electron in position r is

eint(r) =

∫

dr′v(r, r′)δntot(r
′).

We see that eint(r) correctly reduces to v(r, 0) = 1/r in an empty space since in this case
the induced density δns = 0. Instead, in the electron gas we have

eint(r) =

∫

dr′v(r, r′)

[

δ(r) +

∫
dq

(2π)3
eiq·r

′

ṽq χ
R(q, 0)

]

=

∫
dq

(2π)3
eiq·r

[

ṽq + ṽ2qχ
R(q, 0)

]

=

∫
dq

(2π)3
eiq·rWR(q, 0) −−−→

r→∞

e−r/λTF

r

Thus the e!ective Yukawa interaction is the interaction between a “test” electron and a
statically screened electron.
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R(q, 0) = −Q
∫

dq

(2π)3
eiq·r ṽq χ
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In the static limit W describes the interaction between a test charge and an electron

has spatial oscillations
known as Friedel 
oscillations



Linear response:  Take home message

- We can derive a diagrammatic expansion for the linear response
 function from the diagrammatic rules for the 2-particle Green’s
 function

- The linear response function gives direct information on 
  neutral excitation spectra such as measured in optical absorption
  experiments

- The random phase approximation to the linear response function
  describes the phenomena of plasmon excitation in metallic systems

- The screening of a an added charge in the electron gas happens
  at a time-scale of the inverse plasmon frequency



Spectral properties of an electron gas : GW

We have seen that the spectral function describes the energy distribution of
excitations upon addition or removal of an electron.  We therefore expect
so see both plasmon and particle-hole excitations when we do a photo-emission
experiment on an electron gas ( or electron gas like metals such a sodium )
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Let us first discuss the scattering processes contained in the self-energy
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Scattering processes :  energy transfer to/from particle-hole excitations or plasmons
   

Loss of energy by a particle.
Scattering rate given by 

Absorption of energy by a hole.
Scattering rate given by
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The self-energy vanishes when               due to the fact an added particle
can maximally lose energy               as states below the Fermi energy are 
occupied             
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The greater and lesser self-energies describe scattering rates for added or
removed particles with energy ω and momentum p

Brief Article

The Author

January 6, 2014

p ! q ⌫

L(1, 2; 10, 20) = �
⇥

G2(1, 2; 1
0, 20)�G(1, 10)G(2, 20)

⇤

= hT
n

ˆ H(1)

ˆ H(2)

ˆ †
H(2

0
)

ˆ †
H(1

0
)

o

i � hT
n

ˆ H(1)

ˆ †
H(1

0
)

o

ihT
n

ˆ H(2)

ˆ †
H(2

0
)

o

i

�(1, 2) = �i [ hT {n̂H(1)n̂H(2)}i � n(1)n(2) ] = �i L(1, 2; 1+, 2+)

GR
(q,!) = gR(q,!) + gR(q,!)⌃R

(q,!)GR
(q,!)

! ! µ

! � µ

lim

!!µ
Im⌃

R
(q,!) = 0

⌃

R
(q,!) = ⇤(q,!)� i

2

�(q,!)

i(⌃>
(q,!)� ⌃

<
(q,!)) = �2 Im⌃

R
(q,!) = �(q,!)

A(q,!) = �2 ImGR
(q,!) =

�(q,!)

(! � ✏
q

� ⇤(q,!))2 +
⇣

�(q,!)
2

⌘2

⇠ 1/�

! � ✏
q

� ⇤(q,!) = 0

µ� ✏pF � ⇤(pF, µ) = 0

A(q,!) ! 2⇡ �(! � µ) = Z
q

�(omega)

Z =

1

1� @⇤
@! |!=Eq

np =

Z µ

�1

d!

2⇡
A(p,!)

1

We calculate the self-energy in the GW approximation using noninteracting
Green’s function we find
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the lesser/greater self-energy as

Σ≶(p,ω) =
i

(2π)3 p

∫

dω′
∫ ∞

0
dk k G≶(k,ω′)

∫ k+p

|k−p|
dq qW≷(q,ω′ − ω) (15.92)

We have therefore reduced the calculation of the self-energy to a three-dimensional integral.
Let us give a physical interpretation to Σ≶. We have seen in Section 13.3 that Σ>(p,ω) is
the decay rate for an added particle with momentum p and energy ω. According to (15.92)
this particle is scattered into momentum-energy state (k,ω′) thereby creating a particle-hole
pair of momentum-energy (|p − k|,ω − ω′). If the energy ω is just above the chemical
potential µ then, since all states below the chemical potential are occupied, there is very little
phase-space left to excite a particle-hole pair. We therefore expect that the scattering rate
goes to zero as a function of ω−µ. According to our interpretation one factor ω−µ comes
from the phase-space requirement on G> (available states after the scattering) and another
one from the phase-space requirement on W< (density of particle-hole pairs). Together this
leads to the (ω − µ)2 behavior that we already deduced in Section 13.3 for the second-Born
approximation and that we will derive more rigorously below for the approximation (15.92).20

Similar considerations apply to Σ<.
Equation (15.92) together with the Dyson equation

GR(k,ω) =
1

ω − εk − ΣR(k,ω)
, εk = k2/2 (15.93)

form a self-consistent set of equations which can only be solved with some considerable
numerical e!ort [110]. However, our goal is to get some insight into the properties of the
spectral function. Therefore, rather than solving the equations self-consistently we will insert
into them a physically motivated Green’s function. The simplest Green’s function we can
consider is, of course, the noninteracting Green’s function GR

0 (k,ω) = (ω − εk + iη)−1.
However, this has some objections. First of all, the choice of the GW-diagram came from
a skeletonic expansion in dressed Green’s functions. We, therefore, at least want to include
some kind of self-energy renormalization. The simplest of such a Green’s function, which
still allows for analytical manipulations, is given by

GR(k,ω) =
1

ω − εk −∆+ iη
(15.94)

with ∆ a real number [143]. In this poor man’s choice we approximate the self-energy with a
real number (like in the Hartree-Fock approximation, but this time k-independent). The next
question is then how to choose ∆. We know from Section 13.3 that the exact as well as any
approximate Green’s function has a rate Γ(k,ω) ∼ (ω − µ)2, and therefore that GR(k, µ)
has a pole in k = pF provided that pF is chosen as the solution of

0 = µ− εpF − ΣR(pF, µ). (15.95)

We then require that our approximate self-consistent GR(k, µ) in (15.94) has a pole at the
same spot. This implies

0 = µ− εpF −∆

20The fact that the second-Born and the GW approximations predict a rate proportional to (ω − µ)2 is a direct
consequence of the fact that both approximations contain the single bubble self-energy diagram.
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Figure 15.9: The imaginary part of the retarded self-energy −Im[ΣR(p,ω + µ)] = Γ(p,ω +
µ)/2 for an electron gas at rs = 4 within the G0W0 approximation as a function of the
momentum and energy. The momentum p is measured in units of pF and the energy ω and
the self-energy in units of εpF = p2F/2.

Let us start with a discussion of the self-energy. In Fig. 15.9 we display −Im[ΣR(p,
ω + µ)] = Γ(p,ω + µ)/2 relative to the chemical potential µ in the (p,ω)-plane. The
first distinctive feature of this graph is the valley around the chemical potential where
Γ ∼ (ω − µ)2 for ω → µ for all values of the momentum p. As discussed in this Chapter
and in Section 13.3 this behavior is completely determined by phase-space restrictions. Away
from the chemical potential at energies |ω − µ| ≥ ωp there is the possibility for the system
with a particle of momentum p added or removed to decay into plasmons as well. As a
consequence the rate function is large for hole states with momentum p < pF and for
particle states with momentum p > pF. This boundary at p = pF is not strict. Unlike
the noninteracting electron gas for an interacting gas it is possible to add a particle with
momentum p ≤ pF or to remove a particle with momentum p ≥ pF. As we shall see below
the momentum distribution of the interacting gas is not anymore a strict Heaviside step
function.

Let us now turn our attention to the real part of the self-energy and the spectral
function. In Fig. 15.10 we show the real and imaginary parts of the self-energy and
the spectral function as a function of the energy relative to µ for the momentum values
p/pF = 0.5, 1, 1.5. For p = 0.5 pF (upper left panel) we see that Im[ΣR] (solid line) has
a logarithmic singularity due to plasmons below the chemical potential. At the same point
Re[ΣR] (dashed line) jumps discontinuously in accordance with the previous analysis. The
structure of the spectral function is determined by the zero’s of ω − εp = Re[ΣR(p,ω)].

μ
pF

Energy loss to plasmons
by particle states

Absorption of plasmons
by hole states



For the spectral function this implies the following 

If              is small then the spectral function can only become large
(          ) when
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The Luttinger-Ward theorem tells that this happens when

(not explained in these lectures, requires a derivation of the 
 Luttinger-Ward functional, see G.Stefanucci, RvL, Nonequilibrium Many-Body
Theory of Quantum Systems)
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Figure 15.10: The self-energy and the spectral function in the G0W0 approximation for
p/pF = 0.5, 1.0, 1.5 at density rs = 4 with ω and self-energies in units of εpF = p2F/2. In
the top row the solid lines represent −Im[ΣR(p,ω + µ)] = Γ(p,ω + µ)/2 and the dashed
lines represent Re[ΣR(p,ω + µ)] = Σx(p) + Λ(p,ω + µ). The dotted line represents the
curve ω+µ− εp. The crossings of this line with Re[ΣR(p,ω+µ)] determine the position of
the peaks in the spectral function A(p,ω+µ) displayed in the bottom row. The δ-fuction in
the spectral function A(pF, µ+ ω) at ω = 0 is indicated by a vertical line and has strength
Z = 0.64.

These zero’s occur at the crossings of the dotted line with the dashed line. At two of the
crossings Im[ΣR] is small and as consequence the spectral function has two pronounced
peaks (lower left panel). The peak on the right close to µ represents the quasi-hole peak
whereas the peak to the left tells us that there is considerable probability to excite a plasmon.
For p = 1.5 pF (upper right panel) the plasmon contribution occurs at positive energies.
There are again three crossings between the dashed and dotted lines but this time only one
crossing (the quasi-particle one) occurs in an energy region where −Im[ΣR] " 1. Thus
the spectral function has only one main quasi-particle peak (lower right panel). There are
still some plasmonic features visible at larger energies but they are much less prominent
than for the case of p = 0.5 pF. This can be understood from the fact that plasmons are
mainly excited at low momenta since for p > qc the plasmon branch enters the particle-hole
continuum. For an added particle at high momentum to excite a plasmon at low momentum
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Figure 15.12: The spectral function A(p, µ+ω) as a function of the momentum and energy for
an electron gas at rs = 4 within the G0W0 approximation. The momentum p is measured
in units of pF and the energy ω and the spectral function in units of εpF = p2F/2.

spiky function which is not easily done numerically. We therefore used for the numerics the
equivalent formula (K.2) where the self-energy for complex frequencies is calculated from
the rate function according to

ΣR(p, µ+ iω) = Σx(p) +

∫
dω′

2π

Γ(p,ω′)

iω + µ− ω′ + iη
.

The result is displayed in Fig. 15.11. We clearly see the sudden jump of magnitude Z at
p = pF. Therefore the interacting electron gas preserves the sharp Fermi surface of the
noninteracting system. The quasi-particle renormalization factor Z is smaller for lower
densities whereas for high densities it approaches unity [67]. The discontinuity of np and
hence the sharpness of the Fermi surface is experimentally observable by means of Compton
scattering on electron-gas-like metals such as sodium. For more details on this issue we
defer the reader to Ref. [75]. The sharpness of the Fermi surface applies to a large class of
fermionic systems, not only metallic crystals but also other quantum systems such as liquid
3He. In fact, theoretically it is used to define an important class of physical systems known
as the Fermi liquid, the low-energy behavior (excitations close to the Fermi surface) of which
was first successfully described by Landau in a phenomenological way [144].

Let us finally study the overall behavior of the spectral function in the (p,ω)-plane as
displayed in Fig. 15.12. The quasi-particle peak appears in the middle of the figure and
broadens when we move away from the Fermi momentum pF. Its position at Ep − µ is
approximately given by p2/2−p2F/2, or in units of the figure (Ep−µ)/εpF ≈ (p/pF)2−1. An
important improvement of the dispersion curve Ep compared to the Hartree-Fock dispersion

quasi-particle state

Energy loss 
to plasmons
by particle 
states

Absorption of plasmons
by hole states



The momentum distribution in the electron gas is given by
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Due to the appearance of a delta peak in the spectral function at the
Fermi momentum pF the momentum distribution jumps discontinuously
at the Fermi momentum. The jump is the strength of the quasi-particle peak.
450 Chapter 15. Linear response theory: many-body formulation
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Figure 15.11: Momentum distribution np of an electron gas with rs = 4 within the G0W0

approximation. The momentum p is measured in units of pF. The momentum distribution
jumps with a value of Z = 0.64 at the Fermi surface.

it should at the same time transfer a large momentum to a particle-hole excitation. However,
if the particle thereby looses most of its energy to a plasmon then the particle-hole pair
should at the same time have large momentum and low energy which is unlikely. Finally in
the upper middle panel we display the self-energy for p = pF. In this case Im[ΣR] displays
a one-sided logarithmic singularity at ω−µ = ±ωp (the numerics does not show this infinity
exactly due to the finite energy grid) and as a consequence Re[ΣR] displays a logarithmic
singularity at these points. These singularities would be smeared out to finite peaks if we
had used a more advanced approximation for the screened interaction than the RPA in which
we also allow for plasmon broadening. We further see that Re[ΣR] crosses the dotted line
in only one point. At this point the derivative of Re[ΣR] is negative, in accordance with the
general result (13.9), and Im[ΣR] = 0. The quasi-particle peak becomes infinitely sharp and
develops into a δ-function (vertical line in the lower middle panel). For rs = 4 the strength
of the δ-function is Z = 0.64.

From the behavior of the spectral function we can also deduce the structure of the
momentum distribution np =

∫ µ
−∞

dω
2πA(p,ω). For p ≤ pF we integrate over the quasi-

hole peak below the chemical potential. When p approaches pF from below the quasi-hole
peak develops into a δ-function while for p immediately above pF the quasi-particle peak
appears at an energy above µ and does not contribute to the integral. We thus expect that
the momentum distribution suddenly jumps at p = pF. This is indeed shown rigorously in
Appendix K where we prove that the discontinuity has exactly the size of the quasi-particle
renormalization factor Z . This jump is directly related to the fact that the imaginary part of
self-energy vanishes as (ω−µ)2 close to the chemical potential. The formula for np in terms
of the spectral function is awkward to use in practice since we need to integrate over a very



Spectral properties of the electron gas:  Take home message

- By addition or removal of an electron we create particle-hole
  and plasmon excitations 

- The self-energy at the Fermi-surface vanishes due to phase-space
  restrictions. This has various consequences:

   1) The momentum distribution of the electron gas jumps  
       discontinuously at the Fermi momentum 

    2) Quasi-particles at the Fermi surface have an infinite life-time. 

- The GW approximation gives extra plasmon structure in the
  spectral function due to plasmons

- Multiple-plasmons excitations (satellites) are beyond GW and require 
  vertex corrections.



Things we did not talk about

- Feynman diagrams for the grand canonical potential and the action.
  Luttinger-Ward functionals, variational principles

- Connections to TDDFT and TD current DFT :
    - Diagrammatic expansion of xc-kernel
    - Sham-Schlüter equation and TDOEP
    
- General initial states

- Bethe-Salpeter and excitons, Lehmann representation

- Non-equilibrium phenomena and the Kadanoff-Baym equations
  (quantum transport)

- Conserving approximations and Ward identities

- Open quantum systems, T-matrix, superconductivity, phonons,
  Bose condensates,.......etc.


