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Heavy quarks

Heavy quarks ⇔ m � Λ

mc ∼ 1.3 GeV, mb ∼ 4.7 GeV, mt ∼ 173 GeV

m regulates IR divergences: gluon splittings are finite

4-FNS vs. 5-FNS (LO)

σLO [fb]

√S = 14 TeV
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Collinear region of gluon splitting: µH ∼ Q: Hard Scale(
αs log m

µH

)k

At high energies µH � m these logs are large ⇒ Resummation
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We use an EFT approach
We introduce a new scale

µm ∼ m

and we consider two scale hierarchies

µH

µΛ

µm

µm

µΛ

µH

The cross section will be

〈P|ODIS|P〉 = σ =
{
σ(nl) for µm ≥ µH

σ(nl+1) for µm ≤ µH

ODIS = jµjνLµν , |P〉 = proton
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EFT factorization: µm ≥ µH (std QCD massless fact)
EFT matching at µH

ODIS =
∑

`=g,q,q̄
C (nl)
` (µH,m) O(nl)

` (µH)

O(nl)
` : collinear quark/gluon (or PDF) operators
→ evolve with DGLAP anomalous dimensions

σ(nl) =
∑

`,`′=g,q,q̄
C (nl)
` (µH,m) U (nl)

``′ (µH, µΛ) f (nl)
`′ (µΛ)

f (nl)
` (µΛ) = 〈P|O(nl)

` (µΛ)|P〉

µH

µΛ

µm

Evolved fixed flavor number (FFN) PDF:

f (nl)
` (µ) =

∑
`′=g,q,q̄

U (nl)
``′ (µ, µΛ) f (nl)

`′ (µΛ)

Heavy Flavor integrated out at µH: only contributes to C (nl)
` (µH,m)
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EFT factorization: µm ≤ µH (resummation)
EFT matching at µH

ODIS =
∑

i=g,q,q̄,Q,Q̄

C (nl+1)
i (µH,m) O(nl+1)

i (µH,m)

O(nl+1)
i : collinear quark/gluon operators, including heavy quark
→ evolve with DGLAP anomalous dimensions, with nf = nl + 1

EFT matching at µm

O(nl+1)
i (µm,m) =

∑
`=g,q,q̄

M(nl)
i` (µm,m) O(nl)

` (µm)

Resummed cross section:

µm

µΛ

µH

σ(nl+1) = C (nl+1)
i (µH,m) U (nl+1)

ij (µH, µm)M(nl)
j` (µm,m) U (nl)

``′ (µm, µΛ) f (nl)
`′ (µΛ)

Evolved variable flavor number (VFN) PDF:

f (nl+1)
i (µ, µm,m) =

nl+1∑
j

U (nl+1)
ij (µ, µm)

nl∑
`,`′

M(nl)
j` (µm,m) U (nl)

``′ (µm, µΛ) f (nl)
`′ (µΛ)

Marco Bonvini Non-perturbative charm and VFNS 4



The matching scale µm

σ =

C (nl)
` (µH,m) U (nl)

``′ (µH, µΛ) f (nl)
`′ (µΛ)

C (nl+1)
i (µH,m) U (nl+1)

ij (µH, µm)M(nl)
j` (µm,m) U (nl)

``′ (µm, µΛ) f (nl)
`′ (µΛ)

To all orders in αs, σ is µm, µH independent

The residual dependence at finite order is formally higher order

Example: bottom PDF f (5)
b (µ, µm,m)
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The Charm quark
f (4)
c (µ, µm,m) = U (4)

cj (µ, µm) M(3)
j` (µm,m) U (3)

``′ (µm, µΛ) f (3)
`′ (µΛ)

The charm PDF is generated perturbatively at the scale µm ∼ mc ∼ 1.3 GeV
through the matching condition M(3)

c` (µm,m), known to order α2
s(µm)

Do we trust this truncated perturbative expansion?
if yes, then we fit g, u, d, s at µfit < µm, and let the matching condition
generate the charm PDF
if no, we can fit a non-perturbative charm PDF, simply letting µfit > µm,
such that the charm PDF is always active

Ok but, do we?

αs(1 GeV) ∼ 0.4 αs(4 GeV) ∼ 0.2

Depends on the actual value of µm...
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Non-perturbative Charm PDF?
f (4)
c (µ, µm,m) = U (4)

cj (µ, µm) M(3)
j` (µm,m) U (3)

``′ (µm, µΛ) f (3)
`′ (µΛ)
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A larger µm (2mc or 3mc) is safer!! Perhaps no need to fit...

Do not cross the bottom threshold!
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Conclusions
Discussed in the talk:

We have derived using an EFT framework a generic VFNS, which reduces
to ACOT, S-ACOT and FONLL in special cases
We suggest to use the (unphysical) scale µm to study the perturbative
stability of the matching condition, and also as an additional source of
uncertainty
A larger scale µm > m is advisable (αs is smaller)
Perhaps there is no need to fit a non-perturbative charm
If we want to fit, we simply let the charm quark active at each scale
(formally µm < µfit), and use always the cross section above threshold
If we think there is an “intrinsic” charm, then we should not cross µm

(we can’t fully integrate out the charm)!

Not discussed:
Perturbative counting: heavy quark PDF ∼ O(αs)
bbH production: perturbatively stable cross section
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Backup slides

Marco Bonvini Non-perturbative charm and VFNS 9



Computation of Wilson coefficients
The case µm > µH

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= C (nl)(1)
g (µH,m)

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= 1

The case µm < µH

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= C (nl+1)(0)
Q (µH,m)

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= C (nl+1)(1)
g (µH,m)

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

+ C (nl+1)(0)
Q (µH,m)

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= 1

⊗

⊗

⊗

⊗

C
(mb ̸=0)
g ·

C
(mb ̸=0)
q ·

= Mbg(µm) ·

1

= P(1)
qg log µ2

m2

C (nl+1)(1)
g (µH,m) = C (nl)(1)

g (µH,m)− C (nl+1)(0)
Q (µH,m)P(1)

qg log µ2

m2
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Perturbative counting: DIS heavy quark production

f (nl+1)
Q (µ, µm,m) =

[
U (nl+1)

QQ (µ, µm)M(nl)
Q`′′ (µm,m) + U (nl+1)

Q`′ (µ, µm)M(nl)
``′ (µm,m)

]
f (nl)
`′ (µm)

= O(1) O(αs) +O
(
αs log µ

µm

)
O(1)

For µ/µm & 300 then f (nl+1)
Q ∼ O(1), but for µ/µm . 300 then f (nl+1)

Q ∼ O(αs) !

DIS heavy quark production at LO

σ = C (nl+1)
g ⊗ f (nl+1)

g + C (nl+1)
Q ⊗ f (nl+1)

Q

=

[Open Heavy Flavor Production in QCD – Conceptual Framework and Implementation Issues4

a cb

Figure 3. Partonic processes for charm production to NLO in the 3-flavor scheme.

PQCD does not predict at what energy scale Q do the large logarithm terms

actually become a problem [8, 13]. In practice, the 3-flavor scheme has worked well

in charm production phenomenology so far [14]. However, for reasons touched upon in

the introduction (and to be discussed in detail in subsequent sections), it is important

to examine the general picture.

3. The Unified Framework of Collins – Factorization with massive partons

It is obvious from Figs. 2a,b that the two conventional approaches are individually un-

satisfactory over the full energy range, but are mutually complementary. Therefore, the

most reliable PQCD prediction for the physical F2(x, Q) overall, can be obtained by

combining the two, utilizing the most appropriate scheme at a given energy scale Q.

This results in a composite scheme, as represented by the cross-hashed region in Fig. 4,

which is simply a composite of the two figures of Fig. 2. The use of a composite scheme

consisting of different numbers of flavors in different energy ranges, rather than a fixed

number of flavors, is familiar in the conventional zero-mass parton picture. The new

formalism espoused in Refs. [5, 6] provides a quantum field theoretical basis [11] for this

intuitive picture in the presence of non-zero quark

mass. The 4-flavor scheme component of the

general formalism includes the full charm quark

mass effects, after the infra-red unsafe part has been

resummed. It represents a substantial improvement

over the conventional 4-flavor formalism in the region

where ln(Q2/m2
c) is not very large, which includes

a substantial fraction of the current experimental

range. This general approach has now been adopted,

in different guises, by most recent papers on heavy

quark production in PQCD. [7, 8, 9, 10, 15]

3 flavor

4 flavor

transition
point

Q2

F2
c(x,Q)

Figure 4. Intuitive picture of the

general (composite) scheme.

The intuitively “obvious” general formalism is also technically precise: the order-

by-order rules of calculation can be stated succinctly [16]; and the validity of the

factorization theorem which underlies it can be established to all orders of perturbation

theory [11]. The essential ingredients of this formalism are:

• 3-flavor scheme at physical scales Q ∼ mc and extending up;

− coll

]
⊗ f (nl+1)

g +
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Figure 1. Partonic processes for charm production to NLO in the 4-flavor scheme.

by vertical hashes which is narrow at large Q but is expected to widen as Q decreases.

(a) Q2

F2
c(x,Q)

4-flavor O (αs) NLO

NLO

(b) Q2

F2
c(x,Q)

NLO

NLO
αs

2 ln2( )
3-flavor O (αs

2)

Figure 2. Expected regions of applicability and uncertainty of the 4-flavor (a) and

3-flavor (b) schemes. Note: (i) the power of αs for “NLO” is different in the two

schemes due to the resummation of perturbation series; and (ii) the reliability of the

calculation in each scheme depends on the scale Q.

2.2. 3 (Fixed)-Flavor Scheme

In the heavy quark approach which played a dominant role in “NLO calculations” of the

production of heavy quarks [12], the quark is always treated as a “heavy” particle and

never as a parton. The mass parameter mc is explicitly kept along with Q as if they are

of the same order, irrespective of their real relative magnitudes. This is usually referred

to as the fixed flavor-number (FFN) scheme. The LO and NLO partonic processes in

this scheme are exemplified by the type of diagrams shown in Fig. 3. In this case, the

NLO diagrams are of order α2
s, which are much more complicated to calculate. Near

threshold W = 2mc, it is natural to consider the charm quark as a heavy particle, hence

the NLO calculation in this scheme is reliable (unless there is non-perturbative charm).

However, as Q becomes large compared to mc, the FFN approach becomes unreliable

since the perturbative expansion contains terms of the form αn
s logn (m2

c/Q
2) at any

order n, which ruin the convergence of the series. These terms are not infra-red safe as

mc → 0 or Q → ∞. Furthermore, the calculation is no longer NLO in accuracy, in spite

of the hard O(α2
s) calculation when αs log(m2

c/Q
2) ∼ 1. This is illustrated in Fig. 2b as

an uncertainty band marked by horizontal hashes which is narrow near threshold but is

expected to widen as Q/mc increases.

⊗ f (nl+1)
Q

= O(αs) O(1) + O(1) O(αs)

Everything is order αs:
we use NLO matching and evolution

7

Further remarks on dependence on Q2
min
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bbH and power counting

σ = C (nl+1)
ij (µH,m)

[
U (nl+1)(µH, µm)M(nl)(µm,m) U (nl)(µm, µΛ)︸ ︷︷ ︸

perturbative part: αs counting here

f (nl)(µΛ)
]2

ij

Hence the LO in bbH is given by

LO =

4-FNS vs. 5-FNS (LO)

σLO [fb]

√S = 14 TeV

bb
_ 

 → H

gg → bb
_ 
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+

The “right” factorization scale

restrict use of bottom PDF to collinear region:

b

H collinear region:
d�
dt

⇠ 1
t

) choose µF ⇡ mh/4
[Plehn ’02], [Plehn, Boos ’03]
[Maltoni, Willenbrock, Sullivan ’03]
[Spira, Rainwater, Zeppenfeld ’03]
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+

4-FNS vs. 5-FNS (LO)

σLO [fb]
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= O(1 · 1 · α2
s) + O(1 · αs · αs) + O(αs · αs · 1)
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