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Cyclotomic p-adic L-functions
@ F totally real field.

@ A/F elliptic curve.
@ Gy Galois group cyclotomic extension of F.
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¢ : Gp — Zp canonical isomorphism, 1, cyclotomic p-adic measure
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Cyclotomic p-adic L-functions

@ F totally real field.
@ A/F elliptic curve.
@ Gy Galois group cyclotomic extension of F.

LoA5) = [ expy(si)dln). s C

¢ : Gp — Zp canonical isomorphism, 1, cyclotomic p-adic measure
attached to A.

Ly(A, s) interpolates L(A,,1):

[J B(1)dip(7) = 6p(A, V)L(A, 1, 1),

ep(A, ) Euler factor.
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Cyclotomic Exceptional Zero Phenomenon
If A split multiplicative reduction at some P | p = ep(A,1) =0

Lo(A.0) = [ dyip = ep(A1)LAT) =0,
9p
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Cyclotomic Exceptional Zero Phenomenon
If A split multiplicative reduction at some P | p = ep(A,1) =0

Gp
Conjecture:
@ ords—oLp(A,s) > r:=#{P | p, Asplit mult. red. mod P}

4 ﬁpk (A) = Epk(qA/,:Pk)/ordpk(qA/,:Pk) L-invariants

d"Ly(A,s)

e ls=0= ] £ (A) - ep(A 1) - L(A 1)

k=1
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Cyclotomic Exceptional Zero Phenomenon
If A split multiplicative reduction at some P | p = ep(A,1) =0

LP(A7 0) = dMP = eP(A7 1 )L(Aa 1) =0.
Gp
Conjecture:
@ ords—oLp(A,s) > r:=#{P | p, Asplit mult. red. mod P}

4 ﬁpk (A) = gpk(qA/FPk)/Ol‘dpk(qA/FPk) L-invariants

d"Ly(A,Ss)
# Hcpk(A (A1) L(A )

— F = Q: Greenberg-Stevens.

— r=1: Mook.

— Arbitrary F and r: Spiess, replacing Lp, (A) by Automorphic
L-invariants.
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p-adic L-functions and Iwasawa algebras

Consider pp € Zp[[Gp]], Iwasawa Algebra
deg : Zpl[[Gpl] — Zp,

deg(p) = Lp(A,0) = [;, dpup.
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p-adic L-functions and Iwasawa algebras

Consider 1ip € Zp[[Gp]], Iwasawa Algebra
deg : Zpl[[Gpl] — Zp,
deg(pp) = Lp(A,0) = [, dup.
@ 7 = ker(deg) augmentation ideal

@ Order vanishing: ords—oLp(A, s) = max{r: pup € Z'}
@ Dericative: If yup € 77,

d"Lp(A, s)

e |s=0= (image of up in I’/I’“)
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Setting

@ E/F totally imaginary quadratic extension.
@ P prime of F above p.
@ Ge p Galois group anti-cyclotomic extension of E.

Gep =~ Ly, s=[Fp:Qp]
@ 7 automorphic representation of GLy(Af)
T C L(GLa(F)\GL2(Ag)/AF), parallel weight 2

@ 7p ordinary (ordinary good and multiplicative reduction).
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Setting

@ E/F totally imaginary quadratic extension.

@ P prime of F above p.

@ Ge p Galois group anti-cyclotomic extension of E.
Gep =~ Ly, s=[Fp:Qp]

@ 7 automorphic representation of GLo(AF)

T C L(GLa(F)\GL2(Ag)/AF), parallel weight 2

@ 7p ordinary (ordinary good and multiplicative reduction).

p-adic measure of G p attached to = with good interpolation
properties?

— F = Q Bertolini-Darmon
— Other constructions by Van Order
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Local repesentation (good ordinary)
Gp = GLp(Fp), Kp = GL2(OF,),

w-{(§ b o (2 1)
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Local repesentation (good ordinary)
Gp = GLp(Fp), Kp = GL2(OF,),

2 {(89))=5 m-{(3 5)

Two descriptions of mp ordinary good reduction:
() 7p = dg” (1), « € QNOZ,, |a| = q'/2, g = #OF /P

Indg? (11a) = {¢: Gp— C: ¢(( . )g) =av(f2/“>¢(g)}-
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Local repesentation (good ordinary)
Gp = GLp(Fp), Kp = GL2(OF,),

2 {(89))=5 m-{(3 5)

Two descriptions of mp ordinary good reduction:
() 7p = dg” (1), « € QNOZ,, |a| = q'/2, g = #OF /P

Indg? (11a) = {¢: Gp— C: ¢(( . )g) =a”“2/“>¢(g)}-

(i) mp =Ind”, (1c)/(Tp — ap), ap = a + ga”"

Indg?, (1c) ={¢: KpZp\Gp = C}, Tpo()= Y.  &(g-).

KpgeKpgpKp
v(det(gp))=1
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Local repesentation (multiplicative)

KO(P) = {g € KP} g

_ u X
:( 0 w )modP}.
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Local repesentation (multiplicative)

u

_ X
KO(P)—{ger,gz( 0 UZ)mOd'P}.
Two descriptions of mp» multiplicative reduction (Steinberg):

() a = +1, go(g) = a¥el)

0 — Copg — Indg;’ (ta) — 7 — 0
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Local repesentation (multiplicative)

Uy

_ X
Ko(P): {ger, g= ( 0 )modP}.
Two descriptions of mp» multiplicative reduction (Steinberg):

0 — Copg — Indg;’ (ta) — 7 — 0

(i) mp = Indg" » (1c)/(Up — ),

Indg 1z, (1c) = {6 : Ko(P)Zp\Gp — C}.
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Local distributions attached to torus

T2 ¢ Gp maximal torus, T3 ¢ Bp , Tp = T3/Zp,

BrNT3=2p, BpT3C Gpopen
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Local distributions attached to torus

T2 ¢ Gp maximal torus, T3 ¢ Bp , Tp = T3/Zp,

BrNT3=2p, BpT3C Gpopen

Description (/):

075 1 Co(Tp,C) — Indg%, (s1a) — 7p
f — ¢f((g ;; t);aV(fz/ﬁ)f(t),

te Tp.

@ 47, is Tp-invariant.
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Global distributions attached to torus

@ G/F multiplicative group quaternion algebra, G(Fp) = GLx(Fp).
b € [2(G(F)\G(AF)/Z(AF)) Jacquet-Langlands lift.
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Global distributions attached to torus

@ G/F multiplicative group quaternion algebra, G(Fp) = GLx(Fp).
b € [2(G(F)\G(AF)/Z(AF)) Jacquet-Langlands lift.

@ E/F quadratic extension. T C G/Z torus attached to E*/F*.
Artin-map:

p: T(AF)/T(F)=Ag/E*Af — Gep
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Global distributions attached to torus

@ G/F multiplicative group quaternion algebra, G(Fp) = GLx(Fp).
b € [2(G(F)\G(AF)/Z(AF)) Jacquet-Langlands lift.

@ E/F quadratic extension. T C G/Z torus attached to E*/F*.
Artin-map:

p: T(AF)/T(F)=Ag/E*Af — Gep

o ®, mt =t C LA(G(F)\G(AF)/Z(AF))
5 Co(Tp,C) B 7p Q/g)w# < L2(G(F)\G(AF)/Z(AF))

v
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Global distributions attached to torus

@ G/F multiplicative group quaternion algebra, G(Fp) = GLx(Fp).
b € [2(G(F)\G(AF)/Z(AF)) Jacquet-Langlands lift.

@ E/F quadratic extension. T C G/Z torus attached to E*/F*.
Artin-map:

T(AF)/T(F)=AE/E*Af - Gep
o ®, mt =t C LA(G(F)\G(AF)/Z(AF))
5 Co(Tp,C) B 7p Q/g)w# < L2(G(F)\G(AF)/Z(AF))

f € C(Gep,Cp)o, Hp C T(Fp) maximal compact subgroup, H C Hp
small enough subgroup:

/ ()l p(7) = [Hp - H] / F(o(1)8' (1) (D),
Gep T(AF)/T(F)
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Global distributions: Heegner condition
® ugp = O unless,

Y7 :={vt{P: dim(Homx(7y,C)) = 0} = Ram(G).

o = = = DA
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Global distributions: Heegner condition

® ugp = 0 unless,

7 :={v{P: dim(Homx(my,C)) = 0} = Ram(G).

@ E=FxF= G=GL,and u}_:ﬂ) = up cyclotomic measure.
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Global distributions: Heegner condition

® ugp = 0 unless,

7 :={v{P: dim(Homx(my,C)) = 0} = Ram(G).

@ E=FxF= G=GL,and u}_:ﬂ) = up cyclotomic measure.
@ E/F totally imaginary: ¥™ = X7 UXTF,

(parallel weight 2 =) X7 = {v | oo} = Btotally definite.
(Heegner condition) = #X7 +[F:Q] is even.
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Global distributions: Heegner condition

° Mf:-,p = 0 unless,

7 :={v{P: dim(Homx(my,C)) = 0} = Ram(G).

@ E=FxF=G=GLsand ME,P = up cyclotomic measure.
@ E/F totally imaginary: ¥™ = X7 UXTF,

(parallel weight 2 =) X7 = {v | oo} = Btotally definite.
(Heegner condition) = #X7 +[F:Q] is even.

— If #X7 +[F : Q] even, we define 1’,: DEFINITE CASE.
Theorem
If mp ordinary then ,U, p Is a measure, defines
Lh(r, E) € Zp[[GE Pl




Global distributions: Interpolation Property

Theorem

Non-zero constant Cg and x : Ge p — C* continuous character,

2
L(1/2,7g, x)
£r0)| = L(1/2,me, )
| /g - x(V)dugp(v)| = CeCl(mp, xP) e,
where
L(1,mp,ad) 0
pr,x?;h  la=g
C(mp, xp) = (=1, mp.xp)L(1,7p,ad)

L0 L1 Znp e @ =1 XP loz=1,
77T 7a —_
T IR s) o ==1, xp |ox# 1,

and n,, is the conductor of xp.

Santiago Molina Benasque2015
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Indefinite case

What if #57 + [F : Q] odd?
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Indefinite case
What if #57 + [F : Q] odd? INDEFINITE CASE

@ Fix og | oo, G multiplicative group of quaternion algebra
Ram(G) = {v | o0, Vv # 0o} UXT.
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Indefinite case
What if #57 + [F : Q] odd? INDEFINITE CASE

@ Fix og | oo, G multiplicative group of quaternion algebra
Ram(G) = {v | o0, Vv # 0o} UXT.

@ Xy Shimura curve, U c G(F) conductor of mL,
Xy(C) = G(F)\(C\R) x G(F)/UF*.
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Indefinite case
What if #57 + [F : Q] odd? INDEFINITE CASE

@ Fix og | oo, G multiplicative group of quaternion algebra
Ram(G) = {v | o0, Vv # 0o} UXT.

@ Xy Shimura curve, U c G(F) conductor of 7L,

Xu(C) = G(F)\(C\ R) x G(F)/UF*.

@ Mod. param.: ¢ € 7w/t automorphic new-form — w € Q1 |
p Y Xy

Xy/F — Pic(Xy)/F — AJF °% C,.
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Indefinite case
What if #57 + [F : Q] odd? INDEFINITE CASE

@ Fix og | oo, G multiplicative group of quaternion algebra
Ram(G) = {v | o0, Vv # 0o} UXT.

@ Xy Shimura curve, U c G(F) conductor of 7L,
Xy(C) = G(F)\(C\R) x G(F)/UF*.

@ Mod. param.: ¢ € =’ automorphic new-form — w € Q} ,
Xy/F — Pic(Xy)/F — AJF °% C,.

@ Heegner points,

T(F)\G(F)/UF* ~ CM(E) c Xy(E®).
August 23,2015 15/23



Indefinite Global Measures
o A(T(F\G(F)):={¢: T(F)\G(F) — Cp}.

=} = = = E DaA®
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Indefinite Global Measures
® A(T(F)\G(F)) :={¢: T(F)\G(F) — Cp}. Note that

(T(F)\G(IA-') — CM(E) C Xy(E®) 94 cp) e A(T(F)\G(F))Y
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Indefinite Global Measures
® A(T(F)\G(F)) :={¢: T(F)\G(F) — Cp}. Note that

<T(F)\G(IA-') — CM(E) € Xy(E®) %% <cp> e A(T(F)\G(F))Y
Description (ii) of mp + Frobenius Reciprocity:

51 Co(Tp,C) B 1p ®w# — A(T(F)\G(F))

vioco
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Indefinite Global Measures
® A(T(F)\G(F)) :={¢: T(F)\G(F) — Cp}. Note that

<T(F)\G(IA-') — CM(E) € Xy(E®) %% <cp> e A(T(F)\G(F))Y
Description (ii) of mp + Frobenius Reciprocity:

51 Co(Tp,C) B 1p ®w# — A(T(F)\G(F))

vioco

@ Artin map, j : T(F)/T(F) — Gep (totally imaginary).
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Indefinite Global Measures
® A(T(F)\G(F)) :={¢: T(F)\G(F) — Cp}. Note that

<T(F)\G(IA-') — CM(E) © Xy(E™) % cp) c A(T(F)\G(F))Y
Description (ii) of mp + Frobenius Reciprocity:

51 Co(Tp,C) B 1p ®w# — A(T(F)\G(F))

vioco

@ Artinmap, p: T(F)/T(F) — Ge p (totally imaginary).
f € C(Gep.Cp)o, Hp € T(Fp), H C Hp small enough subgroup:

/ g () = [Hp  H] [ Hp(0)s"(m)(Da<t,
Ge,p T(F)/T(F)
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Global distributions: Interpolation Property

Theorem

If mp ordinary then ;ﬂ,;-”;) is a measure, defines

Lh(x, E) € Zyl[Ge 71l
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Global distributions: Interpolation Property
Theorem

If mp ordinary then pf,;-”; is a measure, defines

Lh(x, E) € Zyl[Ge 71l

Theorem

Let x : Gep — C* continuous character,
Il
| x)dnghin) = tog.(Py),
Ge,p
where P, € A(E?) @7 Q Heegner point,

L,(1/27 TE, X)
(Px; PNt = CEC(WP»XP)W-
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Cohomological interpretation

Artin map: : T(F)/T(F) — Gep, factors T C T(FP).
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Cohomological interpretation

Artin map: p : T(F)/T(F) — Gep, factors T C T(FP).

@ T(F) c T(F) acts discreetly (totally imaginary)
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Cohomological interpretation

Artin map: p : T(F)/T(F) — Gep, factors T C T(FP).

@ T(F) c T(F) acts discreetly (totally imaginary)
@ 9: C(Gep,Cp) = Ho(T(F), Ce(T(F)/T,Cp)).
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Cohomological interpretation
Artin map: p : T(F)/T(F) — Gep, factors T C T(FP).
@ T(F) c T(F) acts discreetly (totally imaginary)

0 9: C(Gep,Cp) S Ho(T(F), Co(T(F)/T,Cp)).
® Co(T(F)/T,Cp) = Co(T(Fp),Cp) @ Ce(T(FF)/T,Cp)
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Cohomological interpretation

Artin map: p : T(F)/T(F) — Gep, factors T C T(FP).
@ T(F) c T(F) acts discreetly (totally imaginary)
@ 9: C(Gep,Cp) = Ho(T(F), Ce(T(F)/T,Cp)).

@ Co(T(F)/T,Cp) = Co(T(Fp),Cp) ® Ce(T(FP)/T,Cp)
e x' € HY(T(F),Meas(T(F)/I,Cp)),

P > P(x)8(f)(x),
XeT(FP)/T
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Cohomological interpretation

Artin map: p : T(F)/T(F) — Gep, factors T C T(FP).
@ T(F) c T(F) acts discreetly (totally imaginary)
@ 9: C(Gep,Cp) = Ho(T(F), Ce(T(F)/T,Cp)).

@ Co(T(F)/T,Cp) = Co(T(Fp),Cp) ® Ce(T(FP)/T,Cp)
e x' € HY(T(F),Meas(T(F)/I,Cp)),

P > P(x)8(f)(x),
XeT(FP)/T

o f e C(Gep,Cp)
/ fdug’, = w' N of
Gep 7
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Exceptional Zero
If 75 split multiplicative, C(wp,1) = 0, hence

deg(Lp(r.E)) = | duEp =0 (i=1,1)
Gep 7
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Exceptional Zero
If 75 split multiplicative, C(wp,1) = 0, hence

deg(Lhp(m, E)) = [ duglp,=0 (i=11I)

Description 7p:
Ce(Tr,Cp)o

- ar.
l(;T? \

0 —— Clpi(pp) —— Ind§7 (1c) = C(P'(Fp),C) — mp —— 0,
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Exceptional Zero
If 75 split multiplicative, C(wp,1) = 0, hence

deg(Lhp(m, E)) = [ duglp,=0 (i=11I)

Description 7p:
Ce(Tr,Cp)o

- ar.
l&TP \

0 —— Clpi(pp) —— Ind§7 (1c) = C(P'(Fp),C) — mp —— 0,

@ 5i(01) € U(Ho(T(F),Cplpi(r,) ® Co(T(FT)/T,Cp)))
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Exceptional Zero
If 75 split multiplicative, C(wp,1) = 0, hence

deg(Lhp(m, E)) = [ duglp,=0 (i=11I)

Description 7p:
Ce(Tp,Cp)o

- ar.
l&TP \

0 —— Clpi(r) —— Indg? (1c) = C(P'(Fp),C) —— mp —— 0,

@ '(01) e t(Ho(T(F),Cplpi(rpy ® Co( T(F7)/T,Cp)))
@ x' € H(T(F),ker(:))
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Exceptional Zero
If 75 split multiplicative, C(wp,1) = 0, hence

deg(Lhp(m, E)) = [ duglp,=0 (i=11I)

Description 7p:

Ce(Tp, Cp)o

- ar.
l&TP \

0 —— Clpi(r) —— Indg? (1c) = C(P'(Fp),C) —— mp —— 0,

@ '(01) e U(Ho(T(F),Cplpi(r,) ® Co(T(FT)/T,Cp)))
@ x' € H(T(F),ker(:))
@ This implies:

dugls =5 101 =Y (k) N 1p1(eny = 0.

GeP
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Image in Z/7?

Let VL (r, E) be the image of Li(r, E) € Z in Z/Z:
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Image in Z /77
Let VL (r, E) be the image of Li(r, E) € Z in Z/Z:
Theorem

If Tp splits then

- 1/2
Vihir ) = ote) (CeotrmU2TED)",

VLp(m, E) = Lp(m)logy(Pr),

where C(rp) = =t L?f/’éa,i)ﬁ?()_”z # 0 and Pr € A(E#)® Q Heegner pt

L'(1/2,7g, 1)

(Pr, Pr)nT = CeC(7P) [(.7ad) "

Lp(n) € T/I? automorphic L-invariant.
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Idea of proof

© 7/I2 ~Ggp~ (GEp)Y
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Idea of proof

© I/T2 ~Gep =~ (GLp)

@ VLL(r, E) € T/7? characterized by:
) y :
Sith(mE)i= [ H0)duh() = ki o,

Gep

for all ¢ € Gf , = Homg, (G p, Zp).
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Idea of proof

© I/T2 ~Gep =~ (GLp)
@ VLL(r, E) € T/7? characterized by:

9 / L i i
o Lh(m,E) = /g ) () =

for all ¢ € Gf , = Homg, (G p, Zp).
@ 0f =z, NV, where

¥ € Hi(T(F),Ce(T(FP)/T,Z)) 2z, € H'(T(F), Co(T(Fp),Cp)).
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@ VLL(r, E) € T/7? characterized by:

9 / L i i
o Lh(m,E) = /; ) () =

for all ¢ € Gf , = Homg, (G p, Zp).
@ 0f =z, NV, where

¥ € Hi(T(F),Ce(T(FP)/T,Z)) 2z, € H'(T(F), Co(T(Fp),Cp)).

@ “Easy” to compute: ' N Zyq N Y, where ord : Tp — Z.
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Idea of proof

© I/T2 ~Gep =~ (GLp)
@ VLL(r, E) € T/7? characterized by:

B iy -
Sith(mE)i= [ H0)duh() = ki o,
ot Gep ’

for all ¢ € Gf , = Homg, (G p, Zp).
@ 0f =z, NV, where

¥ € Hi(T(F),Ce(T(FP)/T,Z)) 2z, € H'(T(F), Co(T(Fp),Cp)).

@ “Easy” to compute: ' N Zyq N Y, where ord : Tp — Z.
@ Relation between z,,, and Z,q4:
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Idea of proof

© I/T2 ~Gep =~ (GLp)
@ VLL(r, E) € T/7? characterized by:

9 / L i i
o Lh(m,E) = /J ) () =

for all ¢ € Gf , = Homg, (G p, Zp).
@ 0f =z, NV, where

¥ € Hi(T(F),Ce(T(FP)/T,Z)) 2z, € H'(T(F), Co(T(Fp),Cp)).

@ “Easy” to compute: ' N Zyq N Y, where ord : Tp — Z.
@ Relation between z,, and z,q:  Lp(7).
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Open Problems

e Bertolini-Darmon: F = Q in definite case, but with Lp()
replaced by Lp(A) = p(qa/q,)/ordp(qa/q,)

@ Relation Lp(7) with geometry of A?
@ Functorialtiy of £-Invariants?
@ Tpinert? (Bertolini-Darmon F = Q, p-adic Gross-Zagier)

@ Tp ramified?
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