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Key ingredients:

@ Homogenisation of periodic elliptic DO
@ High-contrast periodic media

Gelfand transform

Multiscale analysis, matched asymptotics
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Homogenisation setting
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Homogenisation setting

“Classical” homogenisation
—di g — 2 (md
d1V(A<€)Vu>+uff, feL R,

A>vIi>0
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Homogenisation setting

“Classical” homogenisation
—di g — 2 (md
d1V(A<€)Vu>+uff, feL R,

A>vIi>0

Convergence (two-scale expansions, compensated compactness, two-scale
convergence, periodic unfolding, Bloch decomposition):

U= Us — ug in Hl(Rd), —divAP ™ Vug + ug = I
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Problem under study: “high contrast”

We study the problem

—div(A5<§>Vu) tu=f, feL*RY.

Here:

A® = Ay + %A

Ag, A1 € [L=(Q)]9*¢, Q — periodic, symmetric

A1 >vl, v>00n Q1 CQ:=[0,1)%, (“stiff” component)
Ao > v, A; =00n Qo =Q\ Q1 (“soft” component)

Upeza (Q1 +n) is connected in RY
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62 ((c,u), (d,v)) = Ah°m0~€cE+/ Ao (V+ied)u-(V +ied)v, (¢, u), (d,v) € Ho,
’ Q

Abome g = in /A1(§+Vu)-(§+Vu), € e RY,
uEH#(Q) Q
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br" (e, ), (d,v)) = Ah°"‘9~963+/ Ao(V+ieh)u(V +ied)v,  (c,u), (d,v) € Ho,
’ Q

Abomg g = min /A1(5+Vu)-(s+Vu>, R,
wEHL(Q)JQ

L:={c+i:ccC, acL*Q),dlg, =0} L*Q).
“Identification” map

I:CXLQ(QO)B(C,U)HC-F@EC, u=wuon Qp, u=0o0nQ.
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br" (e, ), (d,v)) = Ah°"‘9~963+/ Ao(V+ieh)u(V +ied)v,  (c,u), (d,v) € Ho,
’ Q

Abomg g = min /A1(5+Vu)-(s+Vu>, R,
wEHL(Q)JQ

L:={c+i:ccC, acL*Q),dlg, =0} L*Q).
“Identification” map
T:CxL%Qo)3 (c,u) = c+a€L, @=uonQy, w=0onQ.
Consider C x L?(Qo) with inner product ((c,u), (d,v))o = (Z(c,w), I(d, v))LQ(Q).
Operators B}E‘f’gm in C x L%(Qo) :

(B‘};%m(c, u), (d, v))o = b?f’gm ((c, u), (d, U)), (d,v) € Ho,
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br" (e, ), (d,v)) = Ah°"‘9~963+/ Ao(V+ieh)u(V +ied)v,  (c,u), (d,v) € Ho,
’ Q

Abomg g = min /A1(5+Vu)-(s+Vu>, R,
wEHL(Q)JQ

L:={c+i:ccC, acL*Q),dlg, =0} L*Q).
“Identification” map
T:CxL%Qo)3 (c,u) = c+a€L, @=uonQy, w=0onQ.
Consider C x L?(Qo) with inner product ((c,u), (d,v))o = (Z(c,w), I(d, v))LQ(Q).
Operators B}E‘f’gm in C x L%(Qo) :
(B2G" (c;u), (d, ) = 025" (e w), (), (d,v) € Ho,

‘P orthogonal projection of L?(e~1Q’ x Q) onto
{etgieeL?(c71Q), g € L?(e71Q' x Q). g(0,y) =0 ae. (0,y) €c7'Q" x Qu}.
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Gelfand transform

“Scaled” version:

d/2
(G- )(6,2) = (—) S J(= 4 em)e G g e 1o, 2m)

2
nezd
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Gelfand transform

“Scaled” version:

d/2 ‘
(Gef)(0,2) == (i> > flz+en)e 0T g e e 0,2m)
2m
nezd
Consider scaling of space variable:  (Teh)(0,y) := e¥2n(0,ey)
and unitary

2\ d/2 .
) Z f(g(/y + n))eﬂe@(wn)_

nezd

weno.) = (5
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Gelfand transform

“Scaled” version:

d/2 A
(Gef)(0,2) == <i> > flz+en)e 0T g e e 0,2m)
2m
nezd
Consider scaling of space variable:  (Teh)(0,y) := e¥2n(0,ey)
and unitary

2\ d/2 .
) Z f(g(/y + n))eﬂe@(wn)_

nezd

weno.) = (5

Lemma

Define

(Be,ou,v) = /Q(s_gAl + Ag)(V +ich)u - (V +ieb)v, wu,ve H#(Q)
Note:
ug = (Bey+1)7'F, FelL*Q)),
—e72(V +ieh) - A%(y) (V +ieb) u§ + u§ = F,
Then

(&3]
Ue(AS + 1)U = / (B..g +1)~db.
E*IQ’

4
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The main convergence result

Theorem

The resolvents of the operator family A are asymptotically close as € — 0 to the
family

=Us / I(Bhy +1) 't Ao PUe,
—1Q/

where the corresponding approximation error is of order O(g). More precisely, there
exists a constant C' > 0, independent of €, such that

< Ce

[(A° + D7 = R®|| 12 (gay_, 12(ra)
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An asymptotic expansion

[e @)
ug = Z gnuén)7 ué”) c H;Ilqb(Q)7 n=0,1,2,..

Then:
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An asymptotic expansion

[e @)
ug = Z gnuén)7 ué”) c H;Ilqb(Q)7 n=0,1,2,..

Then:
V- A1Vu§)0> =0, hence A1Vu(90) =0.
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An asymptotic expansion

Z (™, WV € HY(Q), n=0,1,2,..

Then:
V- A1Vu§)0> =0, hence A1Vu(90) =0.

d
fV-A1Vu§1) = iV-Aleuéo), hence uél) = iZNjOjuéO) for some Ni, Na, ..., Ng.
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An asymptotic expansion

Z (™, WV € HY(Q), n=0,1,2,..

Then:
V- A1Vu§)0> =0, hence A1Vu(90) =0.

d
fV-A1Vu§1) = iV-Aleuéo), hence uél) = iZNjOjuéO) for some Ni, Na, ..., Ng.

V- A1 val =iV - A10ul) + V- AgVul) — 6 A10ul) +u).
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An asymptotic expansion

[e @)
ug = Z gnuén)7 ué”) c H;Ilqb(Q)7 n=0,1,2,..
n=0

Then:
V- A1Vu§)0> =0, hence A1Vu(90) =0.

d
fV-A1Vu§1) = iV-Aleuéo), hence uél) = iZNjOjuéO) for some Ni, Na, ..., Ng.
j=1

V- A1 val =iV - A10ul) + V- AgVul) — 6 A10ul) +u).

Solvability = u(go) = céo) + véo), where (céo),véo)) € Hg satisfies
bz () ") (o)) + [ (@ V@ = [ PrTE, (@) e

= () 0f") = By + 1) TIPF.
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Justification of asymptotics: error estimates

Solution ug, denote

Us = (0) +6u(1)
Then there exists C > 0 :

45— Ugll gy < ClFlleggy  loI< 1.

v

Corollary

S Cel|Fllpz) 101 <1

[ — ||L2(Q)

A\
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Main ingredients of the proof

Proposition

Define V := {v € H#(Q)|A1Vv = 0}. There exists C > 0 :

lwllg gy < CllAIVWll2g)  VweVE
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Main ingredients of the proof

Proposition

Define V := {v € H#(Q)|A1Vv = 0}. There exists C > 0 :

lwllg gy < CllAIVWll2g)  VweVE

Lemma

u® = o0 4O
d
(céo),véo)) = (ng’g'“ 4F I)_lIflpfF, corrector uél) = iz Njejuéo).
j=1
Then3C > 0: ©) .
llug |1 gy < CAL+161) T IIFlL2(q),
62| 1.y < CI01(1+161) T I1F 2

Kirill Cherednichenko High-contrast resolvent estimates



Extension to all ¢ '

Consider u( ) (O) + ’U( ) where (ciog,, (0)) € H satisfies

o (%), v%) ,(d,w))Jr/ (%) + )T o) = /PfF(d+w) (d. ) € Ho.
Q

Then3C >0: |ug—u < Cel|Flip2q)y V0.

S,)g ||L2(Q)
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Extension to all ¢ '

Consider u( ) (O) + ’U( ) where (cio()a7 (0)) € H satisfies

S (CRRIV)) ,(d,<p)>+/ () + v+ ) = /PfF(d+Lp), (d,¢) € Ho.
Q

Then3C > 0:  lug —u%l 20y < CellFli2q) V-

Additional ingredients in the proof:

Proposition

Define V (3) := {v € Hi(Q)|A1Vv = 0}. There exists C' > 0 :

1,
ol 1 gy < CAGIAI VWl 2ig  Vw € V()" () = {I%\‘l, st
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Extension to all ¢ '

Consider u( ) (O) + v( ) where (cio()a7 (0)) € H satisfies

0 (%), v%)) ,(d,w))Jr/ (O +oNTT = [ PFE@TR), (@) € Ho
Q

Then3C > 0:  lug —u%l 20y < CellFli2q) V-

Additional ingredients in the proof:

Define V (3) := {v € Hi(Q)|A1Vv = 0}. There exists C' > 0 :

1, x =0,
lwllg1 gy < Cd(>) A1 VWl 2q) Yw € V)t d(x) = {lx‘—l’ w0

He.o € H,'(Q), (Heo,9) =0V € Hj(Qo) = 3 Reyo € HL(Q) :

—(V + i69) - Ay (V + iEQ)Rsyg = ]{Eyg7

1Reolls gy < € [ 25 e = oo DLy gy + gz e ]

<
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The "outer” asymptotics for || > ¢~1/2

Let we .. € HL(Q) be solution to

—V - (e72A41 + Ao) Ve oo +we, e = F,  F € L3(Q).
Then YN 3Cxn >0 :

2(N+1)
) 1Pl 2()-

€
[|we, — Uéf:QHHl(Q) <Cn (7

||
N
. . N
Truncation of formal series: UE(,,) = E 52”11)5{").
n=0

In particular,

2
&
e =0 gy < & (7o) WFlzacen,

/Q (A0vw? - Vo + wQp) = (F¢) Ve € HY(Qo).
0
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Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~
n=0
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Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~
n=0
N 2(N+1)
“Outer”: Hw&% - > 52"w§4")H < Dy|Z , |s¢| > el
n=0
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Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~
n=0
N 2(N+1)
“Outer”: Hw&% — ZOEanSZL)H < Dy|Z , |s¢| > el
=
Error: Cnel=) N+ 4 Dy e2a(N+D) - “Optimal” for a = 1/3.
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Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~
n=0
N 2(N+1)
“Outer”: Hw&% — ZOEanSZL)H < Dy|Z , |s¢| > el
=
Error: Cnel=) N+ 4 Dy e2a(N+D) - “Optimal” for a = 1/3.
“Matching region”: e <9 < ePE O<y<~v+8<1)

(Equivalently, e2=7 < |x| < €P.)

Kirill Cherednichenko High-contrast resolvent estimates



Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~

n=0

N 2(N+1)
“Outer”: Hw&% — ZOEanSZL)H < Dy|Z , |s¢| > el
=

Error: Cnel=) N+ 4 Dy e2a(N+D) - “Optimal” for a = 1/3.
“Matching region”: e <9 < ePE O<y<~v+8<1)

(Equivalently, e2=7 < |x| < €P.)
g (M) and - (n)
Fn “common part” of Y "uy" and Y 2wy,
n=1 n=1

S g, () 3 (n)
Both replaced by Y e"u,"” + 3 2wy — Fn.
n=1 n=1
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Matched asymptotic expansions “in the Bloch space”

N
“Inner”: ’ u§— > E"ué")H < Cnle| N1, 0] < e~
n=0
N 2(N+1)
“Outer”: Hw&% — ZOEanSZL)H < Dy|Z , |s¢| > el
=
Error: Cnel=) N+ 4 Dy e2a(N+D) - “Optimal” for a = 1/3.
“Matching region”: e <9 < ePE O<y<~v+8<1)

(Equivalently, e2=7 < |x| < €P.)
g (M) and - (n)
Fn “common part” of Y "uy" and Y 2wy,
n=1 n=1

S g, () 3 (n)
Both replaced by Y e"u,"” + 3 2wy — Fn.
n=1 n=1

This yields error Ene®(N+1) (o to be determined)

Our result: “matching” with o =1 for N = 0.
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Spectra of the operators 529"

(¢, u) € Ho is an eigenvector of B(};O‘g’“ with eigenvalue A\ <=

— Ah°m9~96g+/ Ao (V+ieh)u-(V + ief)v = )\/ (c+u)(d+v) V(d,v) € Ho.
Q Q
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Spectra of the operators 529"

(¢, u) € Ho is an eigenvector of Bé‘f’g’“ with eigenvalue A\ <=
— Ah°m9~96g+/ Ao (V+ieh)u-(V + ief)v = )\/ (c+u)(d+v) V(d,v) € Ho.
Q Q

<= Either =\ € Sy eigenvalues of — V - AgV with Dirichlet b.c.’s on 0Qyq,
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Spectra of the operators 529"

(¢, u) € Ho is an eigenvector of B(};O‘g’“ with eigenvalue A\ <=

— Ah°m9~96g+/ Ao (V+ieh)u-(V + ief)v = )\/ (c+u)(d+v) V(d,v) € Ho.
Q Q

<= Either =\ € Sy eigenvalues of — V - AgV with Dirichlet b.c.’s on 0Qyq,

oo
or Ah°m9.0:,\(1+AZ(,\j—,\)—1\/ o3
=0 Qo

Function 8 appeared in Zhikov (2000).

2
) =B\, ©%(w) = ;(y) explichy).
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Spectra of the operators 529"

(¢, u) € Ho is an eigenvector of 6?09“1 with eigenvalue A\ <=

— Ah°m9~90g+/ Ao (V+ieh)u-(V + ief)v = )\/ (c+u)(d+v) V(d,v) € Ho.
Q Q

<= Either =\ € Sy eigenvalues of — V - AgV with Dirichlet b.c.’s on 0Qyq,

oo
or Ah°m9v0:,\(1+AZ(,\j—,\)—1\/ o3
=0 Qo

Function 8 appeared in Zhikov (2000).

2
) =B\, ©%(w) = ;(y) explichy).

The spectra of A® converge in the Hausdorff sense to the union of Sp and

Im ) {A:8() =4tme-0} = {x:5(N) 20}

0ce—1Q/
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The “Zhikov function” 3()\)
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Examples of the family A°

Classical homogenisation: Qg = 0
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Examples of the family A°

Classical homogenisation: Qg = 0

V = {constants on Q}
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Examples of the family A°

Classical homogenisation: Qg = 0
V = {constants on Q}

Poincaré inequality for functions with zero mean over Q
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Examples of the family A°

Classical homogenisation: Qg = 0
V = {constants on Q}
Poincaré inequality for functions with zero mean over Q

Family R consists of one element, the resolvent of —V - Ahomyy

—> We recover earlier results of Birman and Suslina (2004), Griso (2006).
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0

V = {constants + functions in H(Qo)}
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0

V = {constants + functions in H(Qo)}

Analogue of Poincaré inequality: Cooper (2012)
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0

V = {constants + functions in H(Qo)}
Analogue of Poincaré inequality: Cooper (2012)
Zhikov (2000):

H(AE F)hf - 55 (At I)_lf’

L2mdy S
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0

V = {constants + functions in H(Qo)}

Analogue of Poincaré inequality: Cooper (2012)

Zhikov (2000):

C(fe,

H(AE F)hf - 55 (At I)_lf’

L2(R4)
/d Ahomvm -V +/]Rd /QA()Vyvo - Vypo
R

+/Rd/(vl+vo)m:/ﬂ%d/Qfm’

(v1,v0), (61, 0) € H' (R?) x L*(R?, H§(Qo)).
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Examples of the family A°

“Double porosity”: Qo # 0, Aolg, =0

V = {constants + functions in H(Qo)}
Analogue of Poincaré inequality: Cooper (2012)
Zhikov (2000):

H(AE F)hf - 55 (At I)_lf’

L2(R4) <

/dAhomVﬂl -V +/d/ AoV yvo - Vyo
R R JQ
+/ /(U1+v0)(501+900)=/ /f(<,01+500),
RA R4 Q

(v1,v0), (61, ¢0) € H'(R?) x L2 (R?, H(Qo))-

However: 3f¢ bounded in L?(R%) such that C(f%) — oo as ¢ — 0.

NB: Difference of spectral projections of S¢(A9P + I)~1 and R does not go to zero
near (1 + Aoo) ™! such that B(A\) — co as A — Aeo.
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