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Water waves

J. Scott Russell: Report on waves, Fourteenth meeting of the British Association for the Advancement of Science, 1844.



Scott Russell’s experimental work seemed at contrast with Isaac Newton’s and Daniel Bernoulli’s theories
of hydrodynamics. George Biddell Airy and George Gabriel Stokes had difficulty to accept Scott Russell’s
experimental observations because Scott Russell’s observations could not be explained by the existing
water-wave theories. His contemporaries spent some time attempting to extend the theory but it would
take until the 1870s before an explanation was provided.

Lord Rayleigh published a paper in Philosophical Magazine in 1876 to support John Scott Russell’s
experimental observation with his mathematical theory. In his 1876 paper, Lord Rayleigh mentioned Scott
Russell’s name and also admitted that the first theoretical treatment was by Joseph Valentin Boussinesq in
1871.

Joseph Boussinesq mentioned Scott Russell’s name in his 1871 paper. Thus Scott Russell’s observations on
solitary waves were accepted as true by some prominent scientists within his own lifetime.

Korteweg and de Vries did not mention John Scott Russell’s name at all in their 1895 paper but they did
quote Boussinesq’s paper in 1871 and Lord Rayleigh’s paper in 1876. Although the paper by Korteweg and
de Vries in 1895 was not the first theoretical treatment of this subject, it was a very important milestone in
the history of the development of soliton theory.

It was not until the 1960s and the advent of modern computers that the significance of Scott Russell’s
discovery in physics, electronics, biology and especially fibre optics started to become understood, leading
to the modern general theory of solitons. The pioneering computer simulation by Martin David Kruskal
and Norman Zabusky from 1965 show a ”solitary wave” solution of the KdV equation that propagates
nondispersively and even regains its shape after a collision with other such waves. Because of the
particle-like properties of such a wave, they named it a ”soliton,” a term that caught on almost
immediately.
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The linear water wave theory
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x is the horizontal variable
y is the vertical variable
η(t, x) is the elevation of the wave (free surface)
ϕ(t, x, y) is the velocity potential



The linear theory for water waves is accurate for small
perturbations of water initially at rest (η and ϕ small). If the ratio
of the water depth to wave length is small we have shallow water
waves for which we have several good models:

ηt(t, x) + ηx(t, x) = 0
(transport equation)

ηt(t, x) + ηx(t, x) + ηxxx(t, x) = 0
(linearized Korteweg-de Vries (KdV) equation, 1895)

ηt(t, x) + ηx(t, x)− ηtxx(t, x) = 0
(linearized Benjamin-Bona-Mahony (BBM) equation, 1972)
Benjamin, T.B., Bona, J.L. and Mahony, J.J., Model equations for long waves in nonlinear dispersive

systems, Philis. Trans. Roy. Soc. London, Ser. A, 272 (1972).
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Dispersion relation for linearized water wave problem:
ω2 = gk tanh(kh0).

In shallow waters h0k � 1 and ω ∼ k
√
gh0.

ω = k − k3 (KdV)

ω =
k

1 + k2
(BBM)

The unbounded dispersion relation and computational difficulties
of the KdV equation make the BBM equation a valuable
alternative model.
The (nonlinear) BBM equation has solitons of the form:

η(t, x) =
3c2

1− c2
sech2

(
1

2

(
cx− ct

1− c2
+ x0

))
c ∈ (0, 1).



Stabilization and controllability results
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X. Zhang, E. Zuazua, Unique continuation for the linearized

Benjamin-Bona-Mahony equation with space dependent potential, Math.
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ut − utxx = [α(x)u]x + β(x)u = 0 x ∈ (0, 1), t > 0
u(t, 0) = u(t, 1) = 0 t > 0
u(0, x) = u0(x) x ∈ (0, 1).

(2)

Theorem

Let β = χ(a,b), α ∈W 2,∞(0, 1) with minx∈[0,1] |α(x)| > 0 and
α′(x) ≤ 0 a.e. in (0, 1). Then for any u0 ∈ H1

0 (0, 1) the solution
of (2) verifies

‖u(t)‖H1
0
→ 0 when t→∞. (3)



A Boussinesq-type system

In 2002, Bona, Chen and Saut study a system of dispersive
equations, first derived by Boussinesq, to describe the two-way
propagation of small-amplitude, long wavelength, gravity waves on
the surface of water in a canal.{

ηt + wx + (ηw)x + b̃wxxx − bηxxt = 0,

wt + ηx + wwx + d̃ηxxx − dwxxt = 0.
(4)

Bona J. L., Chen M. and Saut J.-S., Boussinesq equations and other systems for small-amplitude long waves in

nonlinear dispersive media. I: Derivation and linear theory, J. Nonlinear Sci., 12 (2002), 283-318.

In this system, η is the elevation from the equilibrium position and
w = wθ is the horizontal velocity in the flow at height θh, where h
is the undisturbed depth of the liquid.
The parameters b̃, b, d̃, d, that one might choose in a given
modelling situation, are required to fulfill the relations

b̃+ b =
1

2
(θ2 − 1

3
), d̃+ d =

1

2
(1− θ2) ≥ 0,

where θ ∈ [0, 1] specifies which velocity the variable w represents.



Contrary to some classical wave models which assumes that the
waves travel only in one direction, system (4) is free of the
presumption of unidirectionality and may have a wider range of
applicability.

S. M., J. H. Ortega, L. Rosier and B.-Y. Zhang, Control and
stabilization of a family of Boussinesq systems, Discrete Contin.
Dyn. Syst. 24 (2009), 273-313.

M. Chen and O. Goubet, Long-time asymptotic behavior of
two-dimensional dissipative Boussinesq systems, Discrete Contin.
Dyn. Syst. Ser. S 2 (2009), 37-53.

A. Pazoto, L. Rosier, Stabilization of a Boussinesq system of
KdV-KdV type, System & Control Letters 57 (2008), 595-601.

R. C. Capistrano Filho, Control of dispersive equations for surface
waves, PhD Thesis, Universidade Federal do Rio de Janeiro and
Université de Lorraine, 2014.



The purely BBM system

We consider the linear Boussinesq system, when the parameters
b̃ = d̃ = 0 (purely BBM case), and a localized damping term acts
on the first equation only.

ηt + wx − bηtxx + εa(x)η = 0 for x ∈ (0, 2π), t > 0
wt + ηx − dwtxx = 0 for x ∈ (0, 2π), t > 0
η(t, 0) = η(t, 2π) = 0 for t > 0
w(t, 0) = w(t, 2π) = 0 for t > 0
η(0, x) = η0(x) for x ∈ (0, 2π)
w(0, x) = w0(x) for x ∈ (0, 2π),

(5)

where b, d > 0 and ε > 0 is a small parameter.

When a ≡ 0, system (5) is a pair of linear BBM equations
coupled through first order terms.

The function a is nonnegative and has the property that there
exists an open set Ω ⊂ (0, 2π) such that

a(x) ≥ a0 > 0 (x ∈ Ω). (6)



The energy of the solution

(
η
w

)
of (5) is defined as follows

E(t) =
1

2

(
‖ηx(t)‖2L2 + ‖η(t)‖2L2 + ‖wx(t)‖2L2 + ‖w(t)‖2L2

)
. (7)

The term εaη represents a dissipation. Indeed, multiplying the first
equation by η and the second one by w, integrating over (0, 2π)
and adding the two relations we get that

d

dt
E(t) = −ε

∫ 2π

0
a(x)η2(t, x) dx ≤ 0, (8)

which means that the energy of (5) is non increasing.

Our purpose is to study the behavior of E(t), as t goes to infinity,
under the assumption (6) and supposing that ε is sufficiently small.



Main result

Theorem

Let a ∈W 2,∞(0, 2π) with a(0) = a′(0) = 0 be a nonnegative
function which verifies (6). Then, there exists ε0 > 0 such that,

for any ε ∈ (0, ε0) and any

(
η0

w0

)
∈ (H1

0 (0, 2π))2, the solution(
η
w

)
of (5) verifies that

lim
t→∞

E(t) = 0. (9)

Moreover, the decay of the energy of (5) is not exponential, i. e.,
there exists no positive constants M and ω such that

E(t) ≤Me−ωt (t ≥ 0). (10)



It is the first study of the stability properties of (5) when a
localized damping term, acting in one equation only, is
present in the model.

The stability issue of (5) is addressed by Chen and Guobet,
when the system is possed on the whole real axis and the
dissipation acts in the entire domain.
M. Chen and O. Goubet: Long-time asymptotic behavior of two-dimensional dissipative Boussinesq

systems, Discrete Contin. Dyn. Syst. Ser. S (2009).

We expect that the main difficulties described above for the single
BBM equation to be inherited by system (5).

The lack of the relative compactness of trajectories does not
allow to reduce the study of stability to the unique
continuation property.

The coupling of variables η and w, as well as the fact that the
dissipation is localized on one equation only, are additional
difficulties, specific to the system, one has to deal with.



Main ideas of the proof of the main theorem

The spectrum of the differential operator corresponding to (5)
is located in the left open half-plane of the complex plane.
Moreover, we obtain the asymptotic behavior of the spectrum.

There exists a Riesz basis of (H1
0 (0, 2π))2 consisting of

generalized eigenvectors of the corresponding differential
operator.

we obtain the asymptotic behavior of the high eigenfunctions
and prove that they are quadratically close to a Riesz basis
formed by eigenvectors of a well chosen dissipative differential
operator with constant coefficients. This is done by using less
common two dimensional versions of the shooting method and
Rouché’s Theorem.
to control the low frequencies we use a result due to Guo,
originally proved for a unbounded operator and extended by
Zhang and Zuazua to the bounded case.



Main ideas of the proof of the main theorem

These properties allow us to conclude the proof of Theorem 2. If⋃P0
m=1{Φ̂m,k}1≤k≤km

⋃
{Φj

n}|n|>M0, j=1,2 is the Riesz basis in the
space (H1

0 (0, 2π))2 consisting of generalized eigenfunctions of the
corresponding differential operator, given any initial data(
η0

w0

)
∈ (H1

0 (0, 2π))2 such that

(
η0

w0

)
=

P0∑
m=1

km∑
k=1

am,kΦ̂m,k +
∑

|n|>M0, j=1,2

ajnΦj
n,

the solution

(
η
w

)
of (5) is given by

(
η
w

)
=

P0∑
m=1

eλ̂mt
km∑
k=1

am,k

k∑
s=1

tk−s

(k − s)!
Φ̂m,s+

∑
|n|>M0, j=1,2

ajne
λjntΦj

n.



Main ideas of the proof of the main theorem

From the Riesz basis property we deduce that

C1

∑
|n|>M0, j=1,2

∣∣ajn∣∣2 e2<(λj
n)t ≤

∥∥∥∥( η(t)
w(t)

)∥∥∥∥2
(H1

0 )
2

≤ C2

 P0∑
m=1

e2<(λ̂m)t
km∑
k=1

∣∣∣∣∣
km∑
s=k

am,s
ts−1

(s− 1)!

∣∣∣∣∣
2

+
∑

|n|>M0, j=1,2

∣∣ajn∣∣2 e2<(λj
n)t

 .

(11)

From the second inequality in (11) and since

<(λn)| < 0 (∀n), (12)

we deduce that the energy E(t) tends to zero as t goes to infinity.

From the first inequality in (11) and the fact that

|<(λn)| ≤ C

|n|2
(|n| > M0), (13)

it follows that the decay rate of the energy is not exponential.



Similar strategies have been successfully used by

S. Cox and E. Zuazua, The rate at which energy decays in a
damped string, Comm. Partial Differential Equations 19
(1994), 213-243.

A. Benaddi and B. Rao, Energy decay rate of wave equations
with indefinite damping, J. Differential Equations 161 (2000),
337-357.

X. Zhang and E. Zuazua, Unique continuation for the
linearized Benjamin-Bona-Mahony equation with
space-dependent potential, Math. Ann. 325 (2003), 543-582.



The simplest system


−bϕxx + µ̃vx = 0 for x ∈ (0, 2π)
−dvxx + µ̃ϕx = 0 for x ∈ (0, 2π)
ϕ(0) = ϕ(2π) = 0
v(0) = v(2π) = 0.

(14)

It has a family of double eigenvalues (µ̃n)n∈Z∗ ,

µ̃n =
√
bdn i (n ∈ Z∗).

The family of corresponding eigenfunctions (Φ̃j
n)n∈Z∗, j∈{1,2},

Φ̃1
n =

b

µ̃n


√
d

b
sinh

(
µ̃nx√
bd

)
cosh

(
µ̃nx√
bd

)
− 1

 , Φ̃2
n =

d

µ̃n

 cosh

(
µ̃nx√
bd

)
− 1√

b
d sinh

(
µ̃nx√
bd

)
 ,

forms an orthonormal basis in (H1
0 )2.



A dissipative system with constant coefficients


−bψxx + σux + εa0σψ = 0 for x ∈ (0, 2π)
−duxx + σψx = 0 for x ∈ (0, 2π)
ψ(0) = ψ(2π) = 0
u(0) = u(2π) = 0.

(15)

It has a double indexed family of complex eigenvalues
(σjn)n∈Z∗, j∈{1,2}.

The family of corresponding eigenfunctions (Ψj
n)n∈Z∗, j∈{1,2}

forms a Riesz basis in (H1
0 )2.



Spectral results (constant potential)

In the case of a constant potential a0 we have:

The eigenvalues (σjn)n∈Z∗, j∈{1,2} are such that

(σjn)2 + εa0dσ
j
n − bd(νjn)2 = 0 and

ν
1
n = i n (n ∈ Z∗

), (16)

ν
2
n = sgn(n)

1

2π
ln

(√
b− πεa0

√
d

√
b + πεa0

√
d

)
+ n i + O

(
1

n

)
. (17)

The eigenfunctions {Φjn}n∈Z∗, j=1,2 are explicitly done

Φ
j
n =


1

ν
j
n

sinh
(
ν
j
nx
)

+
βj
nσ

j
n

b(ν
j
n)2

(
cosh

(
ν
j
nx
)
− 1

)
σj
n

d(ν
j
n)2

(
cosh

(
ν
j
nx
)
− 1

)
+
βj
n(σj

n)2

bd(ν
j
n)3

sinh
(
ν
j
nx
)

+
βj
nσ

j
nεa0

b(ν
j
n)2

x

 . (18)



Another way to see it


−bψxx + σux + εa0σψ = 0 for x ∈ (0, 2π)
−duxx + σψx = 0 for x ∈ (0, 2π)
ψ(0) = 0, ψx(0) = 1
u(0) = 0, ux(0) = β.

(19)

If we define the map G : C2 → C2,

G(σ, β) =

(
ψ(σ, β, 2π)
u(σ, β, 2π)

)
,

we deduce that σ is an eigenvalue of (15) with corresponding

eigenfunction

(
ψ
u

)
if and only if

G(σ, β) =

(
0
0

)
.

The spectrum of (15) is given by the zeros of the map G.



A two dimensional “shooting method”

We consider, for each (µ, γ) ∈ C2, the IVP:
η − bηxx + µwx + εa(x)µη = 0 for x ∈ (0, 2π)
w − dwxx + µηx = 0 for x ∈ (0, 2π)
η(0) = 0, ηx(0) = 1
w(0) = 0, wx(0) = γ.

(20)

If we define the map F : C2 → C2, F (µ, γ) =

(
η(µ, γ, 2π)
w(µ, γ, 2π)

)
,

we deduce that µ is an eigenvalue of (20) with corresponding

eigenfunction

(
η
w

)
if and only if

F (µ, γ) =

(
0
0

)
.

The spectrum of the differential operator with variable potential is
given by the zeros of the map F .



Rouché Theorem

Theorem

Let D be a bounded domain in CN and f , g holomorphic maps of
D into CN such that ‖g(z)‖ < ‖f(z)‖ for z ∈ D. Then f has
finitely many zeros in D, and f and f + g have the same number
of zeros in D, counting multiplicity.

N. G. Lloyd: Remarks on generalising Rouché’s theorem, J. London

Math. Soc. 2 (1979), 259-272.

Given a zero (σjn, βj) of the map G, we define the domain

Dj
n(δ) =

{
(µ, γ) ∈ C2 :

√
|µ− σjn|2 + |γ − βjn|2 ≤

δ

|n|

}
.

‖G(µ, γ)‖ ≥ Cδ
n2 , when (µ, γ) ∈ ∂Dj

n(δ).

‖F (µ, γ)−G(µ, γ)‖ ≤ C
n2 , when (µ, γ) ∈ ∂Dj

n(δ).



The inequality ‖F (µ, γ)−G(µ, γ)‖ ≤ C
n2 is the most difficult. We

look for an ansatz

(
ϕ(µ, γ, x)
z(µ, γ, x)

)
for the solutions of the IVP:


η − bηxx + µwx + εa(x)µη = 0 for x ∈ (0, 2π)
w − dwxx + µηx = 0 for x ∈ (0, 2π)
η(0) = 0, ηx(0) = 1
w(0) = 0, wx(0) = γ,

such that

(
η(µ, γ, x)
w(µ, γ, x)

)
=

(
ϕ(µ, γ, x)
z(µ, γ, x)

)
+ O

(
1

µ2

)
.


ϕ(µ, γ, x) =

√
bd

µ
sinh (α(x)) +

γd

µ
cosh (α(x))− γd

µ+ da(x)

z(µ, γ, x) =
b

µ
(cosh (α(x))− 1) +

γ
√
bd

µ
sinh (α(x)) +

γd

µ

∫ x

0

a(s)ds,

where α(x) = µx√
bd

+ 1
2

√
d
b

∫ x

0

a(s)ds.



‖F (µ, γ)−G(µ, γ)‖

≤
∥∥∥∥F (µ, γ)−

(
ϕ(µγ, 2π)
z(µ, γ, 2π)

)∥∥∥∥+

∥∥∥∥( ϕ(µγ, 2π)
z(µ, γ, 2π)

)
−G(µ, γ)

∥∥∥∥

≤ C1

|µ|2
(from the ansatz property)

+
C2

|µ|2
(by choosing conveniently the constant potential a0 =

1

2π

∫ 2π

0

a(s)ds)

≤ C

|µ|2
.



‖F (µ, γ)−G(µ, γ)‖

≤
∥∥∥∥F (µ, γ)−

(
ϕ(µγ, 2π)
z(µ, γ, 2π)

)∥∥∥∥+

∥∥∥∥( ϕ(µγ, 2π)
z(µ, γ, 2π)

)
−G(µ, γ)

∥∥∥∥
≤ C1

|µ|2
(from the ansatz property)

+
C2

|µ|2
(by choosing conveniently the constant potential a0 =

1

2π

∫ 2π

0

a(s)ds)

≤ C

|µ|2
.



‖F (µ, γ)−G(µ, γ)‖

≤
∥∥∥∥F (µ, γ)−

(
ϕ(µγ, 2π)
z(µ, γ, 2π)

)∥∥∥∥+

∥∥∥∥( ϕ(µγ, 2π)
z(µ, γ, 2π)

)
−G(µ, γ)

∥∥∥∥
≤ C1

|µ|2
(from the ansatz property)

+
C2

|µ|2
(by choosing conveniently the constant potential a0 =

1

2π

∫ 2π

0

a(s)ds)

≤ C

|µ|2
.



Spectral results (variable potential)

We take a0 = 1
2π

∫ 2π
0 a(x) dx. The differential operator with a

variable potential a has the following spectral properties:

A double family of eigenvalues (µjn)n∈Z∗, j∈{1,2} such that

|µjn − σjn| ≤
δ

|n|
(|n| > N0, j = 1, 2) . (21)

A family of generalized eigenfunctions⋃P0

m=1{Φ̂m,k}1≤k≤km
⋃
{Φjn}|n|>N0, j=1,2 which forms a Riesz basis

in (H1
0 )2 and there exists a bounded operator in (H1

0 )2, Kε, s. t.

‖Φjn −KεΨ
j
n‖(H1

0 )
2 ≤

C

|n|
. (22)

In particular, we have two properties needed in the main theorem:

|<(λjn)| ≤ C
|n|2 .

A Riesz basis of generalized eigenfunctions.



Unique continuation principle

Theorem

Let

(
η
w

)
be a finite energy solution of system (5) with a ≡ 0

and suppose that there exists an open set Ω ⊂ (0, 2π) and T > 0
such that

η(t, x) = 0 ((t, x) ∈ (0, T )× Ω). (23)

Then (
η
w

)
≡ 0 in R× (0, 2π). (24)

For the proof we use:

Fourier decomposition of solutions (we have a Riesz basis
formed by eigenfunctions)

analyticity in time of solutions (property (23) holds for t ∈ R
unique continuation principle for each eigenfunction.



Open problems

Less regularity for the potential a.

Stronger dissipative mechanism, like −[a(x)ηx]x, ensures the
uniform decay?

Stabilization results for the nonlinear problem.

The mixed KdV-BBM system is exponentially stabilizable?

Is the asymptotic stability true for periodic boundary
conditions?
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