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In this work, we are concerned with the null controllability of the
following Parabolic equation with dynamic boundary conditions

Oy — dAy + a(t,x)y = 1,v(t,x) in Qr:=(0,T) x Q,
Oryr — 0Aryr +doyy + b(t,x)yr =0 onl1:=(0,T) xT,
y(0,-) = y0,¥(0,-) = yor,
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In this work, we are concerned with the null controllability of the
following Parabolic equation with dynamic boundary conditions

Ory — dAy + a(t, x)y = L,v(t, x) in Q7 :=(0,T)xQ
Oryr — 0Aryr +doyy + b(t,x)yr =0 onT7:=(0,T) x T,
y(Oa ) = y07yr(0’ ) = Yo,

(1)

> yr=ylr.
» The term O:yr — Aryr models the tangential diffusive flux on

the boundary which is coupled to the equation on the bulk by
the normal derivative d,y = (v - Vy)|r.
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In this work, we are concerned with the null controllability of the
following Parabolic equation with dynamic boundary conditions

Ory — dAy + a(t, x)y = L,v(t, x) in Q7 :=(0,T)xQ
Oryr — 0Aryr +doyy + b(t,x)yr =0 onT7:=(0,T) x T,
y(Oa ) = y07yr(0’ ) =Yor,

(1)

> yr=ylr.

» The term O:yr — Aryr models the tangential diffusive flux on
the boundary which is coupled to the equation on the bulk by
the normal derivative d,y = (v - Vy)|r.

» Sometimes these boundary conditions are called of Wentzell
type.
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This type of boundary conditions arises for many known equations
of mathematical physics.
They are motivated by :

» problems in diffusion phenomena,

v

Reaction-diffusion systems in phase-transition phenomena.

v

Special flows in hydrodynamics (the flow of heat for a solid in
contact with a fluid),

v

Models in climatology, ....
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The operator Ar on I is given here by the surface divergence
theorem

/Aryz dS = —/<vry,vrz>r dS,y € H*(T), z e HYIN),
r r

where Vr is the surface gradient.
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The operator Ar on I is given here by the surface divergence
theorem

/Aryz dS = —/<vry,vrz>r dS,y € H*(T), z e HYIN),
r r

where Vr is the surface gradient.

The operator (Ar, H?(I)) is self-adjoint and negative on L2(T).
Thus it generates an analytic Co-semigroup on L2(I).
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Consider the following inhomogeneous parabolic problem with
dynamic boundary conditions

Oty — dAy + a(t, x)y = f(t,x), in Qr,
Oryr — 6Aryr + d(Ovy)lr + b(t, x)yr = g(t,x), onTt (2)
y(O) ) = .yanr(Ou ) =Yor,
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Consider the following inhomogeneous parabolic problem with
dynamic boundary conditions

Oty — dAy + a(t, x)y = f(t,x), in Qr,
Oryr — 6Aryr + d(Ovy)lr + b(t, x)yr = g(t,x), onTt (2)
y(O) ) = .yanr(Ou ) =Yor,

On L2 := [2(Q) x L2(T), we consider the linear operator

- dA 0 -

where H* := {(y, yr) € H*(Q) x H*(T) : y|r = yr} for k€N,
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Our wellposedness and regularity results for the underlying
evolution equations rely on this fact.

Proposition

The operator A is densely defined, self-adjoint, negative and
generates an analytic Co-semigroup (e"*);>o on 2. We further
have (LZ,H2)1/272 = Hl.

Proof :
Introduce on .2 the densely defined, closed, symmetric, positive
sesquilinear form

a[y,z]:/QdVy-Vzdx+/r5<vry,vrz>rd5, D(a) = H.

It induces a positive self-adjoint sectorial operator A on L2 and one
can show that A C A.

For the other inclusion, we need to show that A — A is surjective
for some "large” A.
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The following perturbed system

Otyr — 0Aryr +d(Oyy)|r + b(t,x)yr =0 onT7:=(0,T)xT,
y(0,-) = y0,yr(0,) = yor,

has also a solution which is an evolution family S(t,s) on L2
depending strongly continuously on 0 < s <t < T such that

t
S(t‘) T)yo = e(t_T)A.yo - / e(t_S)A(a(sv ')7 b(57 ))5(57 T)yO ds

T
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Definition

Let f € L?(Q7), g € L2(T7) and yp € L2.

(a) A strong solution of (2) is a function

y € Eq := HY(0, T;1.2) N L2(0, T; D(A)) fulfilling (2) in

12(0, T;1.2).

(b) A mild solution of (2) is a function y € C([0, T];1L?)

satisfying, in L2, Vt € [0, T],

y(t) = ePyo+ /0 e Af(T)=a(r)y(r), g()=b(r)y(7)] d7.

v
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Definition
(c) A distributional solution of (2) is a function y € L%(0, T;12)
such that for all ¢ € Eq with ¢(T,-) =0 we have

/ y(—0rp — dAyp + ap) dx dt
Qr

+ / y(—0rp — 0Arp + dO,p + by) dS dt
rr

:/ fcpdxdt+/ gy dSdt+ < yo,¢(0,:) >12.  (3)

(d) We call y € L?(0, T;1L?) a distributional solution of (2) with
vanishing final value if y satisfies (3) for all ¢ € E;.
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Proposition

Let f € L2(Q7), g € L?(T 1) and yo, o1 € L2

(a) There is a unique mild solution y € C([0, T];1L?) of (2).
The solution map (yo,f,g) — y is linear and continuous from
L2 x L2(Q7) x L2(T'1) to C([0, T]; L?).
Moreover, y belongs to
E1(7, T) := HY(7, T;1L2) N L?(7, T; D(A)) and solves (2)
strongly on (1, T) with initial y(7), for all 7 € (0, T) and it is
given by

70 = S(e.0p+ [ S(Ls)(F(s).8(s)) ds. te [0, T,

v
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Proposition

(b) Given R >0, there is a constant C = C(R) > 0 such that for
all a and b with ||a||c, ||bllcc < R and all data the mild

solution of y of (2) satisfies

Iyllcqo,mey < Cllyolle + I1fllzyr) + llgllzrry)-

(c) If yo € HY, then the mild solution y of (2) is the strong one,
ie,y € Ry :=HY(0, T;1L?) N L2(0, T; D(A)) and solves (2)
strongly on (0, T') with initial data yy.

(d) A function y is a distributional solution of (2) if and only if it
is a mild solution.

(e) A distributional solution of y (2) with vanishing end value
satisfies y(T,-) = 0.
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We study the null controllability of the linear system

Oty —dAy + a(t, x)y = v(t x)1, in Qr, (4)
Oty — 0Ary + doyy + b(t,x)y = onlr, (5
¥(0,) = inQ, (6
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Definition

The system (1) is said to be null controllable at time T > 0 if for
all given yo € L2(Q2) and yor € L?(T") we can find a control

v € L2((0, T) x w) such that the solution satisfies

y(T,)=0 on Q.

L. Maniar, Cadi ayyad University, Marrakesh
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The Null controllability of parabolic equations was studied in the
literature in the case of Dirichlet, Neumann or mixed boundary
conditions (also called Robin or Fourier boundary conditions).

- Russel
-Lebeau-Robbiano
- Fursikov-Imanuvilov

- Albano, Cannarsa, Zuazua, Yamamoto, Zhang, Guerrero,
Fernandez-Cara, Puel, Benabdellah, Dermenjian, Le Rousseau, ...
Ammar-Khodja, Gonzélez-Burgos, De teresa, Dupaix, ...
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1. L.1. Vrabie, the approximate controllability of (1), (w = Q).

2. D. Hoomberg, K. Krumbiegel, J. Rehberg, Optimal Control of
(1), (w=12.)

3. G. Nikel and Kumpf, Approximate controllability of dynamic
boundary control problems, (one-dimension heat equation)
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To show the null controllability of the linear system

Oty — dAy + a(t,x)y = v(t x)1,, in Qr, (7)
Oty — 0Ary + doyy + b(t,x)y = onlr, (8)
y(0,-) = inQ,  (9)

we write its mild solution as

.
V(T,) = S(T,0)yo +Tv, Tv—/o S(T, 7)(1uv(r), 0) dr.

Null controllability for parabolic equations with dynamic boundary conditions L. Maniar, Cadi ayyad University, Marrakesh



To show the null controllability of the linear system

Oty — dAy + a(t,x)y = v(t x)1,, in Qr, (7)
Oty — 0Ary + doyy + b(t,x)y = onlr, (8)
y(0,-) = inQ,  (9)

we write its mild solution as
-
AT =STOpe+Tv.  Tv= [ S(T.r)(Lv(r).0)dr
0
Vyo,3v:y(T,:) =0<«= ImS(T,0) C ImT

< 3C|S(T,0)¢7llee < CIT o7ll2s o7 €L
(10)
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Lemme

1. The function ¢(t) = S(T, t)*¢T is the solution of the backward
adjoint system

—Orp —dAp + a(t,x)p =0 in Qr,
—0rpr — 6Arpr + dO,p + b(t, x)pr =0 onTT
SD(Ta) =T in ﬁ,

2. The adjoint of the operator T is given by
T o1 = lup.

3. The estimate (10) can then be written as the Observability
Inequality

.
(0, )2 < C/o /]cp|2dxdt.
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The crucial way to show the observabity inequality is to show a
Carleman estimate for the backward adjoint linear problem

— Orp — dAp + a(t, x)p = f(t,x) in Qr,
—0rpr — 0Arpr + dOy o + b(t, x)er = g(t, x) onlr (11)
o(T,)=eT in Q,

for given o1 in HY(Q) or in L2(Q), f € L?(Q7) and g € L?(T' 7).

v
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Theorem

There are constants C > 0 and A1, s1 > 1 such that,
VYA > A1,s > s1 and every mild solution ¢ of (11), we have

D% / e 25|V | dx dt + s>\ / e 259¢3|p|? dx dt
Qr Q

T

45\ / e 2% V]2 4 5323 / e 20¢3|p|? dS dt
rr

rr

+sA / e 2%9¢19,,|? dS dt
rr

;
< Cs3\* / / e 259¢3|p|? dx dt
0 w

+C [ e >Yf|Pdxdt+ C [ e *%g|*dS dt.
QT rT
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Lemma
For f = g = 0, we obtain the following fundamental estimates

3T kL
4 2 4 2
/ /|g0| dxdt+/ /|g0| ds dt
I Q I r
4 4
T
< C/ /W dx dt
0 w

and

lp(0, )12 < Clle(t,)f2, 0<t<T.
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Proposition

Let T > 0, a nonempty open set w € Q and a € L*°(Q7) and
b € L>°(T'1). Then there is a constant C > 0 ( depending on
Q, w, ||1a]|c, || blloc) such that

]
10, Iz < C /0 / (o[2 d dt

for every mild solution ¢ of the homogeneous backward problem

— 0o —dAp+ a(t,x)p =0 in Qr,
—0rpr — 0Arpr + do,p + b(t,x)pr =0 onlr
o(T,)=pT in Q,
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Theorem

Let T > 0 and coefficients d,§ >0, a € L*°(Q21) and b € L*>(' 1)
be given. Then for each nonempty open set w € 2 and for all data
yo € L2, there is a control v € L2((0, T) x w) such that the mild
solution y of (7)—(9) satisfies y(T,-) = yr(T,-) =0.
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Oty —dAy + F(y)=v
Oryr — 6Aryr + d(Ouy)lr + G(yr) =0
¥(0,-) = y0,¥r(0,-) = yor-

]-w7 in QT?
, onTr, (12)

Theorem

Let T >0, w € Q be open and nonempty, and F, G € C*(R.)
satisfy

F(0)=G(0)=0 and [|F(&)|+|G(&)] < C(1+[¢]) for £ €R.

Then for all yo € HY, there is v € L?(wT) such that (12) has a
unique strong solution y € Ey with y(T,-) = yr(T,-) =0.
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Consider the Parabolic equation with dynamic boundary conditions
and a control on a part g of the boundary '

Oty —dAy + F(y) =0,
Oeyr — 0Aryr +d(0vy)Ir + G(yr) = vir,, (13)
y(07 ) = .y07.yr(07 ) = }/O,F-

Proposition

Let yo € H2 with yo € W2~ ?/P(Q) for some p > (N + 2)/2. Then
there is a control v € L2((0, T); L? (To)) such that the solution y

loc

of (13) satisfies y(T,)=0o0nA.
This solution is contained in H*(0, T; L2(Q)) N L2(0, T; H3(Q))
and has a trace in H*(0, T; HY2(I")) N L2(0, T; H>/3(T"))
where I = (T'\ To) Ul for any T1 € Iy.
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In this work, the presence of the surface diffusion dAr in the
boundary equation played a crucial role to absorb some boundary
integrals.
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In this work, the presence of the surface diffusion dAr in the
boundary equation played a crucial role to absorb some boundary
integrals.

Now, if 6§ =0
Oty —dAy + F(y) = vl,, inQr,

Otyr +d(0vy)lr +G(yr) =0, onTlr,
¥(0,-) = yo,yr(0,-) = yor-
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In this work, the presence of the surface diffusion dAr in the
boundary equation played a crucial role to absorb some boundary
integrals.

Now, if 6 =0
Oty —dAy + F(y) = vl,, inQr,
Oryr +d(Ovy)lr + G(yr) =0, onTlr,

¥(0,-) = yo,yr(0,-) = yor-

- Show a Carleman estimate!!
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In this work, the presence of the surface diffusion dAr in the
boundary equation played a crucial role to absorb some boundary
integrals.

Now, if 6§ =0
Oty —dAy + F(y) = vl,, inQr,

Otyr +d(0vy)lr +G(yr) =0, onTlr,
¥(0,-) = yo,yr(0,-) = yor-

- Show a Carleman estimate!!
-6 — 01!
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In this work, the presence of the surface diffusion dAr in the
boundary equation played a crucial role to absorb some boundary
integrals.

Now, if § =0

Oty —dAy + F(y) = vl,, inQr,
Otyr +d(0vy)lr +G(yr) =0, onTlr,
¥(0,-) = yo,yr(0,-) = yor-

- Show a Carleman estimate ! !
- —0!!
- explicit constant C of the observability inequality.
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Thank you very much for your attention
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