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Intro

Dispersion relations: basics |

» analyticity properties of Green'’s functions (and form factors
and scattering amplitudes) can be rigorously established

» the absence of singularities for complex (unphysical)
values of kinematic variables?* follows from causality

» the presence of singularities is related to dynamical
phenomena (exchange of particles) and can be
understood in terms of the underlying dynamics

» analytic functions are determined by their singularities:
dispersion relations provide an explicit representation of
this mathematical property

» QFTs satisfy these properties automatically.
Weinberg: QFT emerges by imposing analyticity and
unitarity (and other properties)

1Exceptions known: anomalous thresholds.
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Dispersion relations: basics |l

» dispersion relations are exact

» their usefulness is directly related to our knowledge of the
singularities of the function of interest

» depending on where one wants to calculate the function,
some singularities (or regions thereof) may be more
important than others: approximation schemes may be
successfully applied

» singularities at infinity = subtraction constants, if present
are essential input

» use of dispersion relations in combination with QFT

calculations (whether perturbative or not) is always
possible
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Form factors HVP

Analytic properties of pion form factors

Mathematical problem:

1. F(t) is an analytic function of t in the whole complex plane,
with the exception of a cut for 4M2 < t < oo;

2. approaching the real axis from above e %()F (t) is real on
the real axis, where 4(t) is a known function.

Omnes ('58) found an exact solution to this problem:

F(t) =P(t)Q(t) = P(t)exp {t /OO au’ o(t) } )

7T 4M7%t7/t/—t

where P(t) is a polynomial which can only be constrained by
the behaviour of F(t) for t — oo, or by the presence of zeros.
Q(t) is called the Omnes function
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Scalar form factor of the pion

M(s) := (m(p')|mylu + mgdd|r(p)) s =(p'—p)?
Value at s = 0 is the pion o-term:

OM? OM?2
r7r _ L T o_ 2 2
(0) = my amy +my amy My + O(mg)

Omnes representation (assuming the absence of zeros):

Fa(s) = To(0)0r(s)  InQ(s) = f;A: ds’S/f;(S_,)S)

Watson'’s theorem:

or(s) = d3(s) fors < 4MZ negligible inelasticity due to 4r’s
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Scalar form factor of the pion

M(s) := (m(p')|mylu + mgdd|r(p)) s =(p'—p)?
Value at s = 0 is the pion o-term:
OM2 OM2

F2(0) = my = u+m A, = MZ + O(mg)

Omnes representation (assuming the absence of zeros):

[EED)

Watson'’s theorem:

[e's) 0
= Qr(s) = Q(s exp[/ ,or(s S/_‘SS(S)

S
~Q%s)(1+c— +...
0()(+14M,§+ )
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Scalar form factor of the pion

Conclusions:

» the low-energy behaviour of I'(s) is determined to a large
extent by the wr phase shift 63(s)

» the normalization of the form factor is fixed by the
subtraction constant I'(0), the o-term of the pion

» inelastic effects (KK channel) may be sizeable, but are
well described by a smooth function at low energy
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Scalar form factor of the pion

Conclusions:

>

the low-energy behaviour of I'(s) is determined to a large
extent by the wr phase shift 63(s)

the normalization of the form factor is fixed by the
subtraction constant I'(0), the o-term of the pion

inelastic effects (KK channel) may be sizeable, but are
well described by a smooth function at low energy

to have the latter under control a coupled-channel analysis

is necessary Donoghue, Gasser, Leutwyler, 1990
this leads to an accurate prediction for the scalar radius of
the pion GC, Gasser, Leutwyler, 2001

(r3)T = 6/ ds 52(5) — 0.61 + 0.04fm?
™ 4|\/|72r S
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Scalar form factor: dispersive representation

300

100

Vs (GeV)

Ananthanarayan, Caprini, GC, Gasser, Leutwyler, 2004



Form factors

Scalar form

Omneés factor
[E=N N w » [6)]

o

HVP

factor: dispersive representation
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Vector form factor of the pion

A similar discussion can be made for the vector form factor

(T (P)IVEO) 7' (p)) =i¥(p’ +p),Fi(s)  s=(p' —p)?

» the normalization (subtraction constant) is fixed by gauge
invariance:
Fy(0)=1

» for this form factor there are data coming from
ete~ — w7~ which allow one to pin down the free
parameters in the Omnés representation
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Omnes representation including isospin breaking

» Omnés representation

Fi(s) = exp [S / Al

=Q
T Jamz  S'(s' =) )

» Split elastic from inelastic contributions
§=01+0n = FJ(s)=Q1(s)n(s)
Eidelman-Lukaszuk: unitarity bound on di,
1 O
sin®gip < = (1_ V1 — rz) r — _e'e o#2m
2 Oete-—2r
= ImQn(s)~0 s<(M;+M,)?
» p — w—Mmixing must also be explicitly taken into account

Fv(s) = Q:(5)Qin(s)Gu(S)
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Free parameters

1 $o = 6xx((0.8 Ge\/)z)

o) = {5 s
€ w — p mixing

Gu(s) = { M.,
C1

Qin(s) = : IMQin(s) =0 s < sin
Cp

Gu(s)=1+e where s, = (M, — il,/2)?

Qin(s) = 1+zn: c(z(s)k=z(0)) z= VSrw —S1 — VSpw — S

k=1 " \/Srw—51 +/Smw — S
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Free parameters
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Form factors

Outcome of the fit
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Outcome of the fit

11
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Outcome of the fit
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Hadronic vacuum polarization and (g — 2),

The vector form factor of the pion represents the input in the
dispersion relation for hadronic vacuum polarization



Form factors HVP

Hadronic vacuum polarization and (g — 2),,

The vector form factor of the pion represents the input in the
dispersion relation for hadronic vacuum polarization

WQM

» in this case the dispersion relation is already the solution

_ 00 Fr(s')|2
I—IZW(S):S/ ds/| V(S )’

T Jamz  S'(s'—s)

» input the vector form factor and calculate the integral
» the extension to other intermediate state is trivial:

IFg(s")]? = |M(y* — hadrons)?
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Roy equations
Unitarity, analyticity and crossing symmetry = Roy equations

S.M. Roy (71)

S

Retd(s) = kJ(s)+{ ds'Kd{(s,s")Imti(s")

Jam2
So
+ ds’Kd1(s,s’) Imti(s’)
am2
So
+ ds’KQZ(s,s') Imt3(s’) +f2(s) +dj(s)
am2
0 _ 0, S-— 4MZ 0 2
kO (S) = ag+ W (Zao — 5a0)
f9(s) = Z Z " s’ Ko (s,8") Imt} (")
=0 ¢'=0" S0

dd(s) = aII the rest [\/So = 0.8GeV /s3 = 2GeV]
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Roy equations

Unitarity, analyticity and crossing symmetry = Roy equations
S.M. Roy (71)

Numerical solutions of the Roy equations
Pennington-Protopopescu, Basdevant-Froggatt-Petersen (70s)
Ananthanarayan, GC, Gasser and Leutwyler (00)
Descotes-Genon, Fuchs, Girlanda and Stern (01)

Kaminski, Pelaez and Yndurain (08)

Garcia-Martin, Kaminski, Peldez, Ruiz de Elvira, Yndurain (11)

Input: S- and P-wave imaginary parts above 0.8 GeV
imaginary parts of all higher waves
two subtraction constants, e.g. aj and a3

Output: the full 77 scattering amplitude below 0.8 GeV
Note: a3, a3 inside the universal band = the solution is unique
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Numerical solutions
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Numerical solutions
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Numerical solutions
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Numerical solutions
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Roy + ChPT

» at fixed input above 0.8 GeV, the only free parameters in
the Roy equations are the two S-wave scattering lengths;

» chiral perturbation theory predicts these

» actually the most reliable prediction is for the =7 amplitude
below threshold

» we have fixed the two subtraction constants in this way
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Roy + ChPT
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R0y+Ch PT fl nal reSU ItS GC, Gasser and Leutwyler (01)
Phase shifts:
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R0y+Ch PT fl nal reSU ItS GC, Gasser and Leutwyler (01)
Phase shifts:
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Roy+ChPT: final results

Scattering lengths

GC, Gasser and Leutwyler (01)

ad = 0.220+0.001 + 0.009A¢,; — 0.002A¢3
10-a2 = —0.4444+0.003 — 0.01A¢; — 0.004A/5

where 7, =44+ Al, l3 =29+ Al3

Adding errors in quadrature

2

10 - a3
0 2
al — a3

[Al, = 0.2, Al = 2.4]

0.220 £ 0.005
—0.444 £ 0.01
0.265 + 0.004
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Experimental tests

N
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tree (66), one loop (83), two loops (96)
Prediction (ChPT + dispersion theory, 2001)
DIRAC (2005)

NA48 K -> 3 11(2005)

E865
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Experimental tests
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Experimental tests
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Experimental tests

= Universal band ISR
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) R )
DIRAC (2005) L
-— NA48 K -> 3 11(2005)
NA48
E865
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-0.05

0.16 0.18 0.2 0.22 0.24 0.26

E865 corrected their data
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Experimental tests

= Universal band
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) L ]
DIRAC (2005) &

-— NA48 K -> 3 11(2005)
NA48 isospin corrected
E865 isospin corrected

-0.03—

isospin breaking corrections recently calculated for Ke4 are
essel’ltial at th|5 Ievel Of preCiSion GC, Gasser, Rusetsky (09)
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Experimental tests

= Universal band
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) L 1
DIRAC (2005) &
NA48 K -> 3 11(2005)
all data isospin corrected

-0.03

2.
a 0.04

-0.05

-0.06

isospin breaking corrections recently calculated for Ke4 are
essel’ltial at th|5 Ievel Of preCiSion GC, Gasser, Rusetsky (09)
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Experimental tests

np 003

I I I I I
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Figure from NA48/2 Eur.Phys.J.C64:589,2009
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Setting up the dispersive calculation

We split the HLbL tensor as follows:

7 %-pole FSQED |
I_INV)\U - nm/)\a + nw/)\a + I_I/W/\U + -

Pion pole: known
Projection on the BTT basis: done
Our master formula=explicit expressions in the literature
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Setting up the dispersive calculation

We split the HLbL tensor as follows:

Muae = M08 + NESE0 4 Ane + -
In JHEP '14:
,
FY(a2)FY (a3)FY (a3) %
-

Contribution with two simultaneous cuts

— analytic properties like the box diagram in SQED

— triangle and bulb diagram required by gauge invariance
— multiplication with FY gives the correct g2 dependence
Claim: FSQED is not an approximation!



HLbL Dispersive calc. #° TFF 7-box m-resc.

Setting up the dispersive calculation

We split the HLbL tensor as follows:

0_ | —
Myuro = MEE 4+ MESED + g+

2N

Now, with BTT:

— we have constructed a Mandelstam representation for the
contribution of the 2-pion cut with LHC due to a pion pole
— we have explicitly checked that this is identical to FSQED

Proven: FSQED is not an approximation!
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Setting up the dispersive calculation

We split the HLbL tensor as follows:

7 %-pole FSQED | 7
I_INV)\U - n;w)\a + nuu)\a + I_I/W/\G + -
FREN
’ \

N\
~

4

7
~ o -

The “rest” with 27 intermediate states has cuts only in one
channel and will be
calculated dispersively after partial-wave expansion
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Setting up the dispersive calculation

We split the HLbL tensor as follows:

_ p°-pole FSQED | f
I_INV)\U - rl,uu)\a + rl,ul/)\a + rIlW/\U +

Contributions of cuts with anything else other than one and two
pions in intermediate states will be neglected for the time being
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Dispersive analysis of the pion transition form factor

__ %-pole FSQED | [/
I_IIW)\U - rl;w/\a + n,uu)\a + I_IMV)\U +-

70-pole
i

Pion pole: T

(S,t,U) = Sfll\jlgr + _pl|\;|72r + fi;uﬂ

pi,S = 5I:I. "FTrO'y*’y* (q%) q%)‘Fﬂ'O’y*’y* (q§7 q§)7
pi,t = 5|2 "FTrO'y*’y* (q%) q%)‘Fﬂ'O’y*’y* (q§7 q§)7
Pi,u = 5i3 ]:7r0'y*'y* (q]2_7 qz)};ro'y*'y* (Q§v q%)?
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Dispersive analysis of the pion transition form factor

Hoferichter, Kubis, Leupold, Niecknig, Schneider (2014)
» To calculate the pion-pole contribution the crucial
ingredient is the pion transition form factor
» a dispersive representation thereof requires as input:

» the pion vector form factor [dispersive repr. well known]
» the ")/* — 37 amplitude [analyzed dispersively in this work]
» the nm Scattering amplitude [dispersive repr. well known]
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Dispersive calc. 7° TFF

Results forete™ — 3rand ete™ — 7%y

7-box  7-resc.

— fit SND+BaBar|

-=-- fit HLMNT

- SND
BaBar

Oete=—3m [Ilb]

0.8

‘.2 1‘.4 1‘.6 1.8
V@ Taev)

fitto O'(e+e_ — 371') Hoferichter, Kubis, Leupold, Niecknig,

Schneider (2014)



HLbL Dispersive calc. 7° TFF m-box m-resc.

Results forete™ — 3rand ete™ — 7%y

e SND
e CMD2

10°F 3

‘ i
0.5 0.6 0.7 .8 0.9
V@ [GeV]

prediction for U(e+e_ — 7'('0")/) Hoferichter, Kubis, Leupold, Niecknig,

Schneider (2014)
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Results forete™ — 3rand ete™ — 7%y

Results for the doubly-virtual pion transition form factor not yet
available — data from e.g. KLOE on ¢ — % *e™, or the old,
puzzling ones on w — 7%ete~ represent useful input

) transition form factor: Hanhart, Kupsc, Meif3ner, Stollenwerk, Wirzba (2013)
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Pion box contribution

79-pole
2

1 FSQED . Mure +

I_IMV)\U =TI 2N
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Pion box contribution

The

only ingredient needed for the pion-box contribution is the

vector form factor

5SQED
I-li

NFSQED — Fr(q2)Fy (a3)Fy (a2)MP9F(s, t, u)

= pi +aAg(M?)
+b{Bo(a] M2, M2) + bBo (a3, M3 , M2) + bYBo (3, M2, M2) + bi'Bo(aj, M2, M%)
+b7Bo(s, M2, M2) + biBo(t, M2, M2) + bl'Bo(u, M2, M2)
+ cilzco(qf,qg,s, Mfr, Mfr, M72r) + ci13CO(qf,q§,t, Mfr, Mfr, Mf,) +ci“C0(qf,qf,u, M72r, Mfr, Mfr)
+c2Co(a3, 03,5, M2, M2, M2) + cZ4Co(a3, a3, t, M2, M2, M2) + c¢Z3Co(3, g3, u, M2, M2, M2)
+dS'Dg(a?, 02,02, 02,5, t, M2, M2, M2 M2)
+ diS“Do(qf, q%,q%,qf,s,u, Mfr, M,Zr, Mfr, Mfr)

1 2 2 2 2 2 2 2 2
+dDo(as, 05,95, 05, t, u, MZ, M2, M2, MZ),

where By, Cy and Dg are Passarino-Veltman functions.
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Pion box contribution

e B e N W T B
09 [ e NA7(1986)
F ¢ ETMC - quadratic fit +H
0.8— m  ETMC - logarithmic fit f7
E 4 Volmer et al. (Fpi coll.) (2001)
0.7+ Our fit f
L |— VMD
0.6~

oL 1
T

L 1 PR I 1 . 1 . . 1
0 1 . .
-16 -15-14 -13 -12 -1.1 -1 -09 -0.8 -0.706 -05-04 -03 -0.2 -0.1 O

. . . . s ( e\f)
Uncertainties will be tiny °
Preliminary! numbers:

IFI2
o o
SO,
1
=
.
el
PN A N T AU AT I

a*9fP=-159.107"  af3FBVMP — _164.10" "
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Pion box contribution

Table 13

Summary of the most recent results for the various contributions to @}’ x 10", The last column is our estimate based on our new evaluation for the
pseudoscalars and some of the other results.

Contribution BPP HKS KN MV BP PdRV N/IN

7% 0. 85113 82764 83112 11410 114+13 99+ 16
m.K loops —19£13 —45+8.1 = = = —19+19 —19+£13
w, K loops + other subleading in N = = - 0+ 10 - - -

Axial vectors 25+10 T = 22+5 = 15+ 10 22+5
Scalars —68+20 - - - - -T£7 —-7+2
Quark loops 21%3 97 £11.1 - - - 23t 21+3
Toral 83132 896+ 154 8040 136:£25 110 = 40 105 £ 26 116 =39

Uncertainties will be tiny
Preliminary! numbers:

a 9P = _159.1071  afsQFBVMD — _164.1071!
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Our dispersive representation of the M/*A? tensor

GC, Hoferichter, Procura, Stoffer (2014)

_ 7°-pole FSQED |,
I_IIW)\U - n;u/)\a + n;w)\a + I_IIW)\U +-
PN
7 | \
AN | /
~ 7
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Our dispersive representation of the M***“ tensor

GC, Hoferichter, Procura, Stoffer (2014)
15

e = 3 (AT (S) + AT ) + AL (u))
i=1

» the I1;(s) are single-variable functions having only a
right-hand cut
» for the discontinuity we keep only the lowest partial wave

» the dispersive integral that gives the I1;(s) in terms of its
discontinuity has the required soft-photon zeros

» soft-photon zeros constrain
the subtraction polynomial to vanish
(unless one wanted to subtract more, which is unnecessary)
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Dispersion relations for the I1;(s)

Requiring that the BTT functions be free of singularities
determines the kernels, including non-diagonal terms. S-waves:

2 % T

s—q ds = 26082, -

ni = 3/sl—q2 KyimhS, , (s) + Imh80’++(s’)
3 L

4m?2

g

s—q2 [ ds [, - 2qfaf | -
yI_IS = 2 /S/ _ q2 Kl Imh80,++(sl) + é-lgi)\/fz Imh?‘r'i‘,'f‘-‘r(sl)
3L
1 s'-qf-d}

Ki:=
e s N

: 0 0
Remark: Imhy . (s)and Imhg, , .

helicity amplitudes of y*v* — o7

(s) given by S-wave

Once the projection on the BTT basis is done
= use the master formula to calculate the contribution to a,,
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Dispersion relations for the I1;(s)

Requiring that the BTT functions be free of singularities
determines the kernels, including non-diagonal terms. S-waves:

2 / r

s — ds - 2 -

g =8 [ 8 kim0, (s) + 25 i, ()]
3L

4m2

g

s—q2 [ ds [, - 2qfaf | -
yI'IS = 2 /S/ _ q2 Kl Imh80,++(sl) + 515;)\/52 Imh?‘r'i‘,'f‘-‘r(sl)
3L
1 s'-qf-d}

Ki:=
e s N

Remark: ImhQ, . (s) and Imh§, . . (s) given by S-wave

00,++
helicity amplitudes of y*v* — o7

Extension to D waves is in progress
(diagonal kernels already given explicitly in JHEP (14))
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Dispersion relations for v*v* — 7w

Roy-Steiner egs. = Dispersion relations + partial-wave expansion
+ crossing symmetry + unitarity + gauge invariance

v

On-shell vy — ww: prominent D-wave
reson. f2(1270) Moussallam (10) Hoferichter, Phillips, Schat (11)

+ Crystal Ball

> ’y*’}/ — T Moussallam (13)% s

> v*~v* — mmr, new feature: anomalous @
threShO|dS Hoferichter, GC, Procura, Stoffer (13)

Constraints

» Low energy: pion polar., ChPT )
» Primakoff: yr — 7 at L
COMPASS, JLAB LA
» Scattering: ete™ — ete nm,
ete™ — wmwy z
» Decays: w, ¢ — wmy

v
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Physics of v*v* — 7

Dispersive calc. 0 TFF  7-box m-resc.

» 7 rescattering < resonances, e.g.

f,(1270)

» S-wave provides model-independent

implementation of the o

» Analytic continuation with dispersion
theory: resonance properties

» Precise determination of o-pole from
7w scattering Caprini, GC, Leutwyler 2006

M, = 44172° MeV

o

» Coupling o — v from vy — 7
Hoferichter, Phillips, Schat 2011

#(500) PARTIAL WIDTHS

()

VALUE (keV) DOCUMENT 1D

TECN  COMMENT

= 544718 MeV

r2

o o o We do not use the following data for averages, fits, limits, etc. o o o

17 £04 54 HOFERICHTERLL
3.0840.82 55 MENNESSIER 11

20802 £3:97 56 MOUSSALLAM11
2.08 57 MAO 09
12 £0.4 58 BERNABEU 08

T R L

RVUE Compilation
RVUE Compilation
RVUE Compilation
RVUE Compilation

RVUE
T T an

fo 500) or &

16UPC) — ot +H)
was fg(soo)

A REVIEW GOES HERE — Check our WWW List of Reviews

£(500) T-MATRIX POLE 5
Note that [ %2 Im( 3p01e)

v gy cocwentio___ recu . comenr
(400-550)—i(200-350) OUR ESTIMATE

s the fllowing data or averages i, fmis, o
(s45 £ 29)-i(2r8+23) 12GARCIAMAR 11 RVUE G
(#5714 -iaro 1) 13 GARCIAMAR. 11 RVUE G

4 MOUSSALLAMI1  RVUE C
5 MENNESSIER 10 RVUE C:
6 MENNESSIER 10 RVUE C
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Hadronic light-by-light: Outlook

Path to a numerical evaluation of HLbL contributions to a,,:

» take into account experimental constraints on the pion
transition form factor to evaluate the pion pole contribution

» using as input a dispersive description of the
pion em form factor = evaluate the FSQED contribution

» take into account all experimental constraints on
7(*)7 — T

» estimate the dependence on the g2 of the second photon
(theoretically, there are no data yet on v*v* — 7rr)

» = solve the dispersion relation for the helicity amplitudes
of v*~4* —

» input the outcome into the master formula
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Hadronic light-by-light: a roadmap

GC, Hoferichter, Kubis, Procura, Stoffer ar Xi v: 1408. 2517 (PLB '14)

T — T

(w, ¢ — 7r7r’y)<—(e+e_ — 7r7r'y)
/

Partial waves for Y Y
Ty = T ete” —evte

(pion polarizabilities)(—(’Y’T - w)

Pion transition form factor
Froyeys (q%, qg)

Pion vector
form factor Fy}

Artwork by M. Hoferichter

A reliable evaluation of the HLbL requires many different contributions
by and a collaboration among theorists and experimentalists
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Conclusions

Conclusions

» dispersion relations are a very useful tool in low-energy
hadronic physics

» they are complementary to both ChPT and lattice:

» dispersion relations are the best tool for dealing with
unitarity effects

» ChPT provides symmetry relations with explicit quark mass
dependence

» lattice provides numerical input on nonperturbative
dynamical effects determining quark mass dependences
and subtraction constants

» their use becomes challenging as soon as more than two
channels are open and similarly important

» there are plenty of applications where dispersion relations
could lead to improvements in the calculations —
HLbL is probably the most urgent one
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Other recent applications

» Form factors

» 7K Bernard, Boito, Passemar and Moussallam

> T Albaladejo, Moussallam

» nucleon form factors (proton radius) Lorenz, Hammer, MeiBner
» scattering amplitudes

» K Buttiker, Descotes-Genon, Moussallam

> Kg4 GC, Passemar, Stoffer

> n — 371' Kampf, Knecht, Novotny, Zdrahal and Guo et al. (JLAB)

and GC, Lanz, Leutwyler, Passemar

» 7N Ruiz de Elvira, Ditsche, Hoferichter, Kubis, Mei3ner

v

’)/(*)7(*) — T Hoferichter, Phillips, Schat, and Garcia Martin, Moussallam
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