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Observation of many-body
localization of interacting fermions
in a quasirandom optical lattice
Michael Schreiber,1,2 Sean S. Hodgman,1,2 Pranjal Bordia,1,2 Henrik P. Lüschen,1,2

Mark H. Fischer,3 Ronen Vosk,3 Ehud Altman,3

Ulrich Schneider,1,2,4 Immanuel Bloch1,2*

Many-body localization (MBL), the disorder-induced localization of interacting particles,
signals a breakdown of conventional thermodynamics because MBL systems do not
thermalize and show nonergodic time evolution. We experimentally observed this
nonergodic evolution for interacting fermions in a one-dimensional quasirandom optical
lattice and identified the MBL transition through the relaxation dynamics of an initially
prepared charge density wave. For sufficiently weak disorder, the time evolution appears
ergodic and thermalizing, erasing all initial ordering, whereas above a critical disorder
strength, a substantial portion of the initial ordering persists. The critical disorder value
shows a distinctive dependence on the interaction strength, which is in agreement with
numerical simulations. Our experiment paves the way to further detailed studies of MBL,
such as in noncorrelated disorder or higher dimensions.

T
he ergodic hypothesis is one of the central
principles of statistical physics. In ergodic
time evolution of a quantum many-body
system, local degrees of freedom become
fully entangled with the rest of the system,

leading to an effectively classical hydrodynamic
evolution of the remaining slow observables (1).
Hence, ergodicity is responsible for the demise
of observable quantum correlations in the dynam-
ics of large many-body systems and forms the
basis for the emergence of local thermodynamic
equilibrium in isolated quantum systems (2–4).
It is therefore of fundamental interest to investi-
gate how ergodicity breaks down and to under-
stand the long-time stationary states that ensue
in the absence of ergodicity.
One path to breaking ergodicity is provided

by the study of integrable models, in which
thermalization is prevented owing to the con-
straints imposed on the dynamics by an infinite
set of conservation rules. Such models have been
realized and studied in a number of experiments
with ultracold atomic gases (5–7). However, in-
tegrable models represent very special and fine-
tuned situations, making it difficult to extract
general underlying principles.
Theoretical studies over the past decade point

to many-body localization (MBL) in a disordered

isolated quantum system as a more generic al-
ternative to thermalization dynamics. In his orig-
inal paper on single-particle localization, Anderson
already speculated that interacting many-body
systems subject to sufficiently strong disorder
would also fail to thermalize (8). Only recently,
however, have convincing theoretical arguments
been put forward that Anderson localization re-
mains stable under the addition of moderate in-
teractions, even in highly excited many-body
states (9–11). Further theoretical studies have
established the many-body localized state as a
distinct dynamical phase of matter that exhibits
previously unknown universal behavior (12–22).
In particular, the relaxation of local observables
does not follow the conventional paradigm of
thermalization and is expected to show explicit
breaking of ergodicity (23).
Although Anderson localization of noninter-

acting particles has been experimentally observed
in a variety of systems, including light scattering
fromsemiconductorpowders in three-dimensional
(3D) (24), photonic lattices in 1D (25) and 2D
(26), and cold atoms in 1D and 3D random
(27–29) and quasirandom (30) disorder, the in-
teracting case has proven more elusive. Initial
experiments with interacting systems have fo-
cused on the superfluid- (31–33) or metal-to-
insulator (34) transition in the ground state.
Evidence for inhibitedmacroscopicmass transport
was reported even at elevated temperatures (34)
but is hard to distinguish from the exponentially
slow motion expected from conventional acti-
vated transport or effects stemming from the
inhomogeneity of the cloud. Possible precursors
of MBL have also been reported in a transport

experiment by using conventional thin-film elec-
tronic insulators (35).
Here, we report the experimental observation

of ergodicity breaking because of MBL away
from the ground state. Our experiments are
performed in a 1D system of ultracold fermions
in a bichromatic, quasirandomly disordered lat-
tice potential. We identified the many-body local-
ized phase by monitoring the time evolution of
local observables following a quench of system
parameters. Specifically, we prepared a high-
energy initial state with a strong, artificially pre-
pared charge density wave (CDW) order (Fig. 1A)
and measured the relaxation of this CDW in the
ensuing unitary evolution. Our main observable
is the imbalance I between the respective atom
numbers on even (Ne) and odd (No) sites

I ¼ N e " No

N e þ No
ð1Þ

which directly measures the CDW order. Al-
though the initial CDW (I & 0:9) will quickly re-
lax to zero in the thermalizing case, this is not true
in a localized system, in which ergodicity is broken
and the system cannot act as its own heat bath
(Fig. 1B) (36). Intuitively, if the system is strong-
ly localized, all particles will stay close to their
original positions during time evolution, thus
only smearing out the CDW a little. A longer
localization length x corresponds to more ex-
tended states andwill lead to a lower steady-state
value of the imbalance. The long-time stationary
value of the imbalance thus effectively serves as
an order parameter of theMBL phase and allows
us to map the phase boundary between the er-
godic and nonergodic phases in the parameter
space of interaction versus disorder strength. In
particular, close to the transition, the imbalance
is expected to vanish asymptotically as a power
lawº1/xawith a > 0 (37). In contrast to previous
experiments, which studied the effect of disorder
on the global expansion and transport dynamics
(27, 30, 31, 33, 34), the CDWorder parameter acts
as a purely local probe, directly capturing the
ergodicity breaking. Although ultimately facing a
similar challenge, namely distinguishing very slow
dynamics from no dynamics, the CDW is expected
to undergo much faster dynamics, facilitating the
detection of MBL.

Theoretical model

Our system can be described by the 1D fermionic
Aubry-André model (38) with interactions (36),
given by the Hamiltonian

ˇ

H ¼ −J∑
i;s
ð

ˇ

c †i;s

ˇ

ciþ1;sþ h:c:Þ þ

D∑
i;s

cosð2pbi þ fÞ

ˇ

c †i;s

ˇ

ci;s þ U∑
i

ˇ

ni;↑

ˇ

ni;↓ ð2Þ

Here, J is the tunneling matrix element between
neighboring lattice sites,

ˇ

c †i;s denotes the creation
operator, and

ˇ

ci;s denotes the annihilation op-
erator for a fermion in spin state s ∈ {↑, ↓} on site
i. The second term describes the quasirandom
disorder—the shift of the on-site energy due to an
additional incommensurate lattice, characterized
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by the ratio of lattice periodicities b, disorder
strength D, and phase offset f. Finally,U represents
the on-site interaction energy, and

ˇ

ni;s ¼

ˇ

c †i;s

ˇ

ci;s
is the local number operator (Fig. 1C).
This quasirandom model is special in that for

almost all irrational b (37), all single-particle
states become localized at the same critical dis-
order strength D/J = 2 (38). For larger disorder
strengths, the localization length decreases mono-
tonically. Such a transition was indeed ob-
served experimentally in a noninteracting bosonic
gas (30). In contrast, truly random disorder will
lead to single-particle localization in one dimen-
sion already for arbitrarily small disorder strengths.
Previous numerical work indicatesMBL in quasi-
random systems to be similar to that obtained for
a truly random potential (36).

Experiment

We experimentally realized the Aubry-André
model by superimposing on the primary, short
lattice (ls = 532 nm) a second, incommensu-
rate disorder lattice with ld = 738 nm (thus, b =
ls/ld ≈ 0.721) and control J, D, and f via lattice
depths and relative phase between the two lat-
tices (37). The interactions (U) between atoms
in the two different spin states j↑i and j↓i are
tuned via a magnetic Feshbach resonance (37).
In total, this provides independent control of
U, J, and D and enables us to continuously tune
the system from an Anderson insulator in the
noninteracting case to the MBL regime for inter-
acting particles.
An additional long lattice (ll = 1064 nm = 2ls)

forms a period-two superlattice (39, 40) together
with the short lattice and is used during the prep-
aration of the initial CDW state and during de-
tection (37). Deep lattices along the orthogonal
directions [l⊥= 738nmandV⊥=36(1)ER] create an
array of decoupled 1D tubes. Here, ER ¼ h2=
ð2ml2latÞ denotes the recoil energy, with h being
Planck’s constant, m the mass of the atoms, and
llat the respective wavelength of the lattice lasers.
We used a two-component degenerate Fermi

gas of 40K atoms, consisting of an equal mixture

of 90 × 103 to 110 × 103 atoms in each of the two
lowest hyperfine states jF ;mFi ¼ j 92 ;−

9
2i ≡ j↓i

and j 92 ;−
7
2i ≡ j↑i, at an initial temperature of

0.20(2) TF, where TF is the Fermi temperature.
The atoms were initially prepared in a finite
temperature band insulating state (41), with
up to 100 atoms per tube in the long and or-
thogonal lattices.We then split each lattice site by
ramping up the short lattice in a tilted con-
figuration (37) and subsequently ramped down
the long lattice. This creates a CDW, in which
there are no atoms on odd lattice sites but zero,
one, or two atoms on each even site (40, 42). This
initial CDW is then allowed to evolve for a given
time in the 8.0(2)ER deep short lattice at a
specific interaction strength U in the presence of
disorder D. In a final step, we detected the num-
ber of atoms on even and odd lattice sites by
using a band-mapping technique that maps them
to different bands of the superlattice (37, 42).
This allows us to directly measure the imbalance
I , as defined in Eq. 1, in much larger systems
than what is numerically feasible.

Results

We tracked the time evolution of the imbal-
ance I for various interactions U and disorder
strengths D (Fig. 2). At short times, the imbal-
ance exhibits some dynamics consisting of a fast
decay followed by a few damped oscillations.
After a few tunneling times t = h/(2pJ), the im-
balance approaches a stationary value. In a clean
system (D/J = 0), and for weak disorder, the sta-
tionary value of the imbalance approaches zero.
For stronger disorder, however, this behavior
changes dramatically, and the imbalance attains
a nonvanishing stationary value that persists for
all observation times. Because the imbalancemust
decay to zero on approaching thermal equilib-
rium at these high energies, the nonvanishing
stationary value of I directly indicates non-
ergodic dynamics. Deep in the localized phase,
in which unbiased numerical density-matrix re-
normalization group (DMRG) calculations are
feasible because of the slowentanglement growth,

we found the stationary value obtained in the
simulations to be in very good agreement with
the experimental result. These simulations were
performed for a single homogeneous tube with-
out any trapping potentials (37). The stronger
damping of oscillations observed in the exper-
iment can be attributed to a dephasing caused
by variations in J between different 1D tubes
(37, 42).
We experimentally observed an additional

very slow decay of I on a time scale of several
hundred tunneling times for all interaction
strengths, which we attribute to the fact that
our system is not perfectly closed owing to small
background gas losses, technical heating, pho-
ton scattering, and coupling to neighboring

SCIENCE sciencemag.org 21 AUGUST 2015 • VOL 349 ISSUE 6250 843

Fig. 1. Schematics of the many-
body system, initial state, and
phase diagram. (A) Initial state of
our system consisting of a CDW, in
which all atoms occupy even sites
(e) only. For an interacting many-body
system, the evolution of this state over
time depends on whether the system is
ergodic or not. (B) Schematic phase
diagram for the system. In the ergodic,
delocalized phase (white), the initial
CDWquickly decays,whereas it persists
for long times in the nonergodic, local-
ized phase (yellow).The striped area
indicates the dependence of the
transition on the doublon fraction, with
the black solid line indicating the case of no doublons.The black dash-dotted line represents the experimentally observed transition for a finite doublon fraction,
extracted from the data in Fig. 4.The gray arrows depict the postulated pattern of renormalization group flows controlling the localization transition. For U = 0, as
well as in the limit of infinite U with no doublons present (37), the transition is controlled by the noninteracting Aubry-André critical point, represented by the
unstable gray fixed points. Generically, however, it is governed by the MBL critical point (48), shown in red. The U = 0 and U = ∞ as well as the D/J = 0 limits
represent special integrable cases that are not ergodic (51, 52). (C) A schematic representation of the three terms in the Aubry-André Hamiltonian (Eq. 2).

Fig. 2. Time evolution of an initial CDW. A CDW,
consisting of fermionic atoms occupying only even
sites, is allowed to evolve in a lattice with an ad-
ditional quasirandom disorder potential. After var-
iable times, the imbalance I between atoms on
odd and even sites is measured. Experimental
time traces (circles) and DMRG calculations for
a single homogeneous tube (lines) (37) are shown
for various disorder strengths D. Each experi-
mental data point denotes the average of six dif-
ferent realizations of the disorder potential, and
the error bars show the SD of the mean. The
shaded region indicates the time window used
to characterize the stationary imbalance in the
rest of the analysis.
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Evidence for a Finite-Temperature 
Insulator
M. Ovadia1,†, D. Kalok1, I. Tamir1, S. Mitra1, B. Sacépé1,2,3 & D. Shahar1

���������������������������Ǧ������������������Ǧƪ������������������������������������Ƥ�����
temperatures (T) by virtue of the short-circuit condition maintained by the electrons that remain 
����������������������Ǥ������������������������Ƥ����ǦT insulator and the “superinsulating” phase 
������ơ��������������������������������������������������������������������������������������
����Ƥ����ǦT insulator sets-in. If the residual conduction is small it may be possible to observe the 
�������������������������������������Ǥ���������������������������������������������������ǦƤ����
insulator terminating superconductivity in amorphous indium-oxide exhibits an abrupt drop, and 
seem to approach a zero conductance at T < 0.04 K. We discuss our results in the light of theories 
���������������Ƥ����ǦT insulator.

In 2005, two theoretical groups1,2 considered a disordered, strongly interacting, many-body system of 
electrons that is not coupled to an external environment (phonons). !ey posed the fundamental ques-
tion of whether thermal excitations, which are essential to the mechanism of charge transport, can equil-
ibrate via the interaction with the electron bath or stay frozen as a consequence of, what they termed, 
the many-body localization (MBL). !eir analyses indicated that in such a system an insulating, zero 
conductance (σ), state is identi"ed at "nite-T up to a well-de"ned critical T, T*. Numerical calculations3,4 
based on the analytical approach of ref.1 provide ambiguous results regarding the existence of such a 
phase at nonzero T’s.

In order to experimentally search for this "nite-T insulator, it was later suggested5, one should look 
in disordered systems in which the electrons decouple, at low T, from the phonons. A clear signature 
of this decoupling is the appearance of discontinuities in the current-voltage (I-V) characteristics6 that 
result from bi-stability of the electrons T (Te) under V-bias conditions.

We focus on highly disordered superconductors that, at high magnetic-"eld (B), undergo a 
superconductor-insulator transition (SIT)7,8. !e SIT is a quantum phase transition9 that can be driven 
by B10–12, disorder13, thickness14, gate voltage15 or other parameters in the Hamiltonian. It is observed in 
variety of systems10–12,14,16 and by various experimental techniques10,17,18.

In the B-driven SIT the superconductor goes into an insulating phase at a critical B, BC. In many 
cases11,17,19–22 strong insulating behavior is seen only over a narrow range of B to form an “insulating 
peak” (see Fig. 1). Both theoretical23,24 and experimental20,22,25 studies associate the insulating peak with 
Cooper-pair localization.

To characterize this B-induced insulating peak, we25 studied its I-V characteristics and found that 
they exhibit a discontinuous jump in I of more than 4 orders of magnitude as a threshold V, Vth, is 
exceeded (see top right inset of Fig. 1). !is "nding26,27 was theoretically linked28 to the formation of a 
‘superinsulating’ state that in a manner akin, but opposite, to superconductivity is characterized by an 
abrupt vanishing of σ at low V-bias.

An alternative view of the discontinuous I-V characteristics was o$ered by Altshuler et al.29 who ana-
lyzed the steady state heat balance in the insulating-peak region under V-bias. !ey suggested that the I 
jumps resulted from bi-stability of Te that, at low T, can be very di$erent from the T of the host phonons 
(Tph). We followed this theoretical work with a systematic study and obtained a good agreement30. We 
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Many-body localization (MBL), the disorder-induced localization of interacting particles,
signals a breakdown of conventional thermodynamics because MBL systems do not
thermalize and show nonergodic time evolution. We experimentally observed this
nonergodic evolution for interacting fermions in a one-dimensional quasirandom optical
lattice and identified the MBL transition through the relaxation dynamics of an initially
prepared charge density wave. For sufficiently weak disorder, the time evolution appears
ergodic and thermalizing, erasing all initial ordering, whereas above a critical disorder
strength, a substantial portion of the initial ordering persists. The critical disorder value
shows a distinctive dependence on the interaction strength, which is in agreement with
numerical simulations. Our experiment paves the way to further detailed studies of MBL,
such as in noncorrelated disorder or higher dimensions.

T
he ergodic hypothesis is one of the central
principles of statistical physics. In ergodic
time evolution of a quantum many-body
system, local degrees of freedom become
fully entangled with the rest of the system,

leading to an effectively classical hydrodynamic
evolution of the remaining slow observables (1).
Hence, ergodicity is responsible for the demise
of observable quantum correlations in the dynam-
ics of large many-body systems and forms the
basis for the emergence of local thermodynamic
equilibrium in isolated quantum systems (2–4).
It is therefore of fundamental interest to investi-
gate how ergodicity breaks down and to under-
stand the long-time stationary states that ensue
in the absence of ergodicity.
One path to breaking ergodicity is provided

by the study of integrable models, in which
thermalization is prevented owing to the con-
straints imposed on the dynamics by an infinite
set of conservation rules. Such models have been
realized and studied in a number of experiments
with ultracold atomic gases (5–7). However, in-
tegrable models represent very special and fine-
tuned situations, making it difficult to extract
general underlying principles.
Theoretical studies over the past decade point

to many-body localization (MBL) in a disordered

isolated quantum system as a more generic al-
ternative to thermalization dynamics. In his orig-
inal paper on single-particle localization, Anderson
already speculated that interacting many-body
systems subject to sufficiently strong disorder
would also fail to thermalize (8). Only recently,
however, have convincing theoretical arguments
been put forward that Anderson localization re-
mains stable under the addition of moderate in-
teractions, even in highly excited many-body
states (9–11). Further theoretical studies have
established the many-body localized state as a
distinct dynamical phase of matter that exhibits
previously unknown universal behavior (12–22).
In particular, the relaxation of local observables
does not follow the conventional paradigm of
thermalization and is expected to show explicit
breaking of ergodicity (23).
Although Anderson localization of noninter-

acting particles has been experimentally observed
in a variety of systems, including light scattering
fromsemiconductorpowders in three-dimensional
(3D) (24), photonic lattices in 1D (25) and 2D
(26), and cold atoms in 1D and 3D random
(27–29) and quasirandom (30) disorder, the in-
teracting case has proven more elusive. Initial
experiments with interacting systems have fo-
cused on the superfluid- (31–33) or metal-to-
insulator (34) transition in the ground state.
Evidence for inhibitedmacroscopicmass transport
was reported even at elevated temperatures (34)
but is hard to distinguish from the exponentially
slow motion expected from conventional acti-
vated transport or effects stemming from the
inhomogeneity of the cloud. Possible precursors
of MBL have also been reported in a transport

experiment by using conventional thin-film elec-
tronic insulators (35).
Here, we report the experimental observation

of ergodicity breaking because of MBL away
from the ground state. Our experiments are
performed in a 1D system of ultracold fermions
in a bichromatic, quasirandomly disordered lat-
tice potential. We identified the many-body local-
ized phase by monitoring the time evolution of
local observables following a quench of system
parameters. Specifically, we prepared a high-
energy initial state with a strong, artificially pre-
pared charge density wave (CDW) order (Fig. 1A)
and measured the relaxation of this CDW in the
ensuing unitary evolution. Our main observable
is the imbalance I between the respective atom
numbers on even (Ne) and odd (No) sites

I ¼ N e " No

N e þ No
ð1Þ

which directly measures the CDW order. Al-
though the initial CDW (I & 0:9) will quickly re-
lax to zero in the thermalizing case, this is not true
in a localized system, in which ergodicity is broken
and the system cannot act as its own heat bath
(Fig. 1B) (36). Intuitively, if the system is strong-
ly localized, all particles will stay close to their
original positions during time evolution, thus
only smearing out the CDW a little. A longer
localization length x corresponds to more ex-
tended states andwill lead to a lower steady-state
value of the imbalance. The long-time stationary
value of the imbalance thus effectively serves as
an order parameter of theMBL phase and allows
us to map the phase boundary between the er-
godic and nonergodic phases in the parameter
space of interaction versus disorder strength. In
particular, close to the transition, the imbalance
is expected to vanish asymptotically as a power
lawº1/xawith a > 0 (37). In contrast to previous
experiments, which studied the effect of disorder
on the global expansion and transport dynamics
(27, 30, 31, 33, 34), the CDWorder parameter acts
as a purely local probe, directly capturing the
ergodicity breaking. Although ultimately facing a
similar challenge, namely distinguishing very slow
dynamics from no dynamics, the CDW is expected
to undergo much faster dynamics, facilitating the
detection of MBL.

Theoretical model

Our system can be described by the 1D fermionic
Aubry-André model (38) with interactions (36),
given by the Hamiltonian

ˇ

H ¼ −J∑
i;s
ð

ˇ

c †i;s

ˇ

ciþ1;sþ h:c:Þ þ

D∑
i;s

cosð2pbi þ fÞ

ˇ

c †i;s

ˇ

ci;s þ U∑
i

ˇ

ni;↑

ˇ

ni;↓ ð2Þ

Here, J is the tunneling matrix element between
neighboring lattice sites,

ˇ

c †i;s denotes the creation
operator, and

ˇ

ci;s denotes the annihilation op-
erator for a fermion in spin state s ∈ {↑, ↓} on site
i. The second term describes the quasirandom
disorder—the shift of the on-site energy due to an
additional incommensurate lattice, characterized
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by the ratio of lattice periodicities b, disorder
strength D, and phase offset f. Finally,U represents
the on-site interaction energy, and

ˇ

ni;s ¼

ˇ

c †i;s

ˇ

ci;s
is the local number operator (Fig. 1C).
This quasirandom model is special in that for

almost all irrational b (37), all single-particle
states become localized at the same critical dis-
order strength D/J = 2 (38). For larger disorder
strengths, the localization length decreases mono-
tonically. Such a transition was indeed ob-
served experimentally in a noninteracting bosonic
gas (30). In contrast, truly random disorder will
lead to single-particle localization in one dimen-
sion already for arbitrarily small disorder strengths.
Previous numerical work indicatesMBL in quasi-
random systems to be similar to that obtained for
a truly random potential (36).

Experiment

We experimentally realized the Aubry-André
model by superimposing on the primary, short
lattice (ls = 532 nm) a second, incommensu-
rate disorder lattice with ld = 738 nm (thus, b =
ls/ld ≈ 0.721) and control J, D, and f via lattice
depths and relative phase between the two lat-
tices (37). The interactions (U) between atoms
in the two different spin states j↑i and j↓i are
tuned via a magnetic Feshbach resonance (37).
In total, this provides independent control of
U, J, and D and enables us to continuously tune
the system from an Anderson insulator in the
noninteracting case to the MBL regime for inter-
acting particles.
An additional long lattice (ll = 1064 nm = 2ls)

forms a period-two superlattice (39, 40) together
with the short lattice and is used during the prep-
aration of the initial CDW state and during de-
tection (37). Deep lattices along the orthogonal
directions [l⊥= 738nmandV⊥=36(1)ER] create an
array of decoupled 1D tubes. Here, ER ¼ h2=
ð2ml2latÞ denotes the recoil energy, with h being
Planck’s constant, m the mass of the atoms, and
llat the respective wavelength of the lattice lasers.
We used a two-component degenerate Fermi

gas of 40K atoms, consisting of an equal mixture

of 90 × 103 to 110 × 103 atoms in each of the two
lowest hyperfine states jF ;mFi ¼ j 92 ;−

9
2i ≡ j↓i

and j 92 ;−
7
2i ≡ j↑i, at an initial temperature of

0.20(2) TF, where TF is the Fermi temperature.
The atoms were initially prepared in a finite
temperature band insulating state (41), with
up to 100 atoms per tube in the long and or-
thogonal lattices.We then split each lattice site by
ramping up the short lattice in a tilted con-
figuration (37) and subsequently ramped down
the long lattice. This creates a CDW, in which
there are no atoms on odd lattice sites but zero,
one, or two atoms on each even site (40, 42). This
initial CDW is then allowed to evolve for a given
time in the 8.0(2)ER deep short lattice at a
specific interaction strength U in the presence of
disorder D. In a final step, we detected the num-
ber of atoms on even and odd lattice sites by
using a band-mapping technique that maps them
to different bands of the superlattice (37, 42).
This allows us to directly measure the imbalance
I , as defined in Eq. 1, in much larger systems
than what is numerically feasible.

Results

We tracked the time evolution of the imbal-
ance I for various interactions U and disorder
strengths D (Fig. 2). At short times, the imbal-
ance exhibits some dynamics consisting of a fast
decay followed by a few damped oscillations.
After a few tunneling times t = h/(2pJ), the im-
balance approaches a stationary value. In a clean
system (D/J = 0), and for weak disorder, the sta-
tionary value of the imbalance approaches zero.
For stronger disorder, however, this behavior
changes dramatically, and the imbalance attains
a nonvanishing stationary value that persists for
all observation times. Because the imbalancemust
decay to zero on approaching thermal equilib-
rium at these high energies, the nonvanishing
stationary value of I directly indicates non-
ergodic dynamics. Deep in the localized phase,
in which unbiased numerical density-matrix re-
normalization group (DMRG) calculations are
feasible because of the slowentanglement growth,

we found the stationary value obtained in the
simulations to be in very good agreement with
the experimental result. These simulations were
performed for a single homogeneous tube with-
out any trapping potentials (37). The stronger
damping of oscillations observed in the exper-
iment can be attributed to a dephasing caused
by variations in J between different 1D tubes
(37, 42).
We experimentally observed an additional

very slow decay of I on a time scale of several
hundred tunneling times for all interaction
strengths, which we attribute to the fact that
our system is not perfectly closed owing to small
background gas losses, technical heating, pho-
ton scattering, and coupling to neighboring
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Fig. 1. Schematics of the many-
body system, initial state, and
phase diagram. (A) Initial state of
our system consisting of a CDW, in
which all atoms occupy even sites
(e) only. For an interacting many-body
system, the evolution of this state over
time depends on whether the system is
ergodic or not. (B) Schematic phase
diagram for the system. In the ergodic,
delocalized phase (white), the initial
CDWquickly decays,whereas it persists
for long times in the nonergodic, local-
ized phase (yellow).The striped area
indicates the dependence of the
transition on the doublon fraction, with
the black solid line indicating the case of no doublons.The black dash-dotted line represents the experimentally observed transition for a finite doublon fraction,
extracted from the data in Fig. 4.The gray arrows depict the postulated pattern of renormalization group flows controlling the localization transition. For U = 0, as
well as in the limit of infinite U with no doublons present (37), the transition is controlled by the noninteracting Aubry-André critical point, represented by the
unstable gray fixed points. Generically, however, it is governed by the MBL critical point (48), shown in red. The U = 0 and U = ∞ as well as the D/J = 0 limits
represent special integrable cases that are not ergodic (51, 52). (C) A schematic representation of the three terms in the Aubry-André Hamiltonian (Eq. 2).

Fig. 2. Time evolution of an initial CDW. A CDW,
consisting of fermionic atoms occupying only even
sites, is allowed to evolve in a lattice with an ad-
ditional quasirandom disorder potential. After var-
iable times, the imbalance I between atoms on
odd and even sites is measured. Experimental
time traces (circles) and DMRG calculations for
a single homogeneous tube (lines) (37) are shown
for various disorder strengths D. Each experi-
mental data point denotes the average of six dif-
ferent realizations of the disorder potential, and
the error bars show the SD of the mean. The
shaded region indicates the time window used
to characterize the stationary imbalance in the
rest of the analysis.
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Evidence for a Finite-Temperature 
Insulator
M. Ovadia1,†, D. Kalok1, I. Tamir1, S. Mitra1, B. Sacépé1,2,3 & D. Shahar1

���������������������������Ǧ������������������Ǧƪ������������������������������������Ƥ�����
temperatures (T) by virtue of the short-circuit condition maintained by the electrons that remain 
����������������������Ǥ������������������������Ƥ����ǦT insulator and the “superinsulating” phase 
������ơ��������������������������������������������������������������������������������������
����Ƥ����ǦT insulator sets-in. If the residual conduction is small it may be possible to observe the 
�������������������������������������Ǥ���������������������������������������������������ǦƤ����
insulator terminating superconductivity in amorphous indium-oxide exhibits an abrupt drop, and 
seem to approach a zero conductance at T < 0.04 K. We discuss our results in the light of theories 
���������������Ƥ����ǦT insulator.

In 2005, two theoretical groups1,2 considered a disordered, strongly interacting, many-body system of 
electrons that is not coupled to an external environment (phonons). !ey posed the fundamental ques-
tion of whether thermal excitations, which are essential to the mechanism of charge transport, can equil-
ibrate via the interaction with the electron bath or stay frozen as a consequence of, what they termed, 
the many-body localization (MBL). !eir analyses indicated that in such a system an insulating, zero 
conductance (σ), state is identi"ed at "nite-T up to a well-de"ned critical T, T*. Numerical calculations3,4 
based on the analytical approach of ref.1 provide ambiguous results regarding the existence of such a 
phase at nonzero T’s.

In order to experimentally search for this "nite-T insulator, it was later suggested5, one should look 
in disordered systems in which the electrons decouple, at low T, from the phonons. A clear signature 
of this decoupling is the appearance of discontinuities in the current-voltage (I-V) characteristics6 that 
result from bi-stability of the electrons T (Te) under V-bias conditions.

We focus on highly disordered superconductors that, at high magnetic-"eld (B), undergo a 
superconductor-insulator transition (SIT)7,8. !e SIT is a quantum phase transition9 that can be driven 
by B10–12, disorder13, thickness14, gate voltage15 or other parameters in the Hamiltonian. It is observed in 
variety of systems10–12,14,16 and by various experimental techniques10,17,18.

In the B-driven SIT the superconductor goes into an insulating phase at a critical B, BC. In many 
cases11,17,19–22 strong insulating behavior is seen only over a narrow range of B to form an “insulating 
peak” (see Fig. 1). Both theoretical23,24 and experimental20,22,25 studies associate the insulating peak with 
Cooper-pair localization.

To characterize this B-induced insulating peak, we25 studied its I-V characteristics and found that 
they exhibit a discontinuous jump in I of more than 4 orders of magnitude as a threshold V, Vth, is 
exceeded (see top right inset of Fig. 1). !is "nding26,27 was theoretically linked28 to the formation of a 
‘superinsulating’ state that in a manner akin, but opposite, to superconductivity is characterized by an 
abrupt vanishing of σ at low V-bias.

An alternative view of the discontinuous I-V characteristics was o$ered by Altshuler et al.29 who ana-
lyzed the steady state heat balance in the insulating-peak region under V-bias. !ey suggested that the I 
jumps resulted from bi-stability of Te that, at low T, can be very di$erent from the T of the host phonons 
(Tph). We followed this theoretical work with a systematic study and obtained a good agreement30. We 
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Who / Why care of MBL?
 Many many people... 



Who / Why care of MBL?
 Many many people... (including experimentalists)

 Probably because it is interesting!...
➡ Go beyond single-particle Anderson localization
➡ Address the question of “thermalization” in closed systems
➡ Eigenstates “dynamical” transition
➡ Unusual entanglement properties
➡ Very peculiar out-of-equilibrium properties
➡ MBL can help to store quantum information at long time

➡ Good theoretical challenge
For recent reviews, see: Nandkishore and Huse, 
Many-Body Localization and Thermalization in Quantum Statistical Mechanics
Annual Review of Condensed Matter Physics (2015)



 Poisson level statistics
 No thermalization
 Area-law entanglement
 logarithmic entanglement growth

Where are we now...?

 Anderson localization survives interactions
 Dynamical transition for high-energy eigenstates at finite 

disorder strength

disorder 
strengthMetallic/Ergodic Insulator/MBL

 GOE level statistics
 Thermalization (ETH)
 Volume-law entanglement
 Ballistic entanglement growth(?)

 quasi-local integrals of motion 
 Eigenstates ~ MPS



working plan

 Energy-resolved eigenstates properties (=> mobility edge?)

 MBL transition: Finite size scaling and critical exponents(?)

 Dynamical properties after a high-energy quench

   entanglement growth? spreading of correlations?
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Extended slow dynamical regime close to the many-body localization transition2

David J. Luitz,1,2,* Nicolas Laflorencie,2,† and Fabien Alet2,‡
3
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Many-body localization is characterized by a slow logarithmic growth of the entanglement entropy after
a global quantum quench while the local memory of an initial density imbalance remains at infinite time.
We investigate how much the proximity of a many-body localized phase can influence the dynamics in the
delocalized ergodic regime where thermalization is expected. Using an exact Krylov space technique, the out-
of-equilibrium dynamics of the random-field Heisenberg chain is studied up to L = 28 sites, starting from an
initially unentangled high-energy product state. Within most of the delocalized phase, we find a sub-ballistic
entanglement growth S(t) ∝ t1/z with a disorder-dependent exponent z ! 1, in contrast with the pure ballistic
growth z = 1 of clean systems. At the same time, anomalous relaxation is also observed for the spin imbalance
I(t) ∝ t−ζ with a continuously varying disorder-dependent exponent ζ , vanishing at the transition. This provides
a clear experimental signature for detecting this nonconventional regime.
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The many-body localization (MBL) phenomenon has at-18

tracted enormous interest in the last few years (see Refs. [1,2]19

for recent reviews). This is mainly due to the fundamental20

issues that MBL raises regarding the foundations of quantum21

statistical physics, e.g., the absence of thermalization and a vio-22

lation of the eigenstate thermalization hypothesis (ETH) [3–5],23

the persistence of local quantum information at very long24

time [6], and the slow logarithmic growth of entanglement25

entropy with time [7–12]. Furthermore, MBL behaves as an26

emerging integrable system, with an extensive number of local27

integrals of motion [11,13–15], and MBL states exhibit low28

(area-law) entanglement even at high energy [16]. In this29

context, one of the most studied theoretical models is the30

spin- 1
2 random-field Heisenberg chain [6,8,9,17–19]31

H =
L∑

i=1

(#Si · #Si+1 − hiS
z
i

)
, (1)

which lies in the same class as interacting fermionic rings in32

a disordered potential [20–23]. Exact diagonalization (ED)33

studies have clearly identified a MBL transition [6,18,24],34

and a many-body mobility edge in one dimension [18,24], in35

contrast with single particle Anderson localization. However,36

the precise nature of the transition remains elusive despite37

tentative finite size scaling analyses, practically limited to the38

small range of available system sizes L " 22 [18].39

Recently, two analytical phenomenological renormaliza-40

tion approaches have been proposed by Vosk et al. [25] and41

Potter et al. [26] for the dynamical transition from ETH to42

MBL in one dimension. Building on different ingredients,43

both studies nevertheless reached comparable conclusions44

regarding the critical regime. One interesting common aspect45

is that slow dynamics is predicted on the delocalized side of46

the transition, interpreted as caused by Griffiths regions [27].47

Signatures of such anomalously slow dynamics on the ergodic48

*dluitz@illinois.edu
†laflo@irsamc.ups-tlse.fr
‡alet@irsamc.ups-tlse.fr

side of the transition were previously observed numerically 49

for one-dimensional (1D) models in Refs. [19,22,28] on small 50

systems L " 16. While Agarwal et al. [19] found a transition 51

diffusive–subdiffusive roughly in the middle of the ergodic 52

regime, Bar Lev et al. [22] concluded for a more extended 53

subdiffusive phase, although they did not precisely locate the 54

boundary. 55

In this Rapid Communication we address this crucial 56

issue of anomalous dynamics in the delocalized regime 57

when approaching the MBL transition for the random-field 58

Heisenberg chain model, Eq. (1). We study the time evolution 59

after a quantum quench for systems up to L = 28 sites using an 60

exact Krylov space method [29]. Reaching these large system 61

sizes turns out to be decisive for drawing firm conclusions 62

on the dynamical response after a global quench. We focus 63

on the out-of-equilibrium response for two key quantities: the 64

entanglement entropy and the spin density imbalance. While 65

the former is a central object for quantum quenches [30], the 66

latter addresses the prevailing question of how the memory 67

of an initial quantum state is lost with time, and allows 68

one to make a direct connection with recent experiments on 69

interacting fermions in a 1D quasirandom optical lattice [31]. 70

Our exact numerical results for the time evolution of these 71

two quantities provide strong support for the absence of a 72

diffusive regime in most of the delocalized ETH phase. In- 73

stead, a sub-ballistic entanglement growth is clearly observed 74

for the von Neumann entropy S(t) ∝ t1/z, with a disorder- 75

dependent exponent z ! 1. The relaxation of an initial spin 76

density imbalance also displays a power-law behavior, as 77

it decays in time I(t) ∝ t−ζ with a nonuniversal exponent 78

ζ , superposed by subdominant oscillatory terms. These two 79

exponents governing the entropy growth and the decay of the 80

imbalance are continuously varying with the disorder strength 81

and both vanish at the MBL transition. In the MBL regime, we 82

recover the slow logarithmic growth of entanglement, while 83

the memory of initial spin density imbalance remains even 84

after long times. Figure 1 shows an overview of both ETH 85

and MBL regimes for the time evolution of entanglement and 86

imbalance obtained using Krylov space time evolution with 87

L = 20 sites in the MBL regime and L = 28 in the ETH 88

2469-9950/2016/00(0)/000200(5) 000200-1 ©2016 American Physical Society



H =
∑

i

i i+1 − hiS
z
i hi ∈ [−h, h]

Sz = 0
(
L
L
2

)

1
3

L = 16

hc ≈ 3.5

«Standard model» for MBL

H =
L∑

i=1

!Si · !Si+1 − hiS
z
i hi ∈ [−h, h]



Spectral statistics: Gap ratio

• Thermal (ETH) phase: expect Random Matrix Theory (in particular GOE) to correctly 
capture highly-excited eigenvalues 

• MBL phase: expect Poisson statistics (no correlation, no level repulsion)

• Level statistics: natural tool to check for localization



Spectral statistics: Gap ratio

• Thermal (ETH) phase: expect Random Matrix Theory (in particular GOE) to correctly 
capture highly-excited eigenvalues 

• MBL phase: expect Poisson statistics (no correlation, no level repulsion)

• Level statistics: natural tool to check for localization

• Gap ratio [Oganesyan, Huse]

gn = |En � En�1| r = min (gn, gn+1)/max (gn, gn+1)

hriGOE ' 0.5307 hri
Poisson

' 0.3863

4

this ratio over states and samples at each h and L. In
the ergodic phase, the energy spectrum has GOE (Gaus-
sian orthogonal ensemble) level statistics and the average
value of r converges to [r] ∼= 0.53 for L → ∞, while in
the localized phase the level statistics are Poisson and
[r] →∼= 0.39. Note that our model is integrable at h = 0,
so will not show GOE level statistics in that limit, and
this effect is showing up for our smallest L and lowest h
in Fig. 3.
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FIG. 3: (Color online) The ratio of adjacent energy gaps (de-
fined in the text). The sample size L is indicated in the legend.
In the ergodic phase, the system has GOE level statistics,
while in the localized phase the level statistics are Poisson.

The crossings of the curves for different values of L
in Figs. 2 and 3 give estimates of the location hc of
the phase transition. Both plots show these estimates
“drifting” towards larger h as L is increased, with the
crossings at the largest L being slightly above h = 3. In
both cases this “drifting” is also towards the localized
phase, suggesting the behavior at the phase transition is,
by these measures, more like the localized phase than it
is like the ergodic phase.

IV. SPATIAL CORRELATIONS

To further explore the finite-size scaling properties of
the many-body localization transition in our model, we
next look at spin correlations on length scales of order
the length L of our samples. One of the simplest correla-
tion functions within a many-body eigenstate |n〉 of the
Hamiltonian of sample α is

Czz
nα(i, j) = 〈n|Ŝz

i Ŝ
z
j |n〉α − 〈n|Ŝz

i |n〉α〈n|Ŝz
j |n〉α . (7)

In Fig. 4 we show the mean value [log |Czz
nα(i, i+ d)|]

as a function of the distance d for representative values of
h in the two phases and near the phase transition. Data
are presented for various L. This correlation function
behaves very differently in the two phases:
In the ergodic phase, for large L this correlation func-

tion should approach its thermal equilibrium value. For

0 1 2 3 4 5 6 7 8 9
−14

−12

−10

−8

−6

−4

−2

[ l
og

 |C
nαzz

(i,
i+

d)
| ]

d
 

 

8
10
12
14
16
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FIG. 4: (Color online) The spin-spin correlations in the many-
body eigenstates as a function of the distance d. The sample
size L is indicated in the legend. The correlations decay ex-
ponentially with d in the localized phase (h = 6.0), while they
are independent of d at large d in the ergodic phase (h = 0.6).
Intermediate behavior at h = 3.6, which is near the localiza-
tion transition, is also shown.

the states with zero total Ŝz that we look at, 〈n|Ŝz
i |n〉 ∼= 0

in the thermal eigenstates of the ergodic phase. However,
the conservation of total Ŝz does result in anticorrela-
tions so that Czz

nα(i, j) ≈ −1/(4(L−1)) for well-separated
spins. These distant spins at sites i and j are entangled
and correlated: if spin i is flipped, that quantum of spin
is delocalized and may instead be at any of the other
sites, including the most distant one. These long-range
correlations are apparent in Fig. 4 for h = 0.6, which
is in the ergodic phase. Note that at large distance the
correlations in the ergodic phase become essentially in-
dependent of d = |i−j| at large L and d, confirming that
the spin flips are indeed delocalized. Although we only
plot the absolute value of the correlations, in fact these
correlations are almost all negative, as expected, in this
large L ergodic regime.
In the localized phase, on the other hand, the eigen-

states are not thermal and 〈n|Ŝz
i |n〉 remains nonzero for

L → ∞. If spin i is flipped, within a single eigenstate
that quantum of spin remains localized near site i, with
its amplitude for being at site j falling off exponentially
with the distance: Czz

nα(i, j) ∼ exp (−|i− j|/ξ), with ξ
the localization length. In the localized phase the typ-
ical correlation and entanglement between two spins i
and j thus fall off exponentially with the distance |i− j|
(except for |i − j| near L/2, due to the periodic bound-
ary conditions). This behavior is apparent in Fig. 4 for
h = 6.0, which is in the localized phase and has a local-
ization length that is less than one lattice spacing. We
note that in the localized phase, as well as near the phase
transition, the long distance spin correlations Czz are of
apparently random sign.
The data of Figs. 1-4 show the existence of and some of

the differences between the ergodic and localized phases.
We have also looked at entanglement spectra [23] of the

• Extensively used 
in the many-
body context

«Infinite-temperature»
[Pal & Huse 2010]
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in Figs. 2 and 3 give estimates of the location hc of
the phase transition. Both plots show these estimates
“drifting” towards larger h as L is increased, with the
crossings at the largest L being slightly above h = 3. In
both cases this “drifting” is also towards the localized
phase, suggesting the behavior at the phase transition is,
by these measures, more like the localized phase than it
is like the ergodic phase.
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To further explore the finite-size scaling properties of
the many-body localization transition in our model, we
next look at spin correlations on length scales of order
the length L of our samples. One of the simplest correla-
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sites, including the most distant one. These long-range
correlations are apparent in Fig. 4 for h = 0.6, which
is in the ergodic phase. Note that at large distance the
correlations in the ergodic phase become essentially in-
dependent of d = |i−j| at large L and d, confirming that
the spin flips are indeed delocalized. Although we only
plot the absolute value of the correlations, in fact these
correlations are almost all negative, as expected, in this
large L ergodic regime.
In the localized phase, on the other hand, the eigen-

states are not thermal and 〈n|Ŝz
i |n〉 remains nonzero for

L → ∞. If spin i is flipped, within a single eigenstate
that quantum of spin remains localized near site i, with
its amplitude for being at site j falling off exponentially
with the distance: Czz

nα(i, j) ∼ exp (−|i− j|/ξ), with ξ
the localization length. In the localized phase the typ-
ical correlation and entanglement between two spins i
and j thus fall off exponentially with the distance |i− j|
(except for |i − j| near L/2, due to the periodic bound-
ary conditions). This behavior is apparent in Fig. 4 for
h = 6.0, which is in the localized phase and has a local-
ization length that is less than one lattice spacing. We
note that in the localized phase, as well as near the phase
transition, the long distance spin correlations Czz are of
apparently random sign.
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Can we do better?
Exact Diag. for high-energy eigenstates

L ∼ 2

( − σ )−1

( − σ ) =
′ ′ =

LU (MUltifrontal Massively Parallel sparse direct Solver)



Exact Diag. for high-energy eigenstates

E E

ε =
(E − E )

(E − E )
∈ [0, 1].

σ = 0.05, 0.1, . . . , 0.95
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Figure 2. Adjacent gap ratio (top) and Kullback Leibler di-
vergence (bottom) as a function of disorder strength in the
spectrum center ✏ = 0.5. Insets: (top) data collapse used to
extract the critical disorder strength hc and exponent ⌫. The
h axis is transformed by (h� hc)L

1/⌫ , (bottom) distribution
of KLd in both phases.

scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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extract the critical disorder strength hc and exponent ⌫. The
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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Figure 2. Adjacent gap ratio (top) and Kullback Leibler di-
vergence (bottom) as a function of disorder strength in the
spectrum center ✏ = 0.5. Insets: (top) data collapse used to
extract the critical disorder strength hc and exponent ⌫. The
h axis is transformed by (h� hc)L

1/⌫ , (bottom) distribution
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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Figure 2. Adjacent gap ratio (top) and Kullback Leibler di-
vergence (bottom) as a function of disorder strength in the
spectrum center ✏ = 0.5. Insets: (top) data collapse used to
extract the critical disorder strength hc and exponent ⌫. The
h axis is transformed by (h� hc)L
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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Bipartite fluctuations

[Klich & Levitov, Song et al]

• Total magnetization is conserved; Magnetization in subsytem fluctuates

F = h(Sz
A)

2i � hSz
Ai2

• Bipartite Fluctuations are a good probe of entanglement

A

B

Sz
A

• Expect extensive fluctuations in thermal phase; no fluctuations in MBL

4

0 1 2 3 4 5
5

10

15

20

25

30

35

40

45

F
/
L

�
1
0
0
0

� =0.3

L =12

L =14

L =15

L =16

L =17

L =18

L =19

L =20

L =22

�100 0 50
(h � hc)L

1/�

10

20

30

40

hc =3.09(7)
� =0.77(4)

Figure 4. Bipartite fluctuations of half-chain magnetization as
a function of disorder strength at ✏ = 0.3. Inset: data collapse
using the best estimates for the critical disorder strength hc =
3.09(7) and ⌫ = 0.77(4).

a half-chain L/2) have a similar behavior. Being sim-
ply the Curie constant of the subsystem, we also ex-
pect thermal extensivity (subextensive response) in the
ergodic (localized) regime. This is clearly checked in
Fig. 4 for ✏ = 0.3 where F/L has a crossing point at the
disorder-induced MBL transition. A data collapse (inset
of Fig. 4) is also possible for F/L = g[L1/⌫(h � hc)]),
giving hc = 3.09(7) and ⌫ = 0.77(4), consistent with es-
timates from other quantities (Fig. 1). Finally, we also
performed an analysis of the dynamic fraction f of an
initial spin polarization [27], and obtained similar consis-
tent scaling (see Supp. Mat. and Fig. 1).

The disordered many-body system can be mapped
onto a single particle problem on the complex graph
spanned by the Hilbert space whose dimH vertices are
the basis states, which are connected by spin-flip terms
in Eq. (1). The average coordinance of each node is
z ⇠ L and the random potential has a gaussian distri-
bution of variance �h ⇠ h

p
L, meaning that the e↵ective

Figure 5. Participation entropy as a function of SP
0 =

ln(dimH) for q = 1, 2 and ✏ = 0.4. In the ergodic phase
(h = 1.8), SP

q grows linearly with SP
0 while the linear scaling

term vanishes within our error bars in the localized regime
(h = 4.8). Our fits (solid lines, see text) constrain aq 2 [0, 1]
and yield a logarithmic scaling prefactor lq ⇡ 2(1) at h = 4.8,
consistent with a (slow) growth of SP

q with system size in the
localized phase.

connectivity grows faster than the disorder strength. Us-
ing recent results on Anderson localization on Bethe lat-
tices at large connectivity [58], we do not expect genuine
Hilbert space localization at any finite disorder. This
argument is corroborated by our numerical results for
the PE SP

q (Fig. 5) which are always found to increase
with SP

0 ⌘ ln(dimH), albeit much more slowly in the
localized regime. Analysis of various fits of the form
SP

q = aqS
P
0 + lq ln(SP

0 ) + o(SP
0 ) indicate that aq ' 1

8q in the ergodic regime (with possibly small negative lq
corrections) as seen in the color scale of Fig. 1. In the lo-
calized regime, we obtain essentially similar fit qualities
with aq ⌧ 1 (see typical numbers in Fig. 5), or aq = 0
and lq > 0 (the slow growth of SP

q and our limited sys-
tem sizes do not allow to separate these two possibilities).
Both of these forms indicate that the localized phase has
a non-trivial generic multifractal behavior [32] (see re-
lated discussion [59] for the Bethe lattice).
Discussions and conclusions— Using various indica-

tors of the MBL transition, our large-scale energy-
resolved ED results indicate the existence of a many-
body mobility edge in the phase diagram (Fig. 1) of the
random field Heisenberg chain, with an apparent slight
asymmetry with respect to the spectrum center. Further-
more, we have indications through PE that the ergodic
regime has full features of a metallic phase (with aq = 1),
and that the localized states do not show signs of true
Hilbert-space localization (within the available system
sizes up to dimH ⇠ 7 ·105). Our detailed finite-size scal-
ing analysis (Sup. Mat.) provide a consistent estimate
of a characteristic length diverging as |h � hc|�⌫ with
⌫ = 0.8(3) through the full phase diagram (a slight vari-
ation of ⌫ with ✏ cannot be however excluded, see Sup.
Mat.). We are left with the puzzle (see also Ref. [31])
that, taken at its bare value, ⌫ appears to violate the
Harris-Chayes [60, 61] criterion ⌫ � 2/d: this may in-
dicate that the finite-size scaling and corrections at the
MBL transition may not follow [26, 27] standard forms.
Besides these results for the particular model Eq. 1, we

believe that the numerical techniques (massively paral-
lel energy-resolved diagonalisation) and new indicators of
the ergodic-localized transition (eigenstates correlations
or bipartite fluctuations) introduced here will be useful
in a large number of contexts related to MBL or ETH. In
particular, the obtention of exact eigenvectors on fairly
large systems will be crucial to quantify the e↵ectiveness
of encoding localized states as matrix product states, as
recently advocated [62–64].
Acknowledgments — We thank G. Lemarié, F. Poll-

mann, B. Georgeot, O. Giraud for fruitful discussions,
and CALMIP for generously providing access to the
EOS supercomputer. We used the libraries PETSc,
SLEPc [53] and the MUMPS [54, 55] parallel solver for
our calculations. This work was performed using HPC re-
sources from GENCI (grant x2014050225) and CALMIP
(grant 2014-P0677), and is supported by the French ANR

• Finite-size scaling F/L = fF (|h� hc|.L1/⌫)
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H = �1

2

X

j,k

|jihk|�
X

j

µj |jihj|
 Rewrite the many-body problem as an Anderson model in the configuration space

Complex network with N ⇠ 2L sites
Large connectivity z ⇠ L
On-site disordered potential µ: Gaussian � ⇠ h

p
L, but highly correlated

AL on Bethe lattice σc ∼ z ln z [Biroli et al.]

µj =
L∑

i=1

〈j|hiS
z
i − Sz

i S
z
i+1|j〉

Localization in configuration space?
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Figure 4. Bipartite fluctuations of half-chain magnetization as
a function of disorder strength at ✏ = 0.3. Inset: data collapse
using the best estimates for the critical disorder strength hc =
3.09(7) and ⌫ = 0.77(4).

a half-chain L/2) have a similar behavior. Being sim-
ply the Curie constant of the subsystem, we also ex-
pect thermal extensivity (subextensive response) in the
ergodic (localized) regime. This is clearly checked in
Fig. 4 for ✏ = 0.3 where F/L has a crossing point at the
disorder-induced MBL transition. A data collapse (inset
of Fig. 4) is also possible for F/L = g[L1/⌫(h � hc)]),
giving hc = 3.09(7) and ⌫ = 0.77(4), consistent with es-
timates from other quantities (Fig. 1). Finally, we also
performed an analysis of the dynamic fraction f of an
initial spin polarization [27], and obtained similar consis-
tent scaling (see Supp. Mat. and Fig. 1).

The disordered many-body system can be mapped
onto a single particle problem on the complex graph
spanned by the Hilbert space whose dimH vertices are
the basis states, which are connected by spin-flip terms
in Eq. (1). The average coordinance of each node is
z ⇠ L and the random potential has a gaussian distri-
bution of variance �h ⇠ h

p
L, meaning that the e↵ective
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a2 =1.00±0.01, l2 =-1.42±1.16

a1 =0.07±0.09, l1 =1.61±0.79

a2 =0.00±0.07, l2 =1.66±0.60

Figure 5. Participation entropy as a function of SP
0 =

ln(dimH) for q = 1, 2 and ✏ = 0.4. In the ergodic phase
(h = 1.8), SP

q grows linearly with SP
0 while the linear scaling

term vanishes within our error bars in the localized regime
(h = 4.8). Our fits (solid lines, see text) constrain aq 2 [0, 1]
and yield a logarithmic scaling prefactor lq ⇡ 2(1) at h = 4.8,
consistent with a (slow) growth of SP

q with system size in the
localized phase.

connectivity grows faster than the disorder strength. Us-
ing recent results on Anderson localization on Bethe lat-
tices at large connectivity [58], we do not expect genuine
Hilbert space localization at any finite disorder. This
argument is corroborated by our numerical results for
the PE SP

q (Fig. 5) which are always found to increase
with SP

0 ⌘ ln(dimH), albeit much more slowly in the
localized regime. Analysis of various fits of the form
SP

q = aqS
P
0 + lq ln(SP

0 ) + o(SP
0 ) indicate that aq ' 1

8q in the ergodic regime (with possibly small negative lq
corrections) as seen in the color scale of Fig. 1. In the lo-
calized regime, we obtain essentially similar fit qualities
with aq ⌧ 1 (see typical numbers in Fig. 5), or aq = 0
and lq > 0 (the slow growth of SP

q and our limited sys-
tem sizes do not allow to separate these two possibilities).
Both of these forms indicate that the localized phase has
a non-trivial generic multifractal behavior [32] (see re-
lated discussion [59] for the Bethe lattice).
Discussions and conclusions— Using various indica-

tors of the MBL transition, our large-scale energy-
resolved ED results indicate the existence of a many-
body mobility edge in the phase diagram (Fig. 1) of the
random field Heisenberg chain, with an apparent slight
asymmetry with respect to the spectrum center. Further-
more, we have indications through PE that the ergodic
regime has full features of a metallic phase (with aq = 1),
and that the localized states do not show signs of true
Hilbert-space localization (within the available system
sizes up to dimH ⇠ 7 ·105). Our detailed finite-size scal-
ing analysis (Sup. Mat.) provide a consistent estimate
of a characteristic length diverging as |h � hc|�⌫ with
⌫ = 0.8(3) through the full phase diagram (a slight vari-
ation of ⌫ with ✏ cannot be however excluded, see Sup.
Mat.). We are left with the puzzle (see also Ref. [31])
that, taken at its bare value, ⌫ appears to violate the
Harris-Chayes [60, 61] criterion ⌫ � 2/d: this may in-
dicate that the finite-size scaling and corrections at the
MBL transition may not follow [26, 27] standard forms.
Besides these results for the particular model Eq. 1, we

believe that the numerical techniques (massively paral-
lel energy-resolved diagonalisation) and new indicators of
the ergodic-localized transition (eigenstates correlations
or bipartite fluctuations) introduced here will be useful
in a large number of contexts related to MBL or ETH. In
particular, the obtention of exact eigenvectors on fairly
large systems will be crucial to quantify the e↵ectiveness
of encoding localized states as matrix product states, as
recently advocated [62–64].
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We present a large scale exact diagonalization study of the one dimensional spin 1/2 Heisenberg
model in a random magnetic field. In order to access properties at varying energy densities across
the entire spectrum for system sizes up to L = 22 spins, we use a spectral transformation which can
be applied in a massively parallel fashion. Our results allow for an energy-resolved interpretation
of the many body localization transition including the existence of a many-body mobility edge.
The ergodic phase is well characterized by Gaussian orthogonal ensemble statistics, volume-law
entanglement, and a full delocalization in the Hilbert space. Conversely, the localized (non-ergodic)
regime displays Poisson statistics, area-law entanglement and signs of multifractality in the Hilbert
space where a true localization never occurs. We perform finite size scaling to extract the critical
edge and exponent of the localization length divergence.

The interplay of disorder and interactions in quan-
tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study

of the periodic S = 1
2 Heisenberg chain in a random
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We present a large scale exact diagonalization study of the one dimensional spin 1/2 Heisenberg
model in a random magnetic field. In order to access properties at varying energy densities across
the entire spectrum for system sizes up to L = 22 spins, we use a spectral transformation which can
be applied in a massively parallel fashion. Our results allow for an energy-resolved interpretation
of the many body localization transition including the existence of a many-body mobility edge.
The ergodic phase is well characterized by Gaussian orthogonal ensemble statistics, volume-law
entanglement, and a full delocalization in the Hilbert space. Conversely, the localized (non-ergodic)
regime displays Poisson statistics, area-law entanglement and signs of multifractality in the Hilbert
space where a true localization never occurs. We perform finite size scaling to extract the critical
edge and exponent of the localization length divergence.

The interplay of disorder and interactions in quan-
tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study

of the periodic S = 1
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tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study
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Supplementary material

Details on fitting procedures and estimates of

critical exponents and fields

In order to estimate the value of the critical disorder
strength hc and the critical exponent ⌫, we have per-
formed a systematic scaling analysis using the scaling
ansatz g[(h � hc)L1/⌫ ] for the disorder averaged gap ra-
tios r, the dynamical spin fraction f , the entanglement
entropy per site SE/L and the bipartite fluctuations per
site F/L. We model the universal function g in a win-
dow of size 2w centered at hc by a polynomial of degree
three and have performed fits varying the size of the fit
window and excluding system sizes smaller than Lmin for
Lmin 2 {12, 14, 16} in order to estimate the stability of
our results. We have also tried to include drift terms in
the universal function but concluded that they are not
needed to obtain a very good fit quality. The results
of our stability analysis is displayed in Figures 6 and 7,
where we show the results of scaling fits for all quantities
and fit windows. The scattering of the results can be
understood as a measure of the true error bar.

Figure 6. Systematic analysis of the influence of fit windows
in h and L on the critical disorder strength hc. Only results
for the targets 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 are
shown and the symbols were slightly shifted in ✏ for better
readability.

Generally, our results are all consistent and nearly all
of the outliers stem from fits including only the largest
system sizes L � 16, where the analysis starts to become
di�cult due to the reduced range in L. In particular, the
analysis for the entanglement entropy per site is prob-
lematic in this case, as we only use even system sizes.

Additionally, at the low and high end of the spectrum,
the density of states is very low, thus rendering the anal-
ysis of the gap ratios particularly problematic [26].

Based on this stability analysis, we find that the fit
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Figure 7. Systematic analysis of the influence of fit windows
in h and L on the critical exponent ⌫, the horizontal lines
correspond to the mean value and the error bounds of our
estimate for the critical exponent ⌫ = 0.8(3). Only results
for the targets 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 are
shown and the symbols were slightly shifted in ✏ for better
readability.

window with Lmin = 14 (for the gap ratios, we use
Lmin = 15) and w = 0.8 seems to provide the most stable
results and is therefore used for all results presented in
the rest of this Letter. With the fixed fit window, we
have performed a bootstrap analysis in order to estimate
the statistical error of the fit parameters, in particular hc

and ⌫, indicated in the plots. Clearly, one has to keep in
mind that on top of this error, there will be a systematic
error that is of the order of the spread of the results in
the stability analysis shown in this paragraph.

Dynamical spin fraction

For completeness, we show here additional data for the
dynamical spin fraction f , which has been introduced in
Ref. 27. This quantity gives a measure of how much
memory of an initial spin density is lost after a long time
evolution. It is 1 (corresponding to no memory) in the
ergodic phase and decays to zero in the localized phase.
It can be defined by introducing an initial spin density

defined by the longest wavelength operator

M =
X

j2[1,L]

Sz
j exp(i2⇡j/L). (2)

After evaluating the long time remainder of this spin
density, one finds for the dynamic fraction for an eigen-
state |ni

fn = 1� hn |M†|nihn |M |ni
hn |M†M |ni . (3)

• Starting from minimal size

• Including or not corrections to scaling ...
     (very small drift)

• Critical exponents ?
Systematic study of fit qualities 
to finite-size scaling ansätze

• Different quantities

• Different fit windows

Lmin

⌫ = 0.8(3)  violates Harris 

Note also ν ∼ 1 [Kjall, Bardarson and Pollmann (2014)]

ν > 2/d
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of the many body localization transition including the existence of a many-body mobility edge.
The ergodic phase is well characterized by Gaussian orthogonal ensemble statistics, volume-law
entanglement, and a full delocalization in the Hilbert space. Conversely, the localized (non-ergodic)
regime displays Poisson statistics, area-law entanglement and signs of multifractality in the Hilbert
space where a true localization never occurs. We perform finite size scaling to extract the critical
edge and exponent of the localization length divergence.

The interplay of disorder and interactions in quan-
tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study

of the periodic S = 1
2 Heisenberg chain in a random
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Details on fitting procedures and estimates of

critical exponents and fields

In order to estimate the value of the critical disorder
strength hc and the critical exponent ⌫, we have per-
formed a systematic scaling analysis using the scaling
ansatz g[(h � hc)L1/⌫ ] for the disorder averaged gap ra-
tios r, the dynamical spin fraction f , the entanglement
entropy per site SE/L and the bipartite fluctuations per
site F/L. We model the universal function g in a win-
dow of size 2w centered at hc by a polynomial of degree
three and have performed fits varying the size of the fit
window and excluding system sizes smaller than Lmin for
Lmin 2 {12, 14, 16} in order to estimate the stability of
our results. We have also tried to include drift terms in
the universal function but concluded that they are not
needed to obtain a very good fit quality. The results
of our stability analysis is displayed in Figures 6 and 7,
where we show the results of scaling fits for all quantities
and fit windows. The scattering of the results can be
understood as a measure of the true error bar.

Figure 6. Systematic analysis of the influence of fit windows
in h and L on the critical disorder strength hc. Only results
for the targets 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 are
shown and the symbols were slightly shifted in ✏ for better
readability.

Generally, our results are all consistent and nearly all
of the outliers stem from fits including only the largest
system sizes L � 16, where the analysis starts to become
di�cult due to the reduced range in L. In particular, the
analysis for the entanglement entropy per site is prob-
lematic in this case, as we only use even system sizes.

Additionally, at the low and high end of the spectrum,
the density of states is very low, thus rendering the anal-
ysis of the gap ratios particularly problematic [26].

Based on this stability analysis, we find that the fit

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

�

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

⌫

Lmin=12 w =0.4

Lmin=12 w =0.6

Lmin=12 w =0.8

Lmin=12 w =1.0

Lmin=12 w =1.2

Lmin=14 w =0.4

Lmin=14 w =0.6

Lmin=14 w =0.8

Lmin=14 w =1.0

Lmin=14 w =1.2

Lmin=16 w =0.4

Lmin=16 w =0.6

Lmin=16 w =0.8

Lmin=16 w =1.0

Lmin=16 w =1.2

f

r
SE /L

F/L

Figure 7. Systematic analysis of the influence of fit windows
in h and L on the critical exponent ⌫, the horizontal lines
correspond to the mean value and the error bounds of our
estimate for the critical exponent ⌫ = 0.8(3). Only results
for the targets 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 are
shown and the symbols were slightly shifted in ✏ for better
readability.

window with Lmin = 14 (for the gap ratios, we use
Lmin = 15) and w = 0.8 seems to provide the most stable
results and is therefore used for all results presented in
the rest of this Letter. With the fixed fit window, we
have performed a bootstrap analysis in order to estimate
the statistical error of the fit parameters, in particular hc

and ⌫, indicated in the plots. Clearly, one has to keep in
mind that on top of this error, there will be a systematic
error that is of the order of the spread of the results in
the stability analysis shown in this paragraph.

Dynamical spin fraction

For completeness, we show here additional data for the
dynamical spin fraction f , which has been introduced in
Ref. 27. This quantity gives a measure of how much
memory of an initial spin density is lost after a long time
evolution. It is 1 (corresponding to no memory) in the
ergodic phase and decays to zero in the localized phase.
It can be defined by introducing an initial spin density

defined by the longest wavelength operator

M =
X

j2[1,L]

Sz
j exp(i2⇡j/L). (2)

After evaluating the long time remainder of this spin
density, one finds for the dynamic fraction for an eigen-
state |ni

fn = 1� hn |M†|nihn |M |ni
hn |M†M |ni . (3)
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FIG. 3. The number of states H with entropy S for different system
sizes and system parameters. Plots in the top row show parameters
where the system is entering a metallic regime and the histogram fol-
lows (15). In the lower left, the system is clearly in the MBL regime,
where the histogram follows (14) with a independent of L. In the
lower right panel, some drift of a(L) with L is observed, putting the
system on the edge of the MBL regime. Dashed lines indicate fits
to (14), dotted lines are fits to (15).

ture: the entanglement generally remains small because there
are “entanglement bottlenecks”. These are places where, for
reasons which we examine in more detail below, entanglement
cannot be generated in a given state. If we assume a proba-
bility pb that a given site is a bottleneck, then a region with
entropy S will occur somewhere in the system with probabil-
ity p(S) ⇠ L(1 � pb)S . The probability that we will obtain
this entanglement entropy from an arbitrary cut through the
system (e.g. at the middle) is ⇠ (1 � pb)S . This leads to
an exponentially-decaying density H(S) of states with en-
tanglement entropy S across the mid-point of the system,
H(S) ⇠ e�S/a.

In Fig. 3, we see four different types of behaviors. From the
lower left panel of Fig. 3, we see that, for W = 8, V = 0.4,
the density of states H(S) with entanglement entropy S in-
deed decays exponentially, as expected from the above dis-
cussion. (Note that there is a peak at S = log 2, as dis-
cussed above.) In the upper panels, H(S) clearly does not
satisfy the definition of an MBL phase for W = 4, V = 1.2
or 2, as we discuss below. In the lower right panel, where
W = 6, V = 1.2, the situation is unclear. This will be dis-
cussed below.

First, however, we examine more quantitatively the extent
to which the distribution of entropies H(S) agrees with our
expectations. We consider the more general form for a finite-

FIG. 4. Coefficient a(L) extracted from fits to Eqn. (14). Solid lines
are W = 8, dashed lines are W = 6; interaction strength is V =

0, 0.4, 0.8, 1.2, 1.6, 2 from bottom to top.

size system:

H(S) ⇠ e�S/a(L). (14)

In a many-body localized regime, we expect a(L) to approach
a finite constant as L ! 1. For W = 8, Fig. 4 shows that
a(L) is approximately constant over a wide range of interac-
tion strengths V , as expected if the system were in an MBL
phase in this range. For W = 6, a(L) appears be constant
for V = 0.4 (second dashed line from the bottom in Fig. 4)
but it increases for larger values of V . Finally, for W = 4

(not shown), a(L) appears to increase for all of the values of
V > 0 studied, with the possible exception of V = 0.2.

In a regime where the system is metallic but disorder re-
mains strong enough to affect the local physics, we expect that
the mean entropy scales with system size and the entropies are
normally-distributed around the mean value, so that

H(S) ⇠ e�(S�s0L)2/↵L. (15)

This is observed for weak disorder, W = 4, and strong inter-
actions, V = 1.2 and V = 2, in the upper panels of Fig. 3.
The peak of the Gaussian is approximately at the median value
of the entropy, which increases linearly with system size L.
This is somewhat obscured at smaller system sizes because
the ln(2) peak dominates the data. It may be somewhat sur-
prising that we obtain these results even without restricting to
states of a single energy because, in a metallic state in thermal
equilibrium we expect the entropy density S/L to grow with
the energy of the state. However, the histogram is dominated
by states near the center of the (many-body) energy spectrum
because there are exponentially more of them than there are
states in the tails of the spectrum. Therefore, H(S) is nearly
indistinguishable from H(S,E), the histogram restricted to
an energy window around E, if E is near the center of the
spectrum. On the other hand, in the band tails H(S,E) looks
similar to the MBL regime.

Distribution of entropies, Griffiths regions?
• Deep in the MBL regime

5

has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-
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has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz
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2〉 −
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2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase
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From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-
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FIG. 3. The number of states H with entropy S for different system
sizes and system parameters. Plots in the top row show parameters
where the system is entering a metallic regime and the histogram fol-
lows (15). In the lower left, the system is clearly in the MBL regime,
where the histogram follows (14) with a independent of L. In the
lower right panel, some drift of a(L) with L is observed, putting the
system on the edge of the MBL regime. Dashed lines indicate fits
to (14), dotted lines are fits to (15).

ture: the entanglement generally remains small because there
are “entanglement bottlenecks”. These are places where, for
reasons which we examine in more detail below, entanglement
cannot be generated in a given state. If we assume a proba-
bility pb that a given site is a bottleneck, then a region with
entropy S will occur somewhere in the system with probabil-
ity p(S) ⇠ L(1 � pb)S . The probability that we will obtain
this entanglement entropy from an arbitrary cut through the
system (e.g. at the middle) is ⇠ (1 � pb)S . This leads to
an exponentially-decaying density H(S) of states with en-
tanglement entropy S across the mid-point of the system,
H(S) ⇠ e�S/a.

In Fig. 3, we see four different types of behaviors. From the
lower left panel of Fig. 3, we see that, for W = 8, V = 0.4,
the density of states H(S) with entanglement entropy S in-
deed decays exponentially, as expected from the above dis-
cussion. (Note that there is a peak at S = log 2, as dis-
cussed above.) In the upper panels, H(S) clearly does not
satisfy the definition of an MBL phase for W = 4, V = 1.2
or 2, as we discuss below. In the lower right panel, where
W = 6, V = 1.2, the situation is unclear. This will be dis-
cussed below.

First, however, we examine more quantitatively the extent
to which the distribution of entropies H(S) agrees with our
expectations. We consider the more general form for a finite-

FIG. 4. Coefficient a(L) extracted from fits to Eqn. (14). Solid lines
are W = 8, dashed lines are W = 6; interaction strength is V =

0, 0.4, 0.8, 1.2, 1.6, 2 from bottom to top.

size system:

H(S) ⇠ e�S/a(L). (14)

In a many-body localized regime, we expect a(L) to approach
a finite constant as L ! 1. For W = 8, Fig. 4 shows that
a(L) is approximately constant over a wide range of interac-
tion strengths V , as expected if the system were in an MBL
phase in this range. For W = 6, a(L) appears be constant
for V = 0.4 (second dashed line from the bottom in Fig. 4)
but it increases for larger values of V . Finally, for W = 4

(not shown), a(L) appears to increase for all of the values of
V > 0 studied, with the possible exception of V = 0.2.

In a regime where the system is metallic but disorder re-
mains strong enough to affect the local physics, we expect that
the mean entropy scales with system size and the entropies are
normally-distributed around the mean value, so that

H(S) ⇠ e�(S�s0L)2/↵L. (15)

This is observed for weak disorder, W = 4, and strong inter-
actions, V = 1.2 and V = 2, in the upper panels of Fig. 3.
The peak of the Gaussian is approximately at the median value
of the entropy, which increases linearly with system size L.
This is somewhat obscured at smaller system sizes because
the ln(2) peak dominates the data. It may be somewhat sur-
prising that we obtain these results even without restricting to
states of a single energy because, in a metallic state in thermal
equilibrium we expect the entropy density S/L to grow with
the energy of the state. However, the histogram is dominated
by states near the center of the (many-body) energy spectrum
because there are exponentially more of them than there are
states in the tails of the spectrum. Therefore, H(S) is nearly
indistinguishable from H(S,E), the histogram restricted to
an energy window around E, if E is near the center of the
spectrum. On the other hand, in the band tails H(S,E) looks
similar to the MBL regime.

Distribution of entropies, Griffiths regions?
• Deep in the MBL regime
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has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-
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has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-
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Figure 9. Probability density of the entanglement entropy SE

of states in the middle of the spectrum (✏ = 0.5) for di↵erent
disorder strengths. We use the bipartition LA = LB for the
periodic L = 20 chain. The evolution from the volume law
behavior at weak disorder to the area law at strong disor-
der is clearly visible. At very weak disorder, the distribution
is close to gaussian and develops exponential tails at inter-
mediate disorder. They correspond to rare regions with low
entanglement, responsible for slow (subdi↵usive) transport.

the entanglement growth in time. If such regions exist,
one would naturally expect that the entanglement en-
tropy of the corresponding eigenstates will be low if the
cut between the subsystems lies in such a rare region.
In fact, one should note that one single localized region
will only reduce the entanglement entropy by less than a
factor of two, as it reduces entanglement only over one
boundary of the subsystem down to the typical constant
MBL entanglement entropy. As the total system has pe-
riodic boundaries, the second half of the entanglement en-
tropy can still stem from the other subsystem boundary.
Together with this argument, we conclude that we find
the expected low entanglement entropies in the regime in
which transport is subdi↵usive and that our results are
consistent with this scenario. In the next section, we will
discuss this in further detail.

Let us briefly discuss the dependence on system size
of the distributions of the entanglement entropy, shown
in Fig. 10. At weak disorder strength (h = 1.0), we
observe a clear volume law and the importance of the low
entanglement tail seems to decrease with growing system
size, approaching more and more a normal distribution,
although all the data for L = 22 should be treated with
care due to a number of samples that is by an order of
magnitude smaller than for the other system sizes. At
h = 2 it is clear that the tail of the distribution extends
all the way down to very low entanglement. On some
very rare occasions, we observe nearly zero entanglement,
which can only occur if the eigenstate is close to a product
state or in other words if two localized regions fall exactly
on the cut between the subsystems.
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Figure 10. Probability density of the entanglement entropy
SE of states in the middle of the spectrum for di↵erent system
sizes at disorder strenghts a) h = 1, b) h = 2, c) h = 3 and
d) h = 4.

Interestingly, at h = 3, before the estimated location
of the critical point at h ⇡ 3.7, the distribution seems
to become flat, bounded by the maximal entanglement
entropy, which is the reason for the observed maximum of
the variance of entanglement entropy close to the critical
point11,13,17, here the weight of low entanglement states
becomes very large and the behavior is dominated by rare
region e↵ects as discussed in Ref. 43. The dependence
on system size suggests, however, that for even larger
systems the mode of the distribution can still shift to the
thermal value, leaving a large weight at low entanglement
entropies.
In the MBL phase (h = 4), the mode of the distribution

is at a low (constant with system size) value, however the
tail of the distribution grows with system size, reaching
possibly up to the maximal entanglement entropy given
by L/2 ln 2.

C. Weak links

Let us finally consider the spatial entanglement struc-
ture of the central eigenstates (✏ = 0.5) in a typical disor-
der realization of length L = 22 at intermediate disorder
strength h = 2.0.
We show in the top panel of Fig. 11 for the central 63

eigenstates the entanglement entropy as a function of the
cut position for all 22 possible cut positions (of which the
second half is naturally equivalent to the first half). This
representation reveals an intriguing feature: all states

• ETH and critical-MBL regime

[Luitz 2016]
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FIG. 3. The number of states H with entropy S for different system
sizes and system parameters. Plots in the top row show parameters
where the system is entering a metallic regime and the histogram fol-
lows (15). In the lower left, the system is clearly in the MBL regime,
where the histogram follows (14) with a independent of L. In the
lower right panel, some drift of a(L) with L is observed, putting the
system on the edge of the MBL regime. Dashed lines indicate fits
to (14), dotted lines are fits to (15).

ture: the entanglement generally remains small because there
are “entanglement bottlenecks”. These are places where, for
reasons which we examine in more detail below, entanglement
cannot be generated in a given state. If we assume a proba-
bility pb that a given site is a bottleneck, then a region with
entropy S will occur somewhere in the system with probabil-
ity p(S) ⇠ L(1 � pb)S . The probability that we will obtain
this entanglement entropy from an arbitrary cut through the
system (e.g. at the middle) is ⇠ (1 � pb)S . This leads to
an exponentially-decaying density H(S) of states with en-
tanglement entropy S across the mid-point of the system,
H(S) ⇠ e�S/a.

In Fig. 3, we see four different types of behaviors. From the
lower left panel of Fig. 3, we see that, for W = 8, V = 0.4,
the density of states H(S) with entanglement entropy S in-
deed decays exponentially, as expected from the above dis-
cussion. (Note that there is a peak at S = log 2, as dis-
cussed above.) In the upper panels, H(S) clearly does not
satisfy the definition of an MBL phase for W = 4, V = 1.2
or 2, as we discuss below. In the lower right panel, where
W = 6, V = 1.2, the situation is unclear. This will be dis-
cussed below.

First, however, we examine more quantitatively the extent
to which the distribution of entropies H(S) agrees with our
expectations. We consider the more general form for a finite-

FIG. 4. Coefficient a(L) extracted from fits to Eqn. (14). Solid lines
are W = 8, dashed lines are W = 6; interaction strength is V =

0, 0.4, 0.8, 1.2, 1.6, 2 from bottom to top.

size system:

H(S) ⇠ e�S/a(L). (14)

In a many-body localized regime, we expect a(L) to approach
a finite constant as L ! 1. For W = 8, Fig. 4 shows that
a(L) is approximately constant over a wide range of interac-
tion strengths V , as expected if the system were in an MBL
phase in this range. For W = 6, a(L) appears be constant
for V = 0.4 (second dashed line from the bottom in Fig. 4)
but it increases for larger values of V . Finally, for W = 4

(not shown), a(L) appears to increase for all of the values of
V > 0 studied, with the possible exception of V = 0.2.

In a regime where the system is metallic but disorder re-
mains strong enough to affect the local physics, we expect that
the mean entropy scales with system size and the entropies are
normally-distributed around the mean value, so that

H(S) ⇠ e�(S�s0L)2/↵L. (15)

This is observed for weak disorder, W = 4, and strong inter-
actions, V = 1.2 and V = 2, in the upper panels of Fig. 3.
The peak of the Gaussian is approximately at the median value
of the entropy, which increases linearly with system size L.
This is somewhat obscured at smaller system sizes because
the ln(2) peak dominates the data. It may be somewhat sur-
prising that we obtain these results even without restricting to
states of a single energy because, in a metallic state in thermal
equilibrium we expect the entropy density S/L to grow with
the energy of the state. However, the histogram is dominated
by states near the center of the (many-body) energy spectrum
because there are exponentially more of them than there are
states in the tails of the spectrum. Therefore, H(S) is nearly
indistinguishable from H(S,E), the histogram restricted to
an energy window around E, if E is near the center of the
spectrum. On the other hand, in the band tails H(S,E) looks
similar to the MBL regime.

Distribution of entropies, Griffiths regions?
• Deep in the MBL regime

5

has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-
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has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-

Bauer and Nayak 2013][Lim and Sheng 2016]
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Figure 9. Probability density of the entanglement entropy SE

of states in the middle of the spectrum (✏ = 0.5) for di↵erent
disorder strengths. We use the bipartition LA = LB for the
periodic L = 20 chain. The evolution from the volume law
behavior at weak disorder to the area law at strong disor-
der is clearly visible. At very weak disorder, the distribution
is close to gaussian and develops exponential tails at inter-
mediate disorder. They correspond to rare regions with low
entanglement, responsible for slow (subdi↵usive) transport.

the entanglement growth in time. If such regions exist,
one would naturally expect that the entanglement en-
tropy of the corresponding eigenstates will be low if the
cut between the subsystems lies in such a rare region.
In fact, one should note that one single localized region
will only reduce the entanglement entropy by less than a
factor of two, as it reduces entanglement only over one
boundary of the subsystem down to the typical constant
MBL entanglement entropy. As the total system has pe-
riodic boundaries, the second half of the entanglement en-
tropy can still stem from the other subsystem boundary.
Together with this argument, we conclude that we find
the expected low entanglement entropies in the regime in
which transport is subdi↵usive and that our results are
consistent with this scenario. In the next section, we will
discuss this in further detail.

Let us briefly discuss the dependence on system size
of the distributions of the entanglement entropy, shown
in Fig. 10. At weak disorder strength (h = 1.0), we
observe a clear volume law and the importance of the low
entanglement tail seems to decrease with growing system
size, approaching more and more a normal distribution,
although all the data for L = 22 should be treated with
care due to a number of samples that is by an order of
magnitude smaller than for the other system sizes. At
h = 2 it is clear that the tail of the distribution extends
all the way down to very low entanglement. On some
very rare occasions, we observe nearly zero entanglement,
which can only occur if the eigenstate is close to a product
state or in other words if two localized regions fall exactly
on the cut between the subsystems.
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Figure 10. Probability density of the entanglement entropy
SE of states in the middle of the spectrum for di↵erent system
sizes at disorder strenghts a) h = 1, b) h = 2, c) h = 3 and
d) h = 4.

Interestingly, at h = 3, before the estimated location
of the critical point at h ⇡ 3.7, the distribution seems
to become flat, bounded by the maximal entanglement
entropy, which is the reason for the observed maximum of
the variance of entanglement entropy close to the critical
point11,13,17, here the weight of low entanglement states
becomes very large and the behavior is dominated by rare
region e↵ects as discussed in Ref. 43. The dependence
on system size suggests, however, that for even larger
systems the mode of the distribution can still shift to the
thermal value, leaving a large weight at low entanglement
entropies.
In the MBL phase (h = 4), the mode of the distribution

is at a low (constant with system size) value, however the
tail of the distribution grows with system size, reaching
possibly up to the maximal entanglement entropy given
by L/2 ln 2.

C. Weak links

Let us finally consider the spatial entanglement struc-
ture of the central eigenstates (✏ = 0.5) in a typical disor-
der realization of length L = 22 at intermediate disorder
strength h = 2.0.
We show in the top panel of Fig. 11 for the central 63

eigenstates the entanglement entropy as a function of the
cut position for all 22 possible cut positions (of which the
second half is naturally equivalent to the first half). This
representation reveals an intriguing feature: all states

• ETH and critical-MBL regime

[Luitz 2016]

• Standard deviation

[Luitz et al. 2014-2015]
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FIG. 3. The number of states H with entropy S for different system
sizes and system parameters. Plots in the top row show parameters
where the system is entering a metallic regime and the histogram fol-
lows (15). In the lower left, the system is clearly in the MBL regime,
where the histogram follows (14) with a independent of L. In the
lower right panel, some drift of a(L) with L is observed, putting the
system on the edge of the MBL regime. Dashed lines indicate fits
to (14), dotted lines are fits to (15).

ture: the entanglement generally remains small because there
are “entanglement bottlenecks”. These are places where, for
reasons which we examine in more detail below, entanglement
cannot be generated in a given state. If we assume a proba-
bility pb that a given site is a bottleneck, then a region with
entropy S will occur somewhere in the system with probabil-
ity p(S) ⇠ L(1 � pb)S . The probability that we will obtain
this entanglement entropy from an arbitrary cut through the
system (e.g. at the middle) is ⇠ (1 � pb)S . This leads to
an exponentially-decaying density H(S) of states with en-
tanglement entropy S across the mid-point of the system,
H(S) ⇠ e�S/a.

In Fig. 3, we see four different types of behaviors. From the
lower left panel of Fig. 3, we see that, for W = 8, V = 0.4,
the density of states H(S) with entanglement entropy S in-
deed decays exponentially, as expected from the above dis-
cussion. (Note that there is a peak at S = log 2, as dis-
cussed above.) In the upper panels, H(S) clearly does not
satisfy the definition of an MBL phase for W = 4, V = 1.2
or 2, as we discuss below. In the lower right panel, where
W = 6, V = 1.2, the situation is unclear. This will be dis-
cussed below.

First, however, we examine more quantitatively the extent
to which the distribution of entropies H(S) agrees with our
expectations. We consider the more general form for a finite-

FIG. 4. Coefficient a(L) extracted from fits to Eqn. (14). Solid lines
are W = 8, dashed lines are W = 6; interaction strength is V =

0, 0.4, 0.8, 1.2, 1.6, 2 from bottom to top.

size system:

H(S) ⇠ e�S/a(L). (14)

In a many-body localized regime, we expect a(L) to approach
a finite constant as L ! 1. For W = 8, Fig. 4 shows that
a(L) is approximately constant over a wide range of interac-
tion strengths V , as expected if the system were in an MBL
phase in this range. For W = 6, a(L) appears be constant
for V = 0.4 (second dashed line from the bottom in Fig. 4)
but it increases for larger values of V . Finally, for W = 4

(not shown), a(L) appears to increase for all of the values of
V > 0 studied, with the possible exception of V = 0.2.

In a regime where the system is metallic but disorder re-
mains strong enough to affect the local physics, we expect that
the mean entropy scales with system size and the entropies are
normally-distributed around the mean value, so that

H(S) ⇠ e�(S�s0L)2/↵L. (15)

This is observed for weak disorder, W = 4, and strong inter-
actions, V = 1.2 and V = 2, in the upper panels of Fig. 3.
The peak of the Gaussian is approximately at the median value
of the entropy, which increases linearly with system size L.
This is somewhat obscured at smaller system sizes because
the ln(2) peak dominates the data. It may be somewhat sur-
prising that we obtain these results even without restricting to
states of a single energy because, in a metallic state in thermal
equilibrium we expect the entropy density S/L to grow with
the energy of the state. However, the histogram is dominated
by states near the center of the (many-body) energy spectrum
because there are exponentially more of them than there are
states in the tails of the spectrum. Therefore, H(S) is nearly
indistinguishable from H(S,E), the histogram restricted to
an energy window around E, if E is near the center of the
spectrum. On the other hand, in the band tails H(S,E) looks
similar to the MBL regime.

Distribution of entropies, Griffiths regions?
• Deep in the MBL regime

5

has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
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bility density distributionP (F ) of the fluctuations of the mag-
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h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the
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F = 1/4, which can be attributed to the spin-entangled pairs.
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diagram
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z
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i |Ψ〉〈Ψ|Sz
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verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
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Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
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of Fig. 43)16. Breakdown of the area law at the delocalization transition was

recently exploited in a numerical linked cluster expansion study [523] to locate

the MBL transition17.
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scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around h

c

⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � h

c

)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing h

c

= 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dim H) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.

We now turn to the entanglement entropy for a real
space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < h

c

to area-law with SE/L ! 0 for
h > h

c

. Assuming a volume law scaling at the criti-
cal point [58], we perform a collapse of SE/L to the form
g[L1/⌫(h�h

c

)] (Fig. 3 bottom panel) giving estimates for
the critical disorder h

c

and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [32], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �

E

= (L � c)g[L1/⌫(h � h
c

)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and h

c

from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).

Perhaps more accessible to experiments, bipartite fluc-
tuations F of subsystem magnetization (taken here to be
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line: SE/L for a random state [57]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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each value of the disorder strength h. As eigenvectors of
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over these bin averages, in order not to underestimate
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eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.
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of the crossing points. Nevertheless, the distributions of
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tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
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for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
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for ✏ = 0.5. When varying the disorder strength h, we
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KL plotted in insets, display markedly di↵erent features.
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h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
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for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
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⇠ 3.7 between the two
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h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
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the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
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over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
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Results and finite size scaling analysis— We discuss the
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for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around h
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GOE, extending its applicability to pure level statistics.
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the mean (left inset) and standard deviation of this
distribution, at an energy in the middle of the spectrum,
as a function of disorder strength. In the thermal phase at
weak disorder, the mean follows a volume law approaching
the value S ¼ ðL ln 2 − 1Þ=2 of a random state [32] indi-
cated by the dashed lines. With increasing disorder, the
average entanglement entropy decreases and eventually
saturates at S ¼ ln 2 deep in the localized phase. The reason
for this is that eigenstates become Schrödinger cat states
with definite parity that are a linear combination of the two
product states obtained from each other by the action of P,
with each domain wall pinned by the disorder at a single
bond. The standard deviation of the entanglement entropy

goes to zero in the thermodynamic limit both deep in the
thermal and localized phase, but diverges at the transition.
In the thermal phase, this is consistent with the eigenstate
thermalization hypothesis that requires the entropy to
depend on energy only, while in the localized phase, all
states have the same ln 2 entanglement entropy. The
diverging peak could be understood as follows. For a
given system size, disorder amplitude δJ and energy, near
the transition δJc, the exact value of the entanglement Sn
depends on the specific disorder realization. At a fixed
value of δJ close to the transition, therefore, the set of states
obtained from an ensemble of disorder realizations consists
of both extended and localized states giving rise to a large
standard deviation in the entanglement. Naturally, with
increasing system size, the range of values of δJ that have
states of mixed character narrows. By the same token, we
could observe the transition by measuring the standard
deviation over small energy windows.
Next, we probe the MBL transition by studying the

evolution of the entanglement entropy after a local quench
at the edge of an eigenstate. Before discussing the details of
the physics, we explain the procedure we used. After
quenching an eigenstate jni with a spin flip on the first
site, we calculate the time dependent entanglement entropy
SnðtÞ obtained from the von Neumann entropy of the state
jψnðtÞi ¼ expð−iHtÞσx1jni. In a finite system, SnðtÞ satu-
rates at long times allowing us to define the difference of
entanglement entropies

ΔSn ¼ lim
t→∞

SnðtÞ − Snð0Þ: ð2Þ

In Fig. 2(b), we plot the disorder averaged entanglement
difference hΔSi as a function of disorder strength, at an
energy in the middle of the spectrum. The entanglement
difference goes to zero both in the thermal and localized
phases. In the thermal phase, the entanglement difference
goes to zero because of the eigenstate thermalization
hypothesis since the local perturbation only introduces a
small uncertainty in the energy of the state. In the localized
phase, the perturbation cannot propagate to the middle
of the sample in order to generate any entanglement. Note
that the perturbation of the exact eigenstate is local and,
therefore, no entanglement is generated from the dephasing
mechanism observed in a global quench [24,26].
Around the transition, hΔSi peaks with a diverging

amplitude. This diverging peak might be understood as a
consequence of the many-body mobility edge. Namely,
after the quench, we have a state that is no longer an
eigenstate, but, rather, a linear combination of a number of
states with energies around En. Close to the transition, this
linear combination contains both extended and localized
states, and generates extensive entanglement under time
evolution. In the case when the initial state is a localized
state, this results in an entanglement difference that scales
with system size. Unlike σS, the quench mixes eigenstates

(a)

(b)

FIG. 2 (color online). (a) Standard deviation of entanglement
over the disorder ensemble as a function of disorder strength δJ
for different system sizes L and D independent disorder real-
izations, at a fixed energy density in the middle of the spectrum
(ϵ ¼ 59=60). The left inset shows the mean entanglement entropy
with dashed lines giving the values S ¼ ðL ln 2 − 1Þ=2 and
S ¼ ln 2. The right inset gives the scaling collapse of the data
in the main panel. (b) Entanglement difference as a function of
disorder strength for a local quench from an eigenstate in the
middle of the spectrum. The inset gives the scaling collapse
of the data.
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Figure 2. Adjacent gap ratio (top) and Kullback Leibler di-
vergence (bottom) as a function of disorder strength in the
spectrum center � = 0.5. Insets: (top) data collapse used to
extract the critical disorder strength hc and exponent �. The
h axis is transformed by (h � hc)L

1/� , (bottom) distribution
of KLd in both phases.

least 50 eigenpairs with energy densities closest to the
targets ✏ = {0.05, 0.1, . . . 0.95}. Note that this is a much
more demanding computational task than for the Ander-
son problem, as the number of o↵-diagonal elements of H
scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [51] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around h

c

⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � h

c

)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing h

c

= 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dim H) (Fig. 2 bottom). A data collapse

is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase
(at h = 1) around the GOE mean value of 2 with a vari-
ance decreasing with L provides strong evidence that the
statistical behavior of the eigenstates is well described
by GOE, extending its applicability beyond simple level
statistics. In the MBL regime (h = 4.8), the behavior is
completely di↵erent as variance and mean both increase
with L.

We now turn to the entanglement entropy for a real
space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < h

c

to area-law with SE/L ! 0 for
h > h

c

. Assuming a volume law scaling at the criti-
cal point [58], we perform a collapse of SE/L to the form
g[L1/⌫(h�h

c

)] (Fig. 3 bottom panel) giving estimates for
the critical disorder h

c

and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [32], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �

E

= (L � c)g[L1/⌫(h � h
c

)]

L =14

L =16

L =18

L =20

L =22

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di�erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [57]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.

Figure 43: Exact diagonalization results for the disorder-average entanglement (von-

Neumann) entropy at half-chain for (a-c) the random field Heisenberg chain model Eq. (52)

at a fixed energy density ✏ = 0.8 with L = 12, . . . , 22 [490], and (d) on a disordered quantum

Ising chain computed at a fixed energy density in the middle of the many-body spectrum,with

L = 8, . . . , 14 [495]. (a) There is a clear transition from a volume-law at small disorder h to

a sub-volume law at h > hc ⇠ 2.3, compatible from the scaling plot (b) with a strict area

law (dased line). (c-d) Singular behavior of the standard deviation �
E

of the entropy at the

transition. Reprinted from [490] (a-c) and from [495] (d).

16In the MBL regime, Bauer and Nayak [480] reported a weak logarithmic violation of the

area law for the maximum entropy, obtained from the (sample-dependent) optimal bipartition.

A logarithmic violation was also found using matrix product states [522].
17This study concluded for a critical boundary hc(✏) larger than the one of Fig. 42 from [490].
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has exponentially small probability producing an exponential
small tail in P (S) at S > ln2 side for h = 8 deep in the
MBL phase. Our method is also distinctly different from other
modified DMRG methods for excited states[70] as it can ac-
curately describe these rare Griffiths regions with entangled
spins in the center.
Now we show the evolution of the P (S) into the ergodic

phase by reducing h. The distribution P (S) for h = 8 to 4
are qualitatively similar as shown in Fig. 3b, with a peak at
S = 0 and a second peak near S = 0.69 ∼ ln2. However
P (S) shows much enhanced weight at S > ln2 side with
reducing h (results at h = 3 and 4 are obtained by ED). At
h = 3, the P (S) shows some different features with first peak
moving away from zero to S ∼ 0.1 and a long tail at S > ln2
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FIG. 3: (Color online) (a) We show the entropy probability density
distribution function P (S) for system sizes N = 18, 30 and 72 at
h = 8. For N = 18, ED and En-DMRG results find excellent
agreement. (b) The evolution of P (S) from the MBL phase to the
delocalized phase by reducing h from 8 to 3 for system sizeN = 18
from both ED and En-DMRG calculations. All curves have a peak
at or near S = 0 and a second peak near S = 0.69 ∼ ln2. (c) The
evolution of the probability density P (F ) for the variance of the half
system magnetization F for h = 8, 5, 4, and 3. The second peak
is located at a quantized value F = 1/4 corresponding to a spin-
entangled pair crossing the boundary of the half system. For results
shown in Fig. 3, we use at least 50000 energy eigenstates for each
system size.

side, which only decays with a slow power-law. We can still
see a weak peak at S = ln2, which is very broad and about
to disappear. Interestingly, these features for P (S) at h = 3
is still quite different from the Gaussian form with a single
peak, which is the case for h = 2 with a sharp peak at the
value S ∼ 4.7 as we checked.
To further establish above picture, we investigate the proba-

bility density distributionP (F ) of the fluctuations of the mag-
netization of the half system[62] defined as F = 〈(Sz

h)
2〉 −

〈Sz
h〉

2 calculated using the energy eigenstate, where Sz
h is the

total spin-z component of the half system. If the half-system
cutting through a spin-entangled pair while all other spins are
short-range correlated (or near polarized), then we expect the
variance F = 1/4. Remarkably, we see that the distribu-
tion P (F ) indeed has a second peak at the quantized value
F = 1/4, which can be attributed to the spin-entangled pairs.
The overall structure of P (F ) is very similar to P (S)with the
broad continuum at F < 1/4 side and a tail into larger F side
with its magnitude growing with the reducing of h. At h = 3,
the second peak is more robust in P (F ) than in P (S) indi-
cating the faster growing of the entanglement near the phase
transition[46].
C. Spin spin correlation function and many-body phase

diagram
From the entropy distribution function we have seen that

the rare Griffiths events of two or more spin-entangled pairs
getting entangled with each other have exponential small
probability deep inside an MBL phase, which grow with
reducing h toward the transition region. Here, we seek a
better understanding of this feature by calculating the dis-
order averaged spin-z correlations[12, 73] Czz(|i − j|) =
|〈Ψ|Sz

i S
z
j |Ψ〉 − 〈Ψ|Sz

i |Ψ〉〈Ψ|Sz
j |Ψ〉| and spin transfer (trans-

verse correlations) Cxy(|i − j|) = |〈Ψ|S+
i S−

j |Ψ〉| (Ψ is the
excited eigenstate and the over-line represents the disorder
and real space average). The arithmetic average we use here
allows the rare Griffiths events to have singular contribution to
the correlations near the transition region. First, we show the
exponential decay behavior for these correlations in the MBL
phase at h = 6 in Fig. 4a forN = 18 and 30. We find that the
Cxy(|i − j|) decays much faster than Czz(|i − j|) with cor-
relation length ξxy = 1.1 and ξz = 2.78, respectively. Again,
the ED results atN = 18 agree very well with the En-DMRG
results.
Now we move towards the transition region by reducing h

and performing ED calculations. Shown in Fig. 4b for spin-
z correlations, Czz(|i − j|) is best fit by a power-law func-
tion Czz((i − j|) ∝ 1/|i − j|α with the correlation expo-
nents α = 0.7 and 1.4 for h = 3 and 4, respectively. The
fitting is more robust for larger N = 20 data. In Fig. 4c, we
demonstrate the spin transverse correlations for these systems,
where a clear exponential decay Cxy ∝ exp(−|i − j|/ξxy)
is observed with correlation length ξxy = 2.7 and 1.8 for
h = 3 and 4, respectively. These results clearly establish
that there are two transitions. The corresponding intermediate
phase around h ∼ 3 − 4 has exponential decay spin trans-

Bauer and Nayak 2013][Lim and Sheng 2016]

7

Figure 9. Probability density of the entanglement entropy SE

of states in the middle of the spectrum (✏ = 0.5) for di↵erent
disorder strengths. We use the bipartition LA = LB for the
periodic L = 20 chain. The evolution from the volume law
behavior at weak disorder to the area law at strong disor-
der is clearly visible. At very weak disorder, the distribution
is close to gaussian and develops exponential tails at inter-
mediate disorder. They correspond to rare regions with low
entanglement, responsible for slow (subdi↵usive) transport.

the entanglement growth in time. If such regions exist,
one would naturally expect that the entanglement en-
tropy of the corresponding eigenstates will be low if the
cut between the subsystems lies in such a rare region.
In fact, one should note that one single localized region
will only reduce the entanglement entropy by less than a
factor of two, as it reduces entanglement only over one
boundary of the subsystem down to the typical constant
MBL entanglement entropy. As the total system has pe-
riodic boundaries, the second half of the entanglement en-
tropy can still stem from the other subsystem boundary.
Together with this argument, we conclude that we find
the expected low entanglement entropies in the regime in
which transport is subdi↵usive and that our results are
consistent with this scenario. In the next section, we will
discuss this in further detail.

Let us briefly discuss the dependence on system size
of the distributions of the entanglement entropy, shown
in Fig. 10. At weak disorder strength (h = 1.0), we
observe a clear volume law and the importance of the low
entanglement tail seems to decrease with growing system
size, approaching more and more a normal distribution,
although all the data for L = 22 should be treated with
care due to a number of samples that is by an order of
magnitude smaller than for the other system sizes. At
h = 2 it is clear that the tail of the distribution extends
all the way down to very low entanglement. On some
very rare occasions, we observe nearly zero entanglement,
which can only occur if the eigenstate is close to a product
state or in other words if two localized regions fall exactly
on the cut between the subsystems.
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Figure 10. Probability density of the entanglement entropy
SE of states in the middle of the spectrum for di↵erent system
sizes at disorder strenghts a) h = 1, b) h = 2, c) h = 3 and
d) h = 4.

Interestingly, at h = 3, before the estimated location
of the critical point at h ⇡ 3.7, the distribution seems
to become flat, bounded by the maximal entanglement
entropy, which is the reason for the observed maximum of
the variance of entanglement entropy close to the critical
point11,13,17, here the weight of low entanglement states
becomes very large and the behavior is dominated by rare
region e↵ects as discussed in Ref. 43. The dependence
on system size suggests, however, that for even larger
systems the mode of the distribution can still shift to the
thermal value, leaving a large weight at low entanglement
entropies.
In the MBL phase (h = 4), the mode of the distribution

is at a low (constant with system size) value, however the
tail of the distribution grows with system size, reaching
possibly up to the maximal entanglement entropy given
by L/2 ln 2.

C. Weak links

Let us finally consider the spatial entanglement struc-
ture of the central eigenstates (✏ = 0.5) in a typical disor-
der realization of length L = 22 at intermediate disorder
strength h = 2.0.
We show in the top panel of Fig. 11 for the central 63

eigenstates the entanglement entropy as a function of the
cut position for all 22 possible cut positions (of which the
second half is naturally equivalent to the first half). This
representation reveals an intriguing feature: all states

• ETH and critical-MBL regime

[Luitz 2016]

• Standard deviation

[Luitz et al. 2014-2015]



to hold. In this delocalized phase, the RDM of a high energy eigenstate can

be viewed as a thermal density matrix at high temperature. Therefore, the

entanglement entropy of such a highly excited eigenstate is very close to the

thermodynamic entropy of the subsystem at high temperature, thus exhibiting

a volume-law scaling. Such delocalized eigenstates can therefore be described

as pure random states [518]. Volume-law entanglement at high temperature has

been verified for disorder-free quantum spin chains [414, 519, 520, 521], as well

as for the ergodic regime of weakly disordered chains [480, 495, 490].

Many-body localization—. On the other hand, contrary to the thermal phase,

the MBL regime does not obey ETH [487] and the eigenstates sustain a much

smaller (area law) entanglement, qualitatively closer to the entanglement en-

tropy of a ground-state [13]. Such qualitatively distinct properties have been

clearly shown numerically in various exact diagonalization studies [480, 495,

490]. In Fig. 43 (a-b) exact diagonalization results of model Eq. (52) are shown

for the disorder-average von-Neumann entropy of half-chains for eigenstates ly-

ing in the middle of the many-body spectrum (✏ = 0.5 in Fig. 42) as a function

of size L and disorder strength h. The transition from volume to sub-volume

scaling is clearly visible, as provided by the scaling plot in panel (b). Numerical

data are compatible with a volume-law entanglement entropy at criticality [515],

and with a strict area law scaling for the MBL regime (dashed line in panel (b)

Delocalized Transition MBL

Spectral statistics GOE ? Poisson

Entanglement entropy SE(L) volume-law volume-law15 area law

Entanglement variance �2
E(L) vanishes diverges finite

Entanglement dynamics SE(t) t1/z ln t ln t

Table 3: Various properties of ergodic and MBL phases, as well as at the transition.
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We formulate a theory of the many-body localization transition based on a novel real-space
renormalization group (RG) approach. The results of this theory are corroborated and intuitively explained
with a phenomenological effective description of the critical point and of the “badly conducting” state
found near the critical point on the delocalized side. The theory leads to the following sharp predictions:
(i) The delocalized state established near the transition is a Griffiths phase, which exhibits subdiffusive
transport of conserved quantities and sub-ballistic spreading of entanglement. The anomalous diffusion
exponent α < 1=2 vanishes continuously at the critical point. The system does thermalize in this Griffiths
phase. (ii) The many-body localization transition is controlled by a new kind of infinite-randomness RG
fixed point, where the broadly distributed scaling variable is closely related to the eigenstate entanglement
entropy. Dynamically, the entanglement grows as ∼ log t at the critical point, as it does in the localized
phase. (iii) In the vicinity of the critical point, the ratio of the entanglement entropy to the thermal entropy
and its variance (and, in fact, all moments) are scaling functions of L=ξ, where L is the length of the system
and ξ is the correlation length, which has a power-law divergence at the critical point.
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I. INTRODUCTION

In his original paper on localization, Anderson postu-
lated that closed many-body systems undergoing time
evolution would not come to thermal equilibrium if subject
to sufficiently strong randomness [1]. Significant theoreti-
cal effort has been devoted in the last few years, following
Refs. [2,3], to understanding this phenomenon, the only
known generic exception to thermalization (see, e.g.,
Refs. [4,5] for recent reviews). The recent work led to
classification of many-body localization (MBL) as a dis-
tinct dynamical phase of matter, characterized by a remark-
able set of defining properties: (i) There are locally
accessible observables that do not relax to their equilibrium
values and hence can be related to a set of quasilocal
integrals of motion [6–10]; (ii) even after arbitrarily long
time evolution, retrievable quantum information persists
in the system and may be extracted from local degrees of
freedom [11,12]; (iii) entanglement entropy grows with
time evolution only as a logarithmic function of time
[6,13–15].
In spite of the progress in understanding the MBL phase,

very little is known about the dynamical phase transition
that separates it from the delocalized thermal phase. Part of

the difficulty lies in the fundamental difference between the
energy eigenstates found on either side of the transition.
Eigenstates in the thermal phase are expected to obey the
eigenstate thermalization hypothesis, which, in particular,
implies extensive (i.e., volume-law) entanglement entropy.
The nonlocality of quantum mechanics is fully exploited in
such states, where information resides in highly nonlocal
entities: the exponentially many expansion coefficients of
the wave function in terms of local basis states. On the other
hand, in the many-body localized phase, the eigenstates
feature area-law entanglement entropy akin to quantum
ground states. Hence, the dynamic quantum phase tran-
sition separating these two types of eigenstates is unlike
any other known phase transition. Ground-state quantum
critical points and dynamical critical points that occur
inside the localized phase mark transitions between area-
law states, whereas thermal critical points are transitions
between distinct states with extensive (i.e., volume-law)
entropy. The need to describe this critical point, where the
eigenstates change from area-law to volume-law entangle-
ment, and hence the quantum information in some sense
escapes from localized degrees of freedom to highly
nonlocal ones, calls for a new theoretical approach.
In thispaper,wedevelopastrong-disorder renormalization-

groupframeworkthat canaddress thismany-body localization
phase transition.We find a transition controlled by an infinite
randomness RG fixed point, where the broad distributions
are of a scaling variable directly related to the entanglement
entropy of the system’s eigenstates. Thus, using this RG

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.
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to hold. In this delocalized phase, the RDM of a high energy eigenstate can

be viewed as a thermal density matrix at high temperature. Therefore, the

entanglement entropy of such a highly excited eigenstate is very close to the

thermodynamic entropy of the subsystem at high temperature, thus exhibiting

a volume-law scaling. Such delocalized eigenstates can therefore be described

as pure random states [518]. Volume-law entanglement at high temperature has

been verified for disorder-free quantum spin chains [414, 519, 520, 521], as well

as for the ergodic regime of weakly disordered chains [480, 495, 490].

Many-body localization—. On the other hand, contrary to the thermal phase,

the MBL regime does not obey ETH [487] and the eigenstates sustain a much

smaller (area law) entanglement, qualitatively closer to the entanglement en-

tropy of a ground-state [13]. Such qualitatively distinct properties have been

clearly shown numerically in various exact diagonalization studies [480, 495,

490]. In Fig. 43 (a-b) exact diagonalization results of model Eq. (52) are shown

for the disorder-average von-Neumann entropy of half-chains for eigenstates ly-

ing in the middle of the many-body spectrum (✏ = 0.5 in Fig. 42) as a function

of size L and disorder strength h. The transition from volume to sub-volume

scaling is clearly visible, as provided by the scaling plot in panel (b). Numerical

data are compatible with a volume-law entanglement entropy at criticality [515],

and with a strict area law scaling for the MBL regime (dashed line in panel (b)
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Entanglement entropy SE(L) volume-law volume-law15 area law

Entanglement variance �2
E(L) vanishes diverges finite

Entanglement dynamics SE(t) t1/z ln t ln t
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Extended slow dynamical regime close to the many-body localization transition2
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Many-body localization is characterized by a slow logarithmic growth of the entanglement entropy after
a global quantum quench while the local memory of an initial density imbalance remains at infinite time.
We investigate how much the proximity of a many-body localized phase can influence the dynamics in the
delocalized ergodic regime where thermalization is expected. Using an exact Krylov space technique, the out-
of-equilibrium dynamics of the random-field Heisenberg chain is studied up to L = 28 sites, starting from an
initially unentangled high-energy product state. Within most of the delocalized phase, we find a sub-ballistic
entanglement growth S(t) ∝ t1/z with a disorder-dependent exponent z ! 1, in contrast with the pure ballistic
growth z = 1 of clean systems. At the same time, anomalous relaxation is also observed for the spin imbalance
I(t) ∝ t−ζ with a continuously varying disorder-dependent exponent ζ , vanishing at the transition. This provides
a clear experimental signature for detecting this nonconventional regime.
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The many-body localization (MBL) phenomenon has at-18

tracted enormous interest in the last few years (see Refs. [1,2]19

for recent reviews). This is mainly due to the fundamental20

issues that MBL raises regarding the foundations of quantum21

statistical physics, e.g., the absence of thermalization and a vio-22

lation of the eigenstate thermalization hypothesis (ETH) [3–5],23

the persistence of local quantum information at very long24

time [6], and the slow logarithmic growth of entanglement25

entropy with time [7–12]. Furthermore, MBL behaves as an26

emerging integrable system, with an extensive number of local27

integrals of motion [11,13–15], and MBL states exhibit low28

(area-law) entanglement even at high energy [16]. In this29

context, one of the most studied theoretical models is the30

spin- 1
2 random-field Heisenberg chain [6,8,9,17–19]31

H =
L∑

i=1

(#Si · #Si+1 − hiS
z
i

)
, (1)

which lies in the same class as interacting fermionic rings in32

a disordered potential [20–23]. Exact diagonalization (ED)33

studies have clearly identified a MBL transition [6,18,24],34

and a many-body mobility edge in one dimension [18,24], in35

contrast with single particle Anderson localization. However,36

the precise nature of the transition remains elusive despite37

tentative finite size scaling analyses, practically limited to the38

small range of available system sizes L " 22 [18].39

Recently, two analytical phenomenological renormaliza-40

tion approaches have been proposed by Vosk et al. [25] and41

Potter et al. [26] for the dynamical transition from ETH to42

MBL in one dimension. Building on different ingredients,43

both studies nevertheless reached comparable conclusions44

regarding the critical regime. One interesting common aspect45

is that slow dynamics is predicted on the delocalized side of46

the transition, interpreted as caused by Griffiths regions [27].47

Signatures of such anomalously slow dynamics on the ergodic48
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†laflo@irsamc.ups-tlse.fr
‡alet@irsamc.ups-tlse.fr

side of the transition were previously observed numerically 49

for one-dimensional (1D) models in Refs. [19,22,28] on small 50

systems L " 16. While Agarwal et al. [19] found a transition 51

diffusive–subdiffusive roughly in the middle of the ergodic 52

regime, Bar Lev et al. [22] concluded for a more extended 53

subdiffusive phase, although they did not precisely locate the 54

boundary. 55

In this Rapid Communication we address this crucial 56

issue of anomalous dynamics in the delocalized regime 57

when approaching the MBL transition for the random-field 58

Heisenberg chain model, Eq. (1). We study the time evolution 59

after a quantum quench for systems up to L = 28 sites using an 60

exact Krylov space method [29]. Reaching these large system 61

sizes turns out to be decisive for drawing firm conclusions 62

on the dynamical response after a global quench. We focus 63

on the out-of-equilibrium response for two key quantities: the 64

entanglement entropy and the spin density imbalance. While 65

the former is a central object for quantum quenches [30], the 66

latter addresses the prevailing question of how the memory 67

of an initial quantum state is lost with time, and allows 68

one to make a direct connection with recent experiments on 69

interacting fermions in a 1D quasirandom optical lattice [31]. 70

Our exact numerical results for the time evolution of these 71

two quantities provide strong support for the absence of a 72

diffusive regime in most of the delocalized ETH phase. In- 73

stead, a sub-ballistic entanglement growth is clearly observed 74

for the von Neumann entropy S(t) ∝ t1/z, with a disorder- 75

dependent exponent z ! 1. The relaxation of an initial spin 76

density imbalance also displays a power-law behavior, as 77

it decays in time I(t) ∝ t−ζ with a nonuniversal exponent 78

ζ , superposed by subdominant oscillatory terms. These two 79

exponents governing the entropy growth and the decay of the 80

imbalance are continuously varying with the disorder strength 81

and both vanish at the MBL transition. In the MBL regime, we 82

recover the slow logarithmic growth of entanglement, while 83

the memory of initial spin density imbalance remains even 84

after long times. Figure 1 shows an overview of both ETH 85

and MBL regimes for the time evolution of entanglement and 86

imbalance obtained using Krylov space time evolution with 87

L = 20 sites in the MBL regime and L = 28 in the ETH 88
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I. INTRODUCTION

The many body localization (MBL) transition has recently attracted great interest due to its features that challenge
our fundamental understanding of statistical physics. In particular, this leads to non-thermal, insulating states at
high energies.

What happens, if an initial product state evolves with time under the dynamics of a many body Hamiltonian? In
a typical ergodic phase, one would certainly expect that it will approach thermal equilibrium after a short time and
the entropy of entanglement should grow rapidly with time. By contrast, in the many body localized phase this is no
longer true and the growth of the entanglement entropy is logarithmically slow1, thus taking exponentially long times
as a function of system size to thermalize. This behavior is unique for localization in the presence of interactions and
distinguishes MBL from Anderson localization, where entanglement does not grow1.

A second feature that is unique for MBL is the fact that localization occurs at a nonzero critical disorder strength in
one dimension, whereas localization occurs at infinitely small disorder in the absence of interactions. State of the art
numerical simulations provide strong evidence that the critical disorder strength depends on the energy density2–4,
i.e. that there is a many body mobility edge. However, this has been questioned recently by analytical arguments5

and is currently under debate.
Interestingly, the presence of a nonzero critical disorder strength leads to the formation of an ergodic phase, which

precedes the MBL phase at weak disorder. In this phase, high energy eigenstates of the Hamiltonian show volume
law behavior and the eigenstate thermalization hypothesis is valid. Recent work suggests that this ergodic phase is
in fact split into two phases, one which shows normal di↵usion and the other is subdi↵usive due to precursors of the
MBL phase, which hinder transport6,7.

In the present work, we are interested in this e↵ect and study closely its signal in the behavior of the entanglement
growth after a global quench.

II. MODEL AND METHOD

The drosophila for the study of the many body localization transition is the random field quantum Heisenberg ring
of size L of spins with S = 1

2 , whose Hamiltonian is given by

H =
X

i2[1,L]

hJ
2

�
S+

i S�
i+1 + S�

i S+
i+1

�
+�Sz

i S
z
i+1 + hiS

z
i

i
, (1)

which we consider here at the isotropic point � = J .
Let us consider a random initial product state | (t = 0)i = |�1, . . . ,�Li, which is simply given by the z projections

�i of the local spin operator. Clearly, this initial state has no entanglement and it is instructive to look at its evolution
in time.

The solution of the Schrödinger equation for the wave function at given time t can be written in terms of the time
evolution operator e�iHt, which requires the calculation of a matrix exponential

| (t)i = e�iHt| (t = 0)i. (2)

In order to calculate the matrix exponential, one would naively need the full spectrum of H and rotate the problem
into the eigenbasis of H, where the exponential is easily calculated by diag(e�iEnt), with the eigenenergies En.
Unfortunately, this method is limited to relatively small matrix sizes due to the complexity of calculating the full
spectrum, which scales approximately like O(23L).

This insight has driven algorithmic innovation that lead to the development of sophisticated methods for the time
evolution of states like the tDMRG8 and TEBD9 and their variants. They rely on the fact that states with little
entanglement can be described to high accuracy by dramatically less degrees of freedom than the dimension of the
Hilbert space suggests. While these methods have been successfully applied to many problems, they are limited in
the present case by the growth of the entanglement entropy.

Progress can be made by observing that not the full matrix exponential is needed but only its action on a vector.
Nauts and Wyatt10 proposed an algorithm which is based on a projection of the Hamiltonian to the Krylov space
K = span (| 0i, H| 0i, . . . Hn| 0i) using the Lanczos algorithm and calculation of the (small) matrix exponential in
the orthonormal Krylov space basis. This method has been subsequently enhanced and analyzed11 and is nowadays
standard to be used for large sparse matrices due to the simplicity of calculating Krylov space vectors for these
matrices12,13, usually using the Arnoldi method for the projection to the orthonormal Krylov space basis and employing
a Padé approximant for the calculation of the smaller matrix exponential (“scale and square method”14). Here, we
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Figure 4. Return probability to the initial state for the open L = 20 chain for di↵erent disorder strengths.
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We study the time evolution of the entanglement entropy of a one-dimensional nonintegrable spin

chain, starting from random nonentangled initial pure states. We use exact diagonalization of a non-

integrable quantum Ising chain with transverse and longitudinal fields to obtain the exact quantum

dynamics. We show that the entanglement entropy increases linearly with time before finite-size saturation

begins, demonstrating a ballistic spreading of the entanglement, while the energy transport in the same

system is diffusive. Thus, we explicitly demonstrate that the spreading of entanglement is much faster than

the energy diffusion in this nonintegrable system.

DOI: 10.1103/PhysRevLett.111.127205 PACS numbers: 75.10.Pq, 03.65.Ud

Entanglement is one of the unique features of quantum
mechanics that does not exist in classical physics.
Originally, quantum entanglement was viewed with some
skepticism [1,2], but recently, the study of entanglement
has become a central part of many-body quantum physics
and quantum information science. Despite impressive
recent progress in understanding entanglement from vari-
ous viewpoints, many of its aspects remain to be further
explored.

One natural question about entanglement is its quantum
dynamics under unitary time evolution. If one starts an
isolated quantum system in a nonentangled initial product
pure state, how does the entanglement grow with time?
Entanglement is not a conserved quantity like energy, that
is transported. Instead, it is more like an infection or
epidemic [3] that multiplies and spreads. An initial state
that is a product state has the information about the initial
state of each local degree of freedom (spins in our model
below) initially localized on that degree of freedom. Under
the system’s unitary time evolution, quantum information
about each spin’s initial state can spread with time to other
spins, due to the spin-spin interactions. This can make
those spins that share this information entangled.

In real physical systems, information and entanglement
can spread as fast as the speed of light (or sound). For a
lattice spin model, which lacks propagating light or sound,
an upper limit on the speed of any information spread
is given by the Lieb-Robinson bound, which is set by
the spin-spin interactions [4] (for recent reviews, see
Refs. [5,6]). For integrable one-dimensional models, the
entanglement does indeed spread ballistically [7–9], which
is to be expected since such systems have ballistically
propagating quasiparticles that can serve as carriers of
the information. For various localized models, on the other
hand, the entanglement has been shown to spread much
more slowly, only logarithmically with time [8,10–16].
In the present Letter, we consider an intermediate case, a
quantum Ising spin chain that is neither integrable nor
localized, whose energy transport is diffusive.

Here, we investigate the spread of entanglement in a
diffusive nonintegrable system, at high temperature where
there are no ballistically propagating quasiparticles and the
only conserved quantity is the energy which moves diffu-
sively [17]. Diagonalizing the entire Hamiltonian matrix,
we numerically study the time evolution of the entangle-
ment and the diffusive dynamics of energy transport for
highly excited thermal states of the system. We show that
the entanglement spreads ballistically, while the energy
moves only diffusively and thus slowly. Although we
choose a specific model Hamiltonian to study the quantum
dynamics, this result should be valid generally for non-
localized and nonintegrable systems that do not have
ballistically propagating quasiparticles or long-wavelength
propagating modes such as light or acoustic sound.
As a simple nonintegrable model Hamiltonian, we

choose a spin-1=2 Ising chain with both transverse and
longitudinal fields. The model is translationally invariant,
except at the ends of the chain, which we leave open.
Leaving the ends open allows the longest distance within
the chain to be its full length, so we can study energy
transport over that distance and the spread of bipartite
entanglement from the center of the chain to its ends. If
we had used periodic boundary conditions instead, the
longest distances that we could study would be cut in
half. Given the limited lengths that one can study with
exact diagonalization, this factor of 2 is quite important.
Our Hamiltonian is

H¼
XL

i¼1

g!x
i þ

XL#1

i¼2

h!z
i þðh#JÞð!z

1þ!z
LÞþ

XL#1

i¼1

J!z
i!

z
iþ1:

(1)

!x
i and !z

i are the Pauli matrices of the spin at site i.
After searching a bit in the space of parameters to see
where we have both fast entanglement spread and slow
energy diffusion and none of the terms singly dominates
the energy spectrum, we chose the longitudinal field
h ¼ ð

ffiffiffi
5

p
þ 1Þ=4 ¼ 0:8090 . . . and the transverse field

PRL 111, 127205 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

20 SEPTEMBER 2013

0031-9007=13=111(12)=127205(5) 127205-1 ! 2013 American Physical Society

g ¼ ð
ffiffiffi
5

p
þ 5Þ=8 ¼ 0:9045 . . . and set the interaction J¼1

(and also set the Planck constant @ to one); all results
reported here are for these values. Our qualitative results
and conclusions do not depend on these parameter choices
as long as g, h, and J are all of similar magnitude to each
other to keep the system robustly nonintegrable [18]. Note
that the magnitude of the energy ‘‘cost’’ to flip a spin in the
bulk, from the applied longitudinal field and its interactions
with its neighbors, is 2h or 4J % 2h. To keep the end sites
similar in this respect to the bulk, we reduce the strength of
the longitudinal field on the end spins by J. This is to avoid
having some slow low-energy modes near the ends that
introduced small additional finite-size effects when we
also applied the same magnitude of longitudinal field to
the end spins.

This Hamiltonian has one symmetry, namely, inverting
the chain about its center. We always work with even L, so
the center of the chain is on the bond between sites L=2 and
ðL=2Þ þ 1. This symmetry allows us to separate the sys-
tem’s state space into sectors that are even and odd under
this parity symmetry and diagonalize within each sector
separately. Any mixed parity state can be obtained from a
linear combination of even and odd parity states. The
statistics of energy-level spacings within each parity sector
of this nonintegrable Hamiltonian should follow Gaussian
orthogonal ensemble statistics [19]. There are 32 896 en-
ergy levels in the even sector for L ¼ 16, the largest system
we have diagonalized. Their level spacing statistics is
in excellent agreement with the ‘‘r test’’ introduced in
Ref. [20] and the Wigner-like surmise described in
Ref. [21], as expected, indicating that this is indeed a
robustly nonintegrable model with no extra symmetries
(see the Supplemental Material [18]).

First, we consider the time evolution of the bipartite
entanglement across the central bond between the two
halves of the chain. We quantify the entanglement entropy
in bits using the von Neumann entropy SðtÞ ¼
&tr½!AðtÞlog2!AðtÞ( ¼ &tr½!BðtÞlog2!BðtÞ( of the proba-
bility operators (known as reduced density matrices) at
time t of either the left half (A) or the right half (B) of
the chain. As initial states, we consider random product
states (with thus zero initial entanglement) jc ð0Þi ¼
js1ijs2i . . . jsLi, where each spin at site i initially points
in a random direction on its Bloch sphere

jsii ¼ cos
"
"i
2

#
j"iiþ ei#i sin

"
"i
2

#
j#ii; (2)

where "i 2 ½0;$Þ and#i 2 ½0; 2$Þ. Such an initial state is
in general neither even nor odd and thus explores the entire
Hilbert space of the pure states as it evolves with unitary
Hamiltonian dynamics. This ensemble of initial states
maximizes the thermodynamic entropy and thus corre-
sponds to infinite temperature. For each time t, we generate
200 random initial product states, let them evolve to time
t, compute SðtÞ for each initial state, and then average.

By doing so, the standard error at each time is uncorrelated.
The results are shown in Fig. 1. Ballistic linear growth of
SðtÞ at early time is clearly seen, and the growth rate before
the saturation is independent of L. (Note that there is an
even earlier time regime at t ) 1 where the entanglement
initially grows as *t2j logtj; this regime is just the initial
development of some entanglement between the two spins
immediately adjacent to the central bond.)
In the long-time limit, the time evolved state, on aver-

age, should behave like a random pure state (a random
linear combination of product states). In Ref. [22], it is
shown that the average of the entanglement entropy of
random pure states is

SR ¼ log2m& m

2n ln2
&O

"
1

mn

#
; (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m + n. Since m ¼ n ¼ 2L=2 in our

FIG. 1 (color online). (a) Spreading of entanglement entropy
SðtÞ for chains of length L. Initially, the entanglement grows
linearly with time for all cases, with the same speed v ffi 0:70.
Then, the entanglement saturates at long time. This saturation
begins earlier for smaller L, as expected. The linear fit function
is fðtÞ ¼ 0:70t. Standard error is less than 0.04 for all points, and
thus the error bars are only visible at early times. (b) Same data
scaled by the infinite-time entropy for each L. Note that we use
logarithmic scales both here and in Fig. 2.
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subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.
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A local measurement at time t is affected only by the
degrees of freedom within its light cone. The opening angle
of the light cone, or spreading velocity, is determined by
model parameters. For lattice models with short-range
interactions, the time evolution operator U ¼ expð−iHtÞ
has a Trotter-Suzuki decomposition with a checkerboard
structure: Within the LCRG, a light cone out of the infinite
checkerboard is sufficient to compute the time evolution of
local observables in an infinite system [28,34].
To treat disorder, one straightforward possibility for a

finite system is to compute the time evolution for one
particular disorder configuration, and then repeat the
calculation for many different configurations to obtain
the disorder average. Here, we instead use purification
for an infinite system in order to perform the full disorder
average in a single run [25], at the expense of enlarging the
Hilbert space. Specifically, for the XXZ chain, an ancilla
spin-1=2, ~si;anc, is added to each lattice site with an Ising
coupling,Diszi↦2Dszi s

z
i;anc. The state of s

z
i;anc ¼ $1=2 now

determines the local Zeeman field Di ¼ $D. There is no
coupling between different ancilla spins; hence, they
have no dynamics and represent static disorder. The
time evolution of the disorder average is given by the
evolution from a prepared product state jψ0i ⊗ jdisi in
the enlarged Hilbert space of spins and ancillas, where
jdisi ¼ ⊗

j
ðj↑ij þ j↓ijÞ=

ffiffiffi
2

p
is the fully mixed state for the

ancillas. The disorder-averaged expectation value of an
operator O is then obtained by measuring the expectation
value of the operator O ⊗ 1anc in the enlarged Hilbert
space. Although the local Hilbert-space dimension is
doubled, the LCRG algorithm works even more efficiently
for strongly disordered systems than for clean systems, and
real times up to Jt ∼ 100 are reached in our simulations,
where we keep the truncation error in each renormalization
group step smaller than 10−8 by dynamically increasing the
number of kept states up to 20 000. Responsible for these
long simulation times is the slow logarithmic growth of the
entanglement entropy, Sent, for Δ ≠ 0, see Fig. 2. Here,
Sent ¼ −TrρB ln ρB, where ρB is the reduced density matrix
obtained by cutting the infinite chain, A ⊗ B, of spins and
ancillas in half. Since entanglement in the static ancillas
is mediated by the spins, Sent has the same functional
dependence on time as the disorder-averaged entanglement
entropy of a spin-only system [26]. The logarithmic
increase for Δ ≠ 0 is the same behavior as seen for the
XXZ model with the magnetic fields Di drawn from a box
distribution [20], and is a hallmark of a MBL phase. On the
other hand, Sent saturates for Δ ¼ 0 and infinite binary
disorder, see the inset of Fig. 2. The latter behavior can be
easily understood by noting that Sent for a block of size
n ≤ l of a finite chain segment of spins and ancillas with
length l is bounded, Sent ≤ n ln 4. Since pl decreases
exponentially, a strict bound for Sent at all times exists
[26]. This is different from the case of strong bond disorder,
where Sent ∼ ln ln t [22].

In Figs. 3(a) and 3(b) we show ΔnðtÞ for strong and
intermediate disorder. In all cases shown, ΔnðtÞ does not
decay to zero, indicating that the system does not thermal-
ize. The strong reduction of the variance of ΔnðtÞ with
increasing Δ [see Fig. 3(c)] is a clear experimental
indication that localization in an interacting system is
observed.
To further support our findings of a MBL phase for the

XXZ model with binary disorder, we have also calculated
the level statistics for finite chains of up to N ¼ 14 sites in
the Sz ¼ 0 sector by exact diagonalization of all 2N possible
disorder realizations. In the integrable XXZ chain without
disorder, a full set of local integrals of motion exists, which
allows us to completely classify the eigenvalues by the
corresponding quantum numbers. The spectrum is there-
fore uncorrelated and the corresponding level statistics
Poissonian, PðsÞ ¼ expð−sÞ, in terms of the level spacing
s. Disorder breaks integrability, so that the level-spacing
distribution, if the many-body states are extended, will
follow a Wigner distribution, PðsÞ¼ðπs=2Þexpð−πs2=4Þ.
This can also be understood as a crossover from integrability
to quantum chaos [35]. However, once localization sets in,
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FIG. 2 (color online). Sent for the XXZ chain (2) in the strongly
disordered case D ¼ 4000. For small Δ we find asymptotically
SentðtÞ ∼ ln t (dashed lines are fits for t > 20). Inset: SentðtÞ
saturates for Δ ¼ 0 and infinite disorder.

FIG. 3 (color online). XXZ chain: (a) ΔnðtÞ for D ¼ 4000 with
averages (dashed lines).D ¼ 1.5: (b)ΔnðtÞ, (c) variance ofΔnðtÞ
for t > 5, and (d) PðrÞ for chains of lengthN ¼ 14 (symbols) and
PðrÞ ¼ 2=ð1þ rÞ2 (solid lines).
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Figure 44: Reprinted from [428] (Top) and from [474] (Bottom).

Entanglement entropy time t ⇠ L1/z in the subdi↵usive regime with z ⇠ ⇠

diverging close to the MBL transition.
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An important and incompletely answered question is whether a closed quantum system of many

interacting particles can be localized by disorder. The time evolution of simple (unentangled) initial states

is studied numerically for a system of interacting spinless fermions in one dimension described by the

random-field XXZHamiltonian. Interactions induce a dramatic change in the propagation of entanglement

and a smaller change in the propagation of particles. For even weak interactions, when the system is

thought to be in a many-body localized phase, entanglement shows neither localized nor diffusive

behavior but grows without limit in an infinite system: interactions act as a singular perturbation on

the localized state with no interactions. The significance for proposed atomic experiments is that local

measurements will show a large but nonthermal entropy in the many-body localized state. This entropy

develops slowly (approximately logarithmically) over a diverging time scale as in glassy systems.

DOI: 10.1103/PhysRevLett.109.017202 PACS numbers: 75.10.Pq, 03.65.Ud, 71.30.+h

One of the most remarkable predictions of quantum
mechanics is that an arbitrarily weak random potential is
sufficient to localize all energy eigenstates of a single
particle moving in one dimension [1,2]. In experiments
on electronic systems, observation of localization is lim-
ited to low temperatures because the interaction of an
electron with its environment results in a loss of quantum
coherence and a crossover to classical transport. Recent
work has proposed that, if there are electron-electron
interactions but the electronic system is isolated from
other degrees of freedom (such as phonons), there can
be a ‘‘many-body localization transition’’ even in a one-
dimensional system for which all the single-particle states
are localized [3–8].

Two important developments may enable progress on
many-body localization beyond past efforts using analyti-
cal perturbation theory. The first is that numerical methods
like matrix-product-state based methods and large scale
exact diagonalizations enable studies of some, not all,
important quantities in large systems. The second is that
progress in creating atomic systems where interactions
between particles are strong but the overall many-atom
system is highly phase coherent [9] suggests that this
many-body localization transition may be observable in
experiments [10,11]. Note that many-body localization is
connected to the problem of thermalization in closed quan-
tum systems as a localized system does not thermalize.

The goal of the present Letter is to show that the many-
body localized phase differs qualitatively, even for weak
interactions, from the conventional, noninteracting local-
ized phase. The evolution of two quantities studied, the
entanglement entropy and particle number fluctuations,
show logarithmically slow evolution more characteristic
of a glassy phase; however, the long-term behavior of these

quantities is quite different. The growth of the entangle-
ment entropy has previously been observed [12,13] to
show roughly logarithmic evolution for smaller systems
and stronger interactions. We seek, here, to study this
behavior systematically over a wide range of time scales
(up to t ! 109J"1

? ), showing that the logarithmic growth
begins for arbitrarily weak interactions. We show that the
entanglement growth does not saturate in the thermody-
namic limit, and obtain additional quantities that distin-
guish among possible mechanisms. Further discussion of
our conclusions appears after the model, methods, and
numerical results are presented.
Model system.—One-dimensional (1D) s ¼ 1

2 spin chains
are a natural place to look for many-body localization [4] as
they are equivalent to 1D spinless lattice fermions. To start,
consider the XX model with random z directed magnetic
fields so that the total magnetization Sz is conserved:

H0 ¼ J?
X

i

ðSxi Sxiþ1 þ Syi S
y
iþ1Þ þ

X

i

hiS
z
i : (1)

Here, the fields hi are drawn independently from the interval
[" !, !]. The eigenstates are equivalent via the Jordan-
Wigner transformation to Slater determinants of free fermi-
ons with nearest-neighbor hopping and random on-site
potentials; particle number in the fermionic representation
is related to Sz in the spin representation, so the z directed
magnetic field is essentially a random chemical potential.
Now every single-fermion state is localized by any !> 0,
and the dynamics of this spin Hamiltonian are localized
as well: a local disturbance at time t ¼ 0 propagates only
to some finite distance (the localization length) as t ! 1. As
an example, consider the evolution of a randomly chosen Sz

basis state. The coupling J? allows ‘‘particles’’ (up spins) to
move, and entanglement entropy to develop, between two
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Ballistic Spreading of Entanglement in a Diffusive Nonintegrable System

Hyungwon Kim and David A. Huse
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We study the time evolution of the entanglement entropy of a one-dimensional nonintegrable spin

chain, starting from random nonentangled initial pure states. We use exact diagonalization of a non-

integrable quantum Ising chain with transverse and longitudinal fields to obtain the exact quantum

dynamics. We show that the entanglement entropy increases linearly with time before finite-size saturation

begins, demonstrating a ballistic spreading of the entanglement, while the energy transport in the same

system is diffusive. Thus, we explicitly demonstrate that the spreading of entanglement is much faster than

the energy diffusion in this nonintegrable system.

DOI: 10.1103/PhysRevLett.111.127205 PACS numbers: 75.10.Pq, 03.65.Ud

Entanglement is one of the unique features of quantum
mechanics that does not exist in classical physics.
Originally, quantum entanglement was viewed with some
skepticism [1,2], but recently, the study of entanglement
has become a central part of many-body quantum physics
and quantum information science. Despite impressive
recent progress in understanding entanglement from vari-
ous viewpoints, many of its aspects remain to be further
explored.

One natural question about entanglement is its quantum
dynamics under unitary time evolution. If one starts an
isolated quantum system in a nonentangled initial product
pure state, how does the entanglement grow with time?
Entanglement is not a conserved quantity like energy, that
is transported. Instead, it is more like an infection or
epidemic [3] that multiplies and spreads. An initial state
that is a product state has the information about the initial
state of each local degree of freedom (spins in our model
below) initially localized on that degree of freedom. Under
the system’s unitary time evolution, quantum information
about each spin’s initial state can spread with time to other
spins, due to the spin-spin interactions. This can make
those spins that share this information entangled.

In real physical systems, information and entanglement
can spread as fast as the speed of light (or sound). For a
lattice spin model, which lacks propagating light or sound,
an upper limit on the speed of any information spread
is given by the Lieb-Robinson bound, which is set by
the spin-spin interactions [4] (for recent reviews, see
Refs. [5,6]). For integrable one-dimensional models, the
entanglement does indeed spread ballistically [7–9], which
is to be expected since such systems have ballistically
propagating quasiparticles that can serve as carriers of
the information. For various localized models, on the other
hand, the entanglement has been shown to spread much
more slowly, only logarithmically with time [8,10–16].
In the present Letter, we consider an intermediate case, a
quantum Ising spin chain that is neither integrable nor
localized, whose energy transport is diffusive.

Here, we investigate the spread of entanglement in a
diffusive nonintegrable system, at high temperature where
there are no ballistically propagating quasiparticles and the
only conserved quantity is the energy which moves diffu-
sively [17]. Diagonalizing the entire Hamiltonian matrix,
we numerically study the time evolution of the entangle-
ment and the diffusive dynamics of energy transport for
highly excited thermal states of the system. We show that
the entanglement spreads ballistically, while the energy
moves only diffusively and thus slowly. Although we
choose a specific model Hamiltonian to study the quantum
dynamics, this result should be valid generally for non-
localized and nonintegrable systems that do not have
ballistically propagating quasiparticles or long-wavelength
propagating modes such as light or acoustic sound.
As a simple nonintegrable model Hamiltonian, we

choose a spin-1=2 Ising chain with both transverse and
longitudinal fields. The model is translationally invariant,
except at the ends of the chain, which we leave open.
Leaving the ends open allows the longest distance within
the chain to be its full length, so we can study energy
transport over that distance and the spread of bipartite
entanglement from the center of the chain to its ends. If
we had used periodic boundary conditions instead, the
longest distances that we could study would be cut in
half. Given the limited lengths that one can study with
exact diagonalization, this factor of 2 is quite important.
Our Hamiltonian is

H¼
XL

i¼1

g!x
i þ

XL#1

i¼2

h!z
i þðh#JÞð!z

1þ!z
LÞþ

XL#1

i¼1

J!z
i!

z
iþ1:

(1)

!x
i and !z

i are the Pauli matrices of the spin at site i.
After searching a bit in the space of parameters to see
where we have both fast entanglement spread and slow
energy diffusion and none of the terms singly dominates
the energy spectrum, we chose the longitudinal field
h ¼ ð

ffiffiffi
5

p
þ 1Þ=4 ¼ 0:8090 . . . and the transverse field
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g ¼ ð
ffiffiffi
5

p
þ 5Þ=8 ¼ 0:9045 . . . and set the interaction J¼1

(and also set the Planck constant @ to one); all results
reported here are for these values. Our qualitative results
and conclusions do not depend on these parameter choices
as long as g, h, and J are all of similar magnitude to each
other to keep the system robustly nonintegrable [18]. Note
that the magnitude of the energy ‘‘cost’’ to flip a spin in the
bulk, from the applied longitudinal field and its interactions
with its neighbors, is 2h or 4J % 2h. To keep the end sites
similar in this respect to the bulk, we reduce the strength of
the longitudinal field on the end spins by J. This is to avoid
having some slow low-energy modes near the ends that
introduced small additional finite-size effects when we
also applied the same magnitude of longitudinal field to
the end spins.

This Hamiltonian has one symmetry, namely, inverting
the chain about its center. We always work with even L, so
the center of the chain is on the bond between sites L=2 and
ðL=2Þ þ 1. This symmetry allows us to separate the sys-
tem’s state space into sectors that are even and odd under
this parity symmetry and diagonalize within each sector
separately. Any mixed parity state can be obtained from a
linear combination of even and odd parity states. The
statistics of energy-level spacings within each parity sector
of this nonintegrable Hamiltonian should follow Gaussian
orthogonal ensemble statistics [19]. There are 32 896 en-
ergy levels in the even sector for L ¼ 16, the largest system
we have diagonalized. Their level spacing statistics is
in excellent agreement with the ‘‘r test’’ introduced in
Ref. [20] and the Wigner-like surmise described in
Ref. [21], as expected, indicating that this is indeed a
robustly nonintegrable model with no extra symmetries
(see the Supplemental Material [18]).

First, we consider the time evolution of the bipartite
entanglement across the central bond between the two
halves of the chain. We quantify the entanglement entropy
in bits using the von Neumann entropy SðtÞ ¼
&tr½!AðtÞlog2!AðtÞ( ¼ &tr½!BðtÞlog2!BðtÞ( of the proba-
bility operators (known as reduced density matrices) at
time t of either the left half (A) or the right half (B) of
the chain. As initial states, we consider random product
states (with thus zero initial entanglement) jc ð0Þi ¼
js1ijs2i . . . jsLi, where each spin at site i initially points
in a random direction on its Bloch sphere

jsii ¼ cos
"
"i
2

#
j"iiþ ei#i sin

"
"i
2

#
j#ii; (2)

where "i 2 ½0;$Þ and#i 2 ½0; 2$Þ. Such an initial state is
in general neither even nor odd and thus explores the entire
Hilbert space of the pure states as it evolves with unitary
Hamiltonian dynamics. This ensemble of initial states
maximizes the thermodynamic entropy and thus corre-
sponds to infinite temperature. For each time t, we generate
200 random initial product states, let them evolve to time
t, compute SðtÞ for each initial state, and then average.

By doing so, the standard error at each time is uncorrelated.
The results are shown in Fig. 1. Ballistic linear growth of
SðtÞ at early time is clearly seen, and the growth rate before
the saturation is independent of L. (Note that there is an
even earlier time regime at t ) 1 where the entanglement
initially grows as *t2j logtj; this regime is just the initial
development of some entanglement between the two spins
immediately adjacent to the central bond.)
In the long-time limit, the time evolved state, on aver-

age, should behave like a random pure state (a random
linear combination of product states). In Ref. [22], it is
shown that the average of the entanglement entropy of
random pure states is

SR ¼ log2m& m

2n ln2
&O

"
1

mn

#
; (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m + n. Since m ¼ n ¼ 2L=2 in our

FIG. 1 (color online). (a) Spreading of entanglement entropy
SðtÞ for chains of length L. Initially, the entanglement grows
linearly with time for all cases, with the same speed v ffi 0:70.
Then, the entanglement saturates at long time. This saturation
begins earlier for smaller L, as expected. The linear fit function
is fðtÞ ¼ 0:70t. Standard error is less than 0.04 for all points, and
thus the error bars are only visible at early times. (b) Same data
scaled by the infinite-time entropy for each L. Note that we use
logarithmic scales both here and in Fig. 2.
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Entanglement growth after a global quench

ETH MBL
Logarithmic

subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.
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A local measurement at time t is affected only by the
degrees of freedom within its light cone. The opening angle
of the light cone, or spreading velocity, is determined by
model parameters. For lattice models with short-range
interactions, the time evolution operator U ¼ expð−iHtÞ
has a Trotter-Suzuki decomposition with a checkerboard
structure: Within the LCRG, a light cone out of the infinite
checkerboard is sufficient to compute the time evolution of
local observables in an infinite system [28,34].
To treat disorder, one straightforward possibility for a

finite system is to compute the time evolution for one
particular disorder configuration, and then repeat the
calculation for many different configurations to obtain
the disorder average. Here, we instead use purification
for an infinite system in order to perform the full disorder
average in a single run [25], at the expense of enlarging the
Hilbert space. Specifically, for the XXZ chain, an ancilla
spin-1=2, ~si;anc, is added to each lattice site with an Ising
coupling,Diszi↦2Dszi s

z
i;anc. The state of s

z
i;anc ¼ $1=2 now

determines the local Zeeman field Di ¼ $D. There is no
coupling between different ancilla spins; hence, they
have no dynamics and represent static disorder. The
time evolution of the disorder average is given by the
evolution from a prepared product state jψ0i ⊗ jdisi in
the enlarged Hilbert space of spins and ancillas, where
jdisi ¼ ⊗

j
ðj↑ij þ j↓ijÞ=

ffiffiffi
2

p
is the fully mixed state for the

ancillas. The disorder-averaged expectation value of an
operator O is then obtained by measuring the expectation
value of the operator O ⊗ 1anc in the enlarged Hilbert
space. Although the local Hilbert-space dimension is
doubled, the LCRG algorithm works even more efficiently
for strongly disordered systems than for clean systems, and
real times up to Jt ∼ 100 are reached in our simulations,
where we keep the truncation error in each renormalization
group step smaller than 10−8 by dynamically increasing the
number of kept states up to 20 000. Responsible for these
long simulation times is the slow logarithmic growth of the
entanglement entropy, Sent, for Δ ≠ 0, see Fig. 2. Here,
Sent ¼ −TrρB ln ρB, where ρB is the reduced density matrix
obtained by cutting the infinite chain, A ⊗ B, of spins and
ancillas in half. Since entanglement in the static ancillas
is mediated by the spins, Sent has the same functional
dependence on time as the disorder-averaged entanglement
entropy of a spin-only system [26]. The logarithmic
increase for Δ ≠ 0 is the same behavior as seen for the
XXZ model with the magnetic fields Di drawn from a box
distribution [20], and is a hallmark of a MBL phase. On the
other hand, Sent saturates for Δ ¼ 0 and infinite binary
disorder, see the inset of Fig. 2. The latter behavior can be
easily understood by noting that Sent for a block of size
n ≤ l of a finite chain segment of spins and ancillas with
length l is bounded, Sent ≤ n ln 4. Since pl decreases
exponentially, a strict bound for Sent at all times exists
[26]. This is different from the case of strong bond disorder,
where Sent ∼ ln ln t [22].

In Figs. 3(a) and 3(b) we show ΔnðtÞ for strong and
intermediate disorder. In all cases shown, ΔnðtÞ does not
decay to zero, indicating that the system does not thermal-
ize. The strong reduction of the variance of ΔnðtÞ with
increasing Δ [see Fig. 3(c)] is a clear experimental
indication that localization in an interacting system is
observed.
To further support our findings of a MBL phase for the

XXZ model with binary disorder, we have also calculated
the level statistics for finite chains of up to N ¼ 14 sites in
the Sz ¼ 0 sector by exact diagonalization of all 2N possible
disorder realizations. In the integrable XXZ chain without
disorder, a full set of local integrals of motion exists, which
allows us to completely classify the eigenvalues by the
corresponding quantum numbers. The spectrum is there-
fore uncorrelated and the corresponding level statistics
Poissonian, PðsÞ ¼ expð−sÞ, in terms of the level spacing
s. Disorder breaks integrability, so that the level-spacing
distribution, if the many-body states are extended, will
follow a Wigner distribution, PðsÞ¼ðπs=2Þexpð−πs2=4Þ.
This can also be understood as a crossover from integrability
to quantum chaos [35]. However, once localization sets in,
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FIG. 2 (color online). Sent for the XXZ chain (2) in the strongly
disordered case D ¼ 4000. For small Δ we find asymptotically
SentðtÞ ∼ ln t (dashed lines are fits for t > 20). Inset: SentðtÞ
saturates for Δ ¼ 0 and infinite disorder.

FIG. 3 (color online). XXZ chain: (a) ΔnðtÞ for D ¼ 4000 with
averages (dashed lines).D ¼ 1.5: (b)ΔnðtÞ, (c) variance ofΔnðtÞ
for t > 5, and (d) PðrÞ for chains of lengthN ¼ 14 (symbols) and
PðrÞ ¼ 2=ð1þ rÞ2 (solid lines).
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Figure 44: Reprinted from [428] (Top) and from [474] (Bottom).

Entanglement entropy time t ⇠ L1/z in the subdi↵usive regime with z ⇠ ⇠

diverging close to the MBL transition.
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An important and incompletely answered question is whether a closed quantum system of many

interacting particles can be localized by disorder. The time evolution of simple (unentangled) initial states

is studied numerically for a system of interacting spinless fermions in one dimension described by the

random-field XXZHamiltonian. Interactions induce a dramatic change in the propagation of entanglement

and a smaller change in the propagation of particles. For even weak interactions, when the system is

thought to be in a many-body localized phase, entanglement shows neither localized nor diffusive

behavior but grows without limit in an infinite system: interactions act as a singular perturbation on

the localized state with no interactions. The significance for proposed atomic experiments is that local

measurements will show a large but nonthermal entropy in the many-body localized state. This entropy

develops slowly (approximately logarithmically) over a diverging time scale as in glassy systems.
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One of the most remarkable predictions of quantum
mechanics is that an arbitrarily weak random potential is
sufficient to localize all energy eigenstates of a single
particle moving in one dimension [1,2]. In experiments
on electronic systems, observation of localization is lim-
ited to low temperatures because the interaction of an
electron with its environment results in a loss of quantum
coherence and a crossover to classical transport. Recent
work has proposed that, if there are electron-electron
interactions but the electronic system is isolated from
other degrees of freedom (such as phonons), there can
be a ‘‘many-body localization transition’’ even in a one-
dimensional system for which all the single-particle states
are localized [3–8].

Two important developments may enable progress on
many-body localization beyond past efforts using analyti-
cal perturbation theory. The first is that numerical methods
like matrix-product-state based methods and large scale
exact diagonalizations enable studies of some, not all,
important quantities in large systems. The second is that
progress in creating atomic systems where interactions
between particles are strong but the overall many-atom
system is highly phase coherent [9] suggests that this
many-body localization transition may be observable in
experiments [10,11]. Note that many-body localization is
connected to the problem of thermalization in closed quan-
tum systems as a localized system does not thermalize.

The goal of the present Letter is to show that the many-
body localized phase differs qualitatively, even for weak
interactions, from the conventional, noninteracting local-
ized phase. The evolution of two quantities studied, the
entanglement entropy and particle number fluctuations,
show logarithmically slow evolution more characteristic
of a glassy phase; however, the long-term behavior of these

quantities is quite different. The growth of the entangle-
ment entropy has previously been observed [12,13] to
show roughly logarithmic evolution for smaller systems
and stronger interactions. We seek, here, to study this
behavior systematically over a wide range of time scales
(up to t ! 109J"1

? ), showing that the logarithmic growth
begins for arbitrarily weak interactions. We show that the
entanglement growth does not saturate in the thermody-
namic limit, and obtain additional quantities that distin-
guish among possible mechanisms. Further discussion of
our conclusions appears after the model, methods, and
numerical results are presented.
Model system.—One-dimensional (1D) s ¼ 1

2 spin chains
are a natural place to look for many-body localization [4] as
they are equivalent to 1D spinless lattice fermions. To start,
consider the XX model with random z directed magnetic
fields so that the total magnetization Sz is conserved:

H0 ¼ J?
X

i

ðSxi Sxiþ1 þ Syi S
y
iþ1Þ þ

X

i

hiS
z
i : (1)

Here, the fields hi are drawn independently from the interval
[" !, !]. The eigenstates are equivalent via the Jordan-
Wigner transformation to Slater determinants of free fermi-
ons with nearest-neighbor hopping and random on-site
potentials; particle number in the fermionic representation
is related to Sz in the spin representation, so the z directed
magnetic field is essentially a random chemical potential.
Now every single-fermion state is localized by any !> 0,
and the dynamics of this spin Hamiltonian are localized
as well: a local disturbance at time t ¼ 0 propagates only
to some finite distance (the localization length) as t ! 1. As
an example, consider the evolution of a randomly chosen Sz

basis state. The coupling J? allows ‘‘particles’’ (up spins) to
move, and entanglement entropy to develop, between two
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We study the time evolution of the entanglement entropy of a one-dimensional nonintegrable spin

chain, starting from random nonentangled initial pure states. We use exact diagonalization of a non-

integrable quantum Ising chain with transverse and longitudinal fields to obtain the exact quantum

dynamics. We show that the entanglement entropy increases linearly with time before finite-size saturation

begins, demonstrating a ballistic spreading of the entanglement, while the energy transport in the same

system is diffusive. Thus, we explicitly demonstrate that the spreading of entanglement is much faster than

the energy diffusion in this nonintegrable system.
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Entanglement is one of the unique features of quantum
mechanics that does not exist in classical physics.
Originally, quantum entanglement was viewed with some
skepticism [1,2], but recently, the study of entanglement
has become a central part of many-body quantum physics
and quantum information science. Despite impressive
recent progress in understanding entanglement from vari-
ous viewpoints, many of its aspects remain to be further
explored.

One natural question about entanglement is its quantum
dynamics under unitary time evolution. If one starts an
isolated quantum system in a nonentangled initial product
pure state, how does the entanglement grow with time?
Entanglement is not a conserved quantity like energy, that
is transported. Instead, it is more like an infection or
epidemic [3] that multiplies and spreads. An initial state
that is a product state has the information about the initial
state of each local degree of freedom (spins in our model
below) initially localized on that degree of freedom. Under
the system’s unitary time evolution, quantum information
about each spin’s initial state can spread with time to other
spins, due to the spin-spin interactions. This can make
those spins that share this information entangled.

In real physical systems, information and entanglement
can spread as fast as the speed of light (or sound). For a
lattice spin model, which lacks propagating light or sound,
an upper limit on the speed of any information spread
is given by the Lieb-Robinson bound, which is set by
the spin-spin interactions [4] (for recent reviews, see
Refs. [5,6]). For integrable one-dimensional models, the
entanglement does indeed spread ballistically [7–9], which
is to be expected since such systems have ballistically
propagating quasiparticles that can serve as carriers of
the information. For various localized models, on the other
hand, the entanglement has been shown to spread much
more slowly, only logarithmically with time [8,10–16].
In the present Letter, we consider an intermediate case, a
quantum Ising spin chain that is neither integrable nor
localized, whose energy transport is diffusive.

Here, we investigate the spread of entanglement in a
diffusive nonintegrable system, at high temperature where
there are no ballistically propagating quasiparticles and the
only conserved quantity is the energy which moves diffu-
sively [17]. Diagonalizing the entire Hamiltonian matrix,
we numerically study the time evolution of the entangle-
ment and the diffusive dynamics of energy transport for
highly excited thermal states of the system. We show that
the entanglement spreads ballistically, while the energy
moves only diffusively and thus slowly. Although we
choose a specific model Hamiltonian to study the quantum
dynamics, this result should be valid generally for non-
localized and nonintegrable systems that do not have
ballistically propagating quasiparticles or long-wavelength
propagating modes such as light or acoustic sound.
As a simple nonintegrable model Hamiltonian, we

choose a spin-1=2 Ising chain with both transverse and
longitudinal fields. The model is translationally invariant,
except at the ends of the chain, which we leave open.
Leaving the ends open allows the longest distance within
the chain to be its full length, so we can study energy
transport over that distance and the spread of bipartite
entanglement from the center of the chain to its ends. If
we had used periodic boundary conditions instead, the
longest distances that we could study would be cut in
half. Given the limited lengths that one can study with
exact diagonalization, this factor of 2 is quite important.
Our Hamiltonian is

H¼
XL

i¼1

g!x
i þ

XL#1

i¼2

h!z
i þðh#JÞð!z

1þ!z
LÞþ

XL#1

i¼1

J!z
i!

z
iþ1:

(1)

!x
i and !z

i are the Pauli matrices of the spin at site i.
After searching a bit in the space of parameters to see
where we have both fast entanglement spread and slow
energy diffusion and none of the terms singly dominates
the energy spectrum, we chose the longitudinal field
h ¼ ð

ffiffiffi
5

p
þ 1Þ=4 ¼ 0:8090 . . . and the transverse field
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g ¼ ð
ffiffiffi
5

p
þ 5Þ=8 ¼ 0:9045 . . . and set the interaction J¼1

(and also set the Planck constant @ to one); all results
reported here are for these values. Our qualitative results
and conclusions do not depend on these parameter choices
as long as g, h, and J are all of similar magnitude to each
other to keep the system robustly nonintegrable [18]. Note
that the magnitude of the energy ‘‘cost’’ to flip a spin in the
bulk, from the applied longitudinal field and its interactions
with its neighbors, is 2h or 4J % 2h. To keep the end sites
similar in this respect to the bulk, we reduce the strength of
the longitudinal field on the end spins by J. This is to avoid
having some slow low-energy modes near the ends that
introduced small additional finite-size effects when we
also applied the same magnitude of longitudinal field to
the end spins.

This Hamiltonian has one symmetry, namely, inverting
the chain about its center. We always work with even L, so
the center of the chain is on the bond between sites L=2 and
ðL=2Þ þ 1. This symmetry allows us to separate the sys-
tem’s state space into sectors that are even and odd under
this parity symmetry and diagonalize within each sector
separately. Any mixed parity state can be obtained from a
linear combination of even and odd parity states. The
statistics of energy-level spacings within each parity sector
of this nonintegrable Hamiltonian should follow Gaussian
orthogonal ensemble statistics [19]. There are 32 896 en-
ergy levels in the even sector for L ¼ 16, the largest system
we have diagonalized. Their level spacing statistics is
in excellent agreement with the ‘‘r test’’ introduced in
Ref. [20] and the Wigner-like surmise described in
Ref. [21], as expected, indicating that this is indeed a
robustly nonintegrable model with no extra symmetries
(see the Supplemental Material [18]).

First, we consider the time evolution of the bipartite
entanglement across the central bond between the two
halves of the chain. We quantify the entanglement entropy
in bits using the von Neumann entropy SðtÞ ¼
&tr½!AðtÞlog2!AðtÞ( ¼ &tr½!BðtÞlog2!BðtÞ( of the proba-
bility operators (known as reduced density matrices) at
time t of either the left half (A) or the right half (B) of
the chain. As initial states, we consider random product
states (with thus zero initial entanglement) jc ð0Þi ¼
js1ijs2i . . . jsLi, where each spin at site i initially points
in a random direction on its Bloch sphere

jsii ¼ cos
"
"i
2

#
j"iiþ ei#i sin

"
"i
2

#
j#ii; (2)

where "i 2 ½0;$Þ and#i 2 ½0; 2$Þ. Such an initial state is
in general neither even nor odd and thus explores the entire
Hilbert space of the pure states as it evolves with unitary
Hamiltonian dynamics. This ensemble of initial states
maximizes the thermodynamic entropy and thus corre-
sponds to infinite temperature. For each time t, we generate
200 random initial product states, let them evolve to time
t, compute SðtÞ for each initial state, and then average.

By doing so, the standard error at each time is uncorrelated.
The results are shown in Fig. 1. Ballistic linear growth of
SðtÞ at early time is clearly seen, and the growth rate before
the saturation is independent of L. (Note that there is an
even earlier time regime at t ) 1 where the entanglement
initially grows as *t2j logtj; this regime is just the initial
development of some entanglement between the two spins
immediately adjacent to the central bond.)
In the long-time limit, the time evolved state, on aver-

age, should behave like a random pure state (a random
linear combination of product states). In Ref. [22], it is
shown that the average of the entanglement entropy of
random pure states is

SR ¼ log2m& m

2n ln2
&O

"
1

mn

#
; (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m + n. Since m ¼ n ¼ 2L=2 in our

FIG. 1 (color online). (a) Spreading of entanglement entropy
SðtÞ for chains of length L. Initially, the entanglement grows
linearly with time for all cases, with the same speed v ffi 0:70.
Then, the entanglement saturates at long time. This saturation
begins earlier for smaller L, as expected. The linear fit function
is fðtÞ ¼ 0:70t. Standard error is less than 0.04 for all points, and
thus the error bars are only visible at early times. (b) Same data
scaled by the infinite-time entropy for each L. Note that we use
logarithmic scales both here and in Fig. 2.
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Entanglement growth after a global quench

ETH MBL
Logarithmic

subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.

PRL 109, 017202 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
6 JULY 2012

017202-2

A local measurement at time t is affected only by the
degrees of freedom within its light cone. The opening angle
of the light cone, or spreading velocity, is determined by
model parameters. For lattice models with short-range
interactions, the time evolution operator U ¼ expð−iHtÞ
has a Trotter-Suzuki decomposition with a checkerboard
structure: Within the LCRG, a light cone out of the infinite
checkerboard is sufficient to compute the time evolution of
local observables in an infinite system [28,34].
To treat disorder, one straightforward possibility for a

finite system is to compute the time evolution for one
particular disorder configuration, and then repeat the
calculation for many different configurations to obtain
the disorder average. Here, we instead use purification
for an infinite system in order to perform the full disorder
average in a single run [25], at the expense of enlarging the
Hilbert space. Specifically, for the XXZ chain, an ancilla
spin-1=2, ~si;anc, is added to each lattice site with an Ising
coupling,Diszi↦2Dszi s

z
i;anc. The state of s

z
i;anc ¼ $1=2 now

determines the local Zeeman field Di ¼ $D. There is no
coupling between different ancilla spins; hence, they
have no dynamics and represent static disorder. The
time evolution of the disorder average is given by the
evolution from a prepared product state jψ0i ⊗ jdisi in
the enlarged Hilbert space of spins and ancillas, where
jdisi ¼ ⊗

j
ðj↑ij þ j↓ijÞ=

ffiffiffi
2

p
is the fully mixed state for the

ancillas. The disorder-averaged expectation value of an
operator O is then obtained by measuring the expectation
value of the operator O ⊗ 1anc in the enlarged Hilbert
space. Although the local Hilbert-space dimension is
doubled, the LCRG algorithm works even more efficiently
for strongly disordered systems than for clean systems, and
real times up to Jt ∼ 100 are reached in our simulations,
where we keep the truncation error in each renormalization
group step smaller than 10−8 by dynamically increasing the
number of kept states up to 20 000. Responsible for these
long simulation times is the slow logarithmic growth of the
entanglement entropy, Sent, for Δ ≠ 0, see Fig. 2. Here,
Sent ¼ −TrρB ln ρB, where ρB is the reduced density matrix
obtained by cutting the infinite chain, A ⊗ B, of spins and
ancillas in half. Since entanglement in the static ancillas
is mediated by the spins, Sent has the same functional
dependence on time as the disorder-averaged entanglement
entropy of a spin-only system [26]. The logarithmic
increase for Δ ≠ 0 is the same behavior as seen for the
XXZ model with the magnetic fields Di drawn from a box
distribution [20], and is a hallmark of a MBL phase. On the
other hand, Sent saturates for Δ ¼ 0 and infinite binary
disorder, see the inset of Fig. 2. The latter behavior can be
easily understood by noting that Sent for a block of size
n ≤ l of a finite chain segment of spins and ancillas with
length l is bounded, Sent ≤ n ln 4. Since pl decreases
exponentially, a strict bound for Sent at all times exists
[26]. This is different from the case of strong bond disorder,
where Sent ∼ ln ln t [22].

In Figs. 3(a) and 3(b) we show ΔnðtÞ for strong and
intermediate disorder. In all cases shown, ΔnðtÞ does not
decay to zero, indicating that the system does not thermal-
ize. The strong reduction of the variance of ΔnðtÞ with
increasing Δ [see Fig. 3(c)] is a clear experimental
indication that localization in an interacting system is
observed.
To further support our findings of a MBL phase for the

XXZ model with binary disorder, we have also calculated
the level statistics for finite chains of up to N ¼ 14 sites in
the Sz ¼ 0 sector by exact diagonalization of all 2N possible
disorder realizations. In the integrable XXZ chain without
disorder, a full set of local integrals of motion exists, which
allows us to completely classify the eigenvalues by the
corresponding quantum numbers. The spectrum is there-
fore uncorrelated and the corresponding level statistics
Poissonian, PðsÞ ¼ expð−sÞ, in terms of the level spacing
s. Disorder breaks integrability, so that the level-spacing
distribution, if the many-body states are extended, will
follow a Wigner distribution, PðsÞ¼ðπs=2Þexpð−πs2=4Þ.
This can also be understood as a crossover from integrability
to quantum chaos [35]. However, once localization sets in,
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FIG. 2 (color online). Sent for the XXZ chain (2) in the strongly
disordered case D ¼ 4000. For small Δ we find asymptotically
SentðtÞ ∼ ln t (dashed lines are fits for t > 20). Inset: SentðtÞ
saturates for Δ ¼ 0 and infinite disorder.

FIG. 3 (color online). XXZ chain: (a) ΔnðtÞ for D ¼ 4000 with
averages (dashed lines).D ¼ 1.5: (b)ΔnðtÞ, (c) variance ofΔnðtÞ
for t > 5, and (d) PðrÞ for chains of lengthN ¼ 14 (symbols) and
PðrÞ ¼ 2=ð1þ rÞ2 (solid lines).
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Figure 44: Reprinted from [428] (Top) and from [474] (Bottom).

Entanglement entropy time t ⇠ L1/z in the subdi↵usive regime with z ⇠ ⇠

diverging close to the MBL transition.

81

Unbounded Growth of Entanglement in Models of Many-Body Localization

Jens H. Bardarson,1,2 Frank Pollmann,3 and Joel E. Moore1,2

1Department of Physics, University of California, Berkeley, California 94720, USA
2Materials Science Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

3Max Planck Institute for the Physics of Complex Systems, D-0118 Dresden, Germany
(Received 5 March 2012; published 3 July 2012)

An important and incompletely answered question is whether a closed quantum system of many

interacting particles can be localized by disorder. The time evolution of simple (unentangled) initial states

is studied numerically for a system of interacting spinless fermions in one dimension described by the

random-field XXZHamiltonian. Interactions induce a dramatic change in the propagation of entanglement

and a smaller change in the propagation of particles. For even weak interactions, when the system is

thought to be in a many-body localized phase, entanglement shows neither localized nor diffusive

behavior but grows without limit in an infinite system: interactions act as a singular perturbation on

the localized state with no interactions. The significance for proposed atomic experiments is that local
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One of the most remarkable predictions of quantum
mechanics is that an arbitrarily weak random potential is
sufficient to localize all energy eigenstates of a single
particle moving in one dimension [1,2]. In experiments
on electronic systems, observation of localization is lim-
ited to low temperatures because the interaction of an
electron with its environment results in a loss of quantum
coherence and a crossover to classical transport. Recent
work has proposed that, if there are electron-electron
interactions but the electronic system is isolated from
other degrees of freedom (such as phonons), there can
be a ‘‘many-body localization transition’’ even in a one-
dimensional system for which all the single-particle states
are localized [3–8].

Two important developments may enable progress on
many-body localization beyond past efforts using analyti-
cal perturbation theory. The first is that numerical methods
like matrix-product-state based methods and large scale
exact diagonalizations enable studies of some, not all,
important quantities in large systems. The second is that
progress in creating atomic systems where interactions
between particles are strong but the overall many-atom
system is highly phase coherent [9] suggests that this
many-body localization transition may be observable in
experiments [10,11]. Note that many-body localization is
connected to the problem of thermalization in closed quan-
tum systems as a localized system does not thermalize.

The goal of the present Letter is to show that the many-
body localized phase differs qualitatively, even for weak
interactions, from the conventional, noninteracting local-
ized phase. The evolution of two quantities studied, the
entanglement entropy and particle number fluctuations,
show logarithmically slow evolution more characteristic
of a glassy phase; however, the long-term behavior of these

quantities is quite different. The growth of the entangle-
ment entropy has previously been observed [12,13] to
show roughly logarithmic evolution for smaller systems
and stronger interactions. We seek, here, to study this
behavior systematically over a wide range of time scales
(up to t ! 109J"1

? ), showing that the logarithmic growth
begins for arbitrarily weak interactions. We show that the
entanglement growth does not saturate in the thermody-
namic limit, and obtain additional quantities that distin-
guish among possible mechanisms. Further discussion of
our conclusions appears after the model, methods, and
numerical results are presented.
Model system.—One-dimensional (1D) s ¼ 1

2 spin chains
are a natural place to look for many-body localization [4] as
they are equivalent to 1D spinless lattice fermions. To start,
consider the XX model with random z directed magnetic
fields so that the total magnetization Sz is conserved:

H0 ¼ J?
X

i

ðSxi Sxiþ1 þ Syi S
y
iþ1Þ þ

X

i

hiS
z
i : (1)

Here, the fields hi are drawn independently from the interval
[" !, !]. The eigenstates are equivalent via the Jordan-
Wigner transformation to Slater determinants of free fermi-
ons with nearest-neighbor hopping and random on-site
potentials; particle number in the fermionic representation
is related to Sz in the spin representation, so the z directed
magnetic field is essentially a random chemical potential.
Now every single-fermion state is localized by any !> 0,
and the dynamics of this spin Hamiltonian are localized
as well: a local disturbance at time t ¼ 0 propagates only
to some finite distance (the localization length) as t ! 1. As
an example, consider the evolution of a randomly chosen Sz

basis state. The coupling J? allows ‘‘particles’’ (up spins) to
move, and entanglement entropy to develop, between two
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We study the time evolution of the entanglement entropy of a one-dimensional nonintegrable spin

chain, starting from random nonentangled initial pure states. We use exact diagonalization of a non-

integrable quantum Ising chain with transverse and longitudinal fields to obtain the exact quantum

dynamics. We show that the entanglement entropy increases linearly with time before finite-size saturation

begins, demonstrating a ballistic spreading of the entanglement, while the energy transport in the same

system is diffusive. Thus, we explicitly demonstrate that the spreading of entanglement is much faster than

the energy diffusion in this nonintegrable system.
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Entanglement is one of the unique features of quantum
mechanics that does not exist in classical physics.
Originally, quantum entanglement was viewed with some
skepticism [1,2], but recently, the study of entanglement
has become a central part of many-body quantum physics
and quantum information science. Despite impressive
recent progress in understanding entanglement from vari-
ous viewpoints, many of its aspects remain to be further
explored.

One natural question about entanglement is its quantum
dynamics under unitary time evolution. If one starts an
isolated quantum system in a nonentangled initial product
pure state, how does the entanglement grow with time?
Entanglement is not a conserved quantity like energy, that
is transported. Instead, it is more like an infection or
epidemic [3] that multiplies and spreads. An initial state
that is a product state has the information about the initial
state of each local degree of freedom (spins in our model
below) initially localized on that degree of freedom. Under
the system’s unitary time evolution, quantum information
about each spin’s initial state can spread with time to other
spins, due to the spin-spin interactions. This can make
those spins that share this information entangled.

In real physical systems, information and entanglement
can spread as fast as the speed of light (or sound). For a
lattice spin model, which lacks propagating light or sound,
an upper limit on the speed of any information spread
is given by the Lieb-Robinson bound, which is set by
the spin-spin interactions [4] (for recent reviews, see
Refs. [5,6]). For integrable one-dimensional models, the
entanglement does indeed spread ballistically [7–9], which
is to be expected since such systems have ballistically
propagating quasiparticles that can serve as carriers of
the information. For various localized models, on the other
hand, the entanglement has been shown to spread much
more slowly, only logarithmically with time [8,10–16].
In the present Letter, we consider an intermediate case, a
quantum Ising spin chain that is neither integrable nor
localized, whose energy transport is diffusive.

Here, we investigate the spread of entanglement in a
diffusive nonintegrable system, at high temperature where
there are no ballistically propagating quasiparticles and the
only conserved quantity is the energy which moves diffu-
sively [17]. Diagonalizing the entire Hamiltonian matrix,
we numerically study the time evolution of the entangle-
ment and the diffusive dynamics of energy transport for
highly excited thermal states of the system. We show that
the entanglement spreads ballistically, while the energy
moves only diffusively and thus slowly. Although we
choose a specific model Hamiltonian to study the quantum
dynamics, this result should be valid generally for non-
localized and nonintegrable systems that do not have
ballistically propagating quasiparticles or long-wavelength
propagating modes such as light or acoustic sound.
As a simple nonintegrable model Hamiltonian, we

choose a spin-1=2 Ising chain with both transverse and
longitudinal fields. The model is translationally invariant,
except at the ends of the chain, which we leave open.
Leaving the ends open allows the longest distance within
the chain to be its full length, so we can study energy
transport over that distance and the spread of bipartite
entanglement from the center of the chain to its ends. If
we had used periodic boundary conditions instead, the
longest distances that we could study would be cut in
half. Given the limited lengths that one can study with
exact diagonalization, this factor of 2 is quite important.
Our Hamiltonian is

H¼
XL

i¼1

g!x
i þ

XL#1

i¼2

h!z
i þðh#JÞð!z

1þ!z
LÞþ

XL#1

i¼1

J!z
i!

z
iþ1:

(1)

!x
i and !z

i are the Pauli matrices of the spin at site i.
After searching a bit in the space of parameters to see
where we have both fast entanglement spread and slow
energy diffusion and none of the terms singly dominates
the energy spectrum, we chose the longitudinal field
h ¼ ð

ffiffiffi
5

p
þ 1Þ=4 ¼ 0:8090 . . . and the transverse field
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g ¼ ð
ffiffiffi
5

p
þ 5Þ=8 ¼ 0:9045 . . . and set the interaction J¼1

(and also set the Planck constant @ to one); all results
reported here are for these values. Our qualitative results
and conclusions do not depend on these parameter choices
as long as g, h, and J are all of similar magnitude to each
other to keep the system robustly nonintegrable [18]. Note
that the magnitude of the energy ‘‘cost’’ to flip a spin in the
bulk, from the applied longitudinal field and its interactions
with its neighbors, is 2h or 4J % 2h. To keep the end sites
similar in this respect to the bulk, we reduce the strength of
the longitudinal field on the end spins by J. This is to avoid
having some slow low-energy modes near the ends that
introduced small additional finite-size effects when we
also applied the same magnitude of longitudinal field to
the end spins.

This Hamiltonian has one symmetry, namely, inverting
the chain about its center. We always work with even L, so
the center of the chain is on the bond between sites L=2 and
ðL=2Þ þ 1. This symmetry allows us to separate the sys-
tem’s state space into sectors that are even and odd under
this parity symmetry and diagonalize within each sector
separately. Any mixed parity state can be obtained from a
linear combination of even and odd parity states. The
statistics of energy-level spacings within each parity sector
of this nonintegrable Hamiltonian should follow Gaussian
orthogonal ensemble statistics [19]. There are 32 896 en-
ergy levels in the even sector for L ¼ 16, the largest system
we have diagonalized. Their level spacing statistics is
in excellent agreement with the ‘‘r test’’ introduced in
Ref. [20] and the Wigner-like surmise described in
Ref. [21], as expected, indicating that this is indeed a
robustly nonintegrable model with no extra symmetries
(see the Supplemental Material [18]).

First, we consider the time evolution of the bipartite
entanglement across the central bond between the two
halves of the chain. We quantify the entanglement entropy
in bits using the von Neumann entropy SðtÞ ¼
&tr½!AðtÞlog2!AðtÞ( ¼ &tr½!BðtÞlog2!BðtÞ( of the proba-
bility operators (known as reduced density matrices) at
time t of either the left half (A) or the right half (B) of
the chain. As initial states, we consider random product
states (with thus zero initial entanglement) jc ð0Þi ¼
js1ijs2i . . . jsLi, where each spin at site i initially points
in a random direction on its Bloch sphere

jsii ¼ cos
"
"i
2

#
j"iiþ ei#i sin

"
"i
2

#
j#ii; (2)

where "i 2 ½0;$Þ and#i 2 ½0; 2$Þ. Such an initial state is
in general neither even nor odd and thus explores the entire
Hilbert space of the pure states as it evolves with unitary
Hamiltonian dynamics. This ensemble of initial states
maximizes the thermodynamic entropy and thus corre-
sponds to infinite temperature. For each time t, we generate
200 random initial product states, let them evolve to time
t, compute SðtÞ for each initial state, and then average.

By doing so, the standard error at each time is uncorrelated.
The results are shown in Fig. 1. Ballistic linear growth of
SðtÞ at early time is clearly seen, and the growth rate before
the saturation is independent of L. (Note that there is an
even earlier time regime at t ) 1 where the entanglement
initially grows as *t2j logtj; this regime is just the initial
development of some entanglement between the two spins
immediately adjacent to the central bond.)
In the long-time limit, the time evolved state, on aver-

age, should behave like a random pure state (a random
linear combination of product states). In Ref. [22], it is
shown that the average of the entanglement entropy of
random pure states is

SR ¼ log2m& m

2n ln2
&O

"
1

mn

#
; (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m + n. Since m ¼ n ¼ 2L=2 in our

FIG. 1 (color online). (a) Spreading of entanglement entropy
SðtÞ for chains of length L. Initially, the entanglement grows
linearly with time for all cases, with the same speed v ffi 0:70.
Then, the entanglement saturates at long time. This saturation
begins earlier for smaller L, as expected. The linear fit function
is fðtÞ ¼ 0:70t. Standard error is less than 0.04 for all points, and
thus the error bars are only visible at early times. (b) Same data
scaled by the infinite-time entropy for each L. Note that we use
logarithmic scales both here and in Fig. 2.
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the other side quantum correlations persist indefinitely. Hence the MBL
transition sets a sharp boundary between a macroscopic world showing
quantum phenomena and one governed by classical physics.

While Anderson localization of non-interacting particles has been
experimentally observed in a variety of systems, including light scat-
tering from semiconductor powders in 3D [25], photonic lattices in 1D
[26] and 2D [27] and cold atoms in 1D and 3D random [28, 29, 30]
and quasi-random [31] disorder, the interacting case has proven more
elusive. Initial experiments with interacting systems have focused on
the superfluid [32, 33] or metal [34] to insulator transition in the ground
state. Evidence for inhibited macroscopic mass transport was reported
even at elevated temperatures [34], but is hard to distinguish from ex-
ponentially slow motion expected from conventional activated transport
or effects stemming from the inhomogeneity of the cloud. Until now
conclusive experimental evidence for many-body localization at finite
energy density has thus been lacking.

In this paper we report the first experimental observation of ergod-
icity breaking due to many-body localization. Our experiments are
performed in a one-dimensional system of ultracold fermions in a bi-
chromatic, quasi-randomly disordered lattice potential. We identify the
many-body localized phase by monitoring the time evolution of local
observables following a quench of system parameters. Specifically,
we prepare a high-energy initial state with strong charge density wave
(CDW) order (as shown in Fig. 1A) and measure the relaxation of this
charge density wave in the ensuing unitary evolution. Our main observ-
able is the imbalance I between the respective atom numbers on even
(Ne) and odd (No) sites

I =

Ne �No

Ne +No
, (1)

which directly measures the CDW order. While the initial CDW (I &
0.9) will quickly relax to zero in the thermalizing case, this is not true in
a localized system, where ergodicity is broken and the system cannot act
as its own heat bath (Fig. 1B) [35]. Intuitively, if the system is strongly
localized, all particles will stay close to their original positions during
time evolution, thus only smearing out the CDW a little. A longer local-
ization length ⇠ corresponds to more extended states and will lead to a
lower steady state value of the CDW. The long-time stationary value thus
effectively serves as an order parameter of the MBL phase and allows us
to map the phase boundary between the ergodic and non-ergodic phases
in the parameter space of interaction versus disorder strength. In par-
ticular, in the non-interacting system the CDW vanishes asymptotically
as / 1/⇠2 [36]. In contrast to previous experiments, which studied the
effect of disorder on the global expansion dynamics [28, 31, 32, 34, 33],
the CDW order parameter acts as a purely local probe, directly capturing
the ergodicity breaking.

Our system can be described by the one-dimensional fermionic
Aubry-André model [37] with interactions [35], given by the Hamil-
tonian

ˆH =� J
X

i,�

⇣
ĉ†i,� ĉi+1,� + h.c.

⌘

+�

X

i,�

cos(2⇡�i+ �)ĉ†i,� ĉi,� + U
X

i

n̂i,"n̂i,#.
(2)

Here, J is the tunneling matrix element between neighboring lattice sites
and ĉ†i,� (ĉi,�) denotes the creation (annihilation) operator for a fermion
in spin state � 2 {", #} on site i. The second term describes the quasi-
random disorder, i.e. the shift of the on-site energy due to an additional
incommensurate lattice, characterized by the ratio of lattice periodicities

�, disorder strength � and phase offset �. Lastly, U represents the on-
site interaction energy and n̂i,� = ĉ†i,� ĉi,� is the local number operator
(see Fig. 1C).

U/J=4.7(1)
U/J=10.3(1),   

'/J=8

'/J=3

'/J=0
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Figure 2: Time evolution of an initial charge-density wave. A charge den-
sity wave, consisting of fermionic atoms occupying only even sites, is allowed
to evolve in a lattice with an additional quasi-random disorder potential. After
variable times the imbalance I between atoms on odd and even sites is measured.
Experimental time traces (circles) and DMRG calculations for a single homoge-
neous tube (lines) are shown for various disorder strengths �. Each experimental
datapoint denotes the average of six different realizations of the disorder potential
and the error bars show the standard deviation of the mean. The shaded region
indicates the time window used to characterise the stationary imbalance in the
rest of the analysis.
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Figure 3: Stationary values of the imbalance I as a function of disorder �

for non-interacting atoms. The Aubry-André transition is at �/J = 2. Circles
show the experimental data, along with Exact Diagonalization (ED) calculations
with (red line) and without (grey line) trap effects. Each experimental data point
is the average of three different evolution times (13.7⌧ , 17.1⌧ and 20.5⌧ ) and
four different disorder phases �, for a total of 12 individual measurements per
point. To avoid any interaction effects, only a single spin component was used.
The ED calculations are averaged over similar evolutions times to the experiment
and 12 different phase realizations. Error bars show the standard deviation of the
mean.

This quasi-random model is special in that, for almost all irrational
� [36], all single particle states become localized at the same critical
disorder strength �/J = 2 [37]. For larger disorder strengths the lo-
calization length decreases monotonically. Such a transition was indeed

2
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Vosk3, Ehud Altman3, Ulrich Schneider1,2 and Immanuel Bloch1,2

1Fakultät für Physik, Ludwig-Maximilians-Universität München, Schellingstr. 4, 80799 Munich, Germany

10�1 100 101 102 103 104

t

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

I
(t

)

h =0.5
h =1.0
h =1.5
h =2.0
h =2.5
h =3.0
h =4.0
h =5.0
h =6.0
h =7.0
h =8.0
h =9.0

spin density imbalance

ED results

 We want to explore the sub-diffusive regime



4

ing a trivial local spin imbalance, by computing

I(t) =
4

L

LX

j=1

h (0) |Sz
j (0)Sz

j (t)| (0)i, (5)

for L (even) sites. Shown in panels c) and d) of Fig. 1 and
in Fig. 3, the disorder-averaged imbalance I(t) displays
as expected qualitatively di↵erent behaviors for ETH and
MBL regimes. Below we focus on the delocalized side
where the imbalance is vanishing at long time.

There, an anomalous power-law regime with vary-
ing exponents is found at intermediate time (Fig. 3),
even if hindered by strong and fast oscillations at short
time t . 10. This transient behavior, particularly pro-
nounced at small disorder, is reminiscent of the clean
case where these oscillations are exponentially suppressed
in time [40, 41]. We find that the best fitting function
faithfully describing the entire relaxation at intermediate
times is given by

I(t) = ae� t
⌧ cos(!1t+')+bt�⇣ [1+ct�⌘ sin(!2t+')]. (6)

The first term is identical to the clean case [40, 41], while
the second contains the anomalous power-law character-
ized by the exponent ⇣. The final oscillatory term with
the subdominant power-law (⌘ > 0) describes the charac-
teristic oscillations that are visible inside the power-law
regime, and which is found to be out-of-phase with the
first term. The dashed lines in Fig. 3 represent fits to
this form, and an excellent agreement with the raw data
(symbols) can be observed. Note that this fitting form
does not capture the finite-size saturation at longer times
in the ETH regime, which is visible at low disorder in our
time regime (fit windows are chosen accordingly to ex-
clude this finite-size e↵ect in this region). The extracted
exponent ⇣ (Fig. 3b) vanishes at the MBL transition, and
monotonously increases when disorder is reduced. This
is confirmed by the good agreement obtained between ex-
ponents extracted for systems of di↵erent sizes. For weak
disorder strength, the extraction of ⇣ is more di�cult for
two concomitant reasons: (i) the short-time exponential
oscillatory decay is very strong and has already depleted
strongly the imbalance, leaving only a small time window
to observe the power-law regime, which is furthermore
cut by (ii) a saturation to a non-zero long-time value of
the imbalance for a finite-size system, visible as strong
size dependence of the result for h . 0.5, limiting the
reliability of our result at very small disorder strength.

Finally in the localized phase, the fit to Eq. 6 is partic-
ularly good up to very long times as ⇣ is found to vanish,
leaving a finite long-time saturation value for the imbal-
ance (the exact vanishing of ⇣ within error bars requires
to consider longer times on smaller systems to observe
saturation). In the MBL regime, we observe that !2 ⇡ 1
and ⌘ decreases slowly with disorder strength, starting
from ⌘ ⇡ 1 at the transition, fully consistent with the
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Figure 3. Left: Time evolution of the disorder averaged spin
imbalance for a chain of length L = 24. Lines are best fits
to Eq. (6). Right: Exponent ⇣ of the spin imbalance decay
as a function of disorder strength h, as extracted from fits for
di↵erent system sizes. All systems have periodic boundary
conditions.

expectation that the oscillations around the saturation
value decay as a power law [42].
Discussion— Our large-scale exact numerical results con-
firm the existence of an anomalous dynamical regime for
the entanglement entropy inside the ETH phase, as pre-
dicted in Refs. 25 and 26. This slow dynamical behavior
can be probed in cold-atom systems [31] by measuring
the power-law decay of imbalance at intermediate time
as we have clearly shown. While it is hard to conclude
on the behavior at very small disorder, we strikingly find
that this anomalous regime persists in an extended pa-
rameter region for a large window of disorder. At first
sight, this may be hard to reconcile with the fact that
the sub-di↵usive regime is ascribed [19, 25, 26] to rare
Gri�ths regions, only expected close to the MBL tran-
sition. One should remember however that in the con-
sidered quench protocol, inhomogeneity is also present in
the initial random product state | (0)i, where the energy
density can fluctuate locally leading to anomalously hot
or cold regions. We believe that the presence of a mobil-
ity edge [18] in the model Eq. (1) can therefore enhance
the extent of the anomalous dynamical regime when us-
ing such a global quench protocol. It would be interesting
in future work to consider the full range of energy for the
initial state to see whether dynamics can also detect the
presence of a mobility edge. Also, the subdi↵usive regime
is expected to occur only in one dimension [19]: while it
is a challenging task to extend numerical simulations of
MBL to two-dimensional systems, it is possible with our
numerical technique to address the dynamical behavior
of a ladder geometry where a MBL phase has been re-
cently found [43]. We leave these interesting questions to
future studies.

We thank E. Altman, B. Clark, S. Parameswaran, D.
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expectation that the oscillations around the saturation
value decay as a power law [42].
Discussion— Our large-scale exact numerical results con-
firm the existence of an anomalous dynamical regime for
the entanglement entropy inside the ETH phase, as pre-
dicted in Refs. 25 and 26. This slow dynamical behavior
can be probed in cold-atom systems [31] by measuring
the power-law decay of imbalance at intermediate time
as we have clearly shown. While it is hard to conclude
on the behavior at very small disorder, we strikingly find
that this anomalous regime persists in an extended pa-
rameter region for a large window of disorder. At first
sight, this may be hard to reconcile with the fact that
the sub-di↵usive regime is ascribed [19, 25, 26] to rare
Gri�ths regions, only expected close to the MBL tran-
sition. One should remember however that in the con-
sidered quench protocol, inhomogeneity is also present in
the initial random product state | (0)i, where the energy
density can fluctuate locally leading to anomalously hot
or cold regions. We believe that the presence of a mobil-
ity edge [18] in the model Eq. (1) can therefore enhance
the extent of the anomalous dynamical regime when us-
ing such a global quench protocol. It would be interesting
in future work to consider the full range of energy for the
initial state to see whether dynamics can also detect the
presence of a mobility edge. Also, the subdi↵usive regime
is expected to occur only in one dimension [19]: while it
is a challenging task to extend numerical simulations of
MBL to two-dimensional systems, it is possible with our
numerical technique to address the dynamical behavior
of a ladder geometry where a MBL phase has been re-
cently found [43]. We leave these interesting questions to
future studies.
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sidered quench protocol, inhomogeneity is also present in
the initial random product state | (0)i, where the energy
density can fluctuate locally leading to anomalously hot
or cold regions. We believe that the presence of a mobil-
ity edge [18] in the model Eq. (1) can therefore enhance
the extent of the anomalous dynamical regime when us-
ing such a global quench protocol. It would be interesting
in future work to consider the full range of energy for the
initial state to see whether dynamics can also detect the
presence of a mobility edge. Also, the subdi↵usive regime
is expected to occur only in one dimension [19]: while it
is a challenging task to extend numerical simulations of
MBL to two-dimensional systems, it is possible with our
numerical technique to address the dynamical behavior
of a ladder geometry where a MBL phase has been re-
cently found [43]. We leave these interesting questions to
future studies.

We thank E. Altman, B. Clark, S. Parameswaran, D.
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We present a large scale exact diagonalization study of the one dimensional spin 1/2 Heisenberg
model in a random magnetic field. In order to access properties at varying energy densities across
the entire spectrum for system sizes up to L = 22 spins, we use a spectral transformation which can
be applied in a massively parallel fashion. Our results allow for an energy-resolved interpretation
of the many body localization transition including the existence of a many-body mobility edge.
The ergodic phase is well characterized by Gaussian orthogonal ensemble statistics, volume-law
entanglement, and a full delocalization in the Hilbert space. Conversely, the localized (non-ergodic)
regime displays Poisson statistics, area-law entanglement and signs of multifractality in the Hilbert
space where a true localization never occurs. We perform finite size scaling to extract the critical
edge and exponent of the localization length divergence.

The interplay of disorder and interactions in quan-
tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study

of the periodic S = 1
2 Heisenberg chain in a random
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tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
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indicates that conductivity should vanish in a finite tem-
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external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
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ical simulations of disordered quantum interacting sys-
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tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study
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ing a trivial local spin imbalance, by computing

I(t) =
4

L

LX

j=1

h (0) |Sz
j (0)Sz

j (t)| (0)i, (5)

for L (even) sites. Shown in panels c) and d) of Fig. 1 and
in Fig. 3, the disorder-averaged imbalance I(t) displays
as expected qualitatively di↵erent behaviors for ETH and
MBL regimes. Below we focus on the delocalized side
where the imbalance is vanishing at long time.

There, an anomalous power-law regime with vary-
ing exponents is found at intermediate time (Fig. 3),
even if hindered by strong and fast oscillations at short
time t . 10. This transient behavior, particularly pro-
nounced at small disorder, is reminiscent of the clean
case where these oscillations are exponentially suppressed
in time [40, 41]. We find that the best fitting function
faithfully describing the entire relaxation at intermediate
times is given by

I(t) = ae� t
⌧ cos(!1t+')+bt�⇣ [1+ct�⌘ sin(!2t+')]. (6)

The first term is identical to the clean case [40, 41], while
the second contains the anomalous power-law character-
ized by the exponent ⇣. The final oscillatory term with
the subdominant power-law (⌘ > 0) describes the charac-
teristic oscillations that are visible inside the power-law
regime, and which is found to be out-of-phase with the
first term. The dashed lines in Fig. 3 represent fits to
this form, and an excellent agreement with the raw data
(symbols) can be observed. Note that this fitting form
does not capture the finite-size saturation at longer times
in the ETH regime, which is visible at low disorder in our
time regime (fit windows are chosen accordingly to ex-
clude this finite-size e↵ect in this region). The extracted
exponent ⇣ (Fig. 3b) vanishes at the MBL transition, and
monotonously increases when disorder is reduced. This
is confirmed by the good agreement obtained between ex-
ponents extracted for systems of di↵erent sizes. For weak
disorder strength, the extraction of ⇣ is more di�cult for
two concomitant reasons: (i) the short-time exponential
oscillatory decay is very strong and has already depleted
strongly the imbalance, leaving only a small time window
to observe the power-law regime, which is furthermore
cut by (ii) a saturation to a non-zero long-time value of
the imbalance for a finite-size system, visible as strong
size dependence of the result for h . 0.5, limiting the
reliability of our result at very small disorder strength.

Finally in the localized phase, the fit to Eq. 6 is partic-
ularly good up to very long times as ⇣ is found to vanish,
leaving a finite long-time saturation value for the imbal-
ance (the exact vanishing of ⇣ within error bars requires
to consider longer times on smaller systems to observe
saturation). In the MBL regime, we observe that !2 ⇡ 1
and ⌘ decreases slowly with disorder strength, starting
from ⌘ ⇡ 1 at the transition, fully consistent with the
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Figure 3. Left: Time evolution of the disorder averaged spin
imbalance for a chain of length L = 24. Lines are best fits
to Eq. (6). Right: Exponent ⇣ of the spin imbalance decay
as a function of disorder strength h, as extracted from fits for
di↵erent system sizes. All systems have periodic boundary
conditions.

expectation that the oscillations around the saturation
value decay as a power law [42].
Discussion— Our large-scale exact numerical results con-
firm the existence of an anomalous dynamical regime for
the entanglement entropy inside the ETH phase, as pre-
dicted in Refs. 25 and 26. This slow dynamical behavior
can be probed in cold-atom systems [31] by measuring
the power-law decay of imbalance at intermediate time
as we have clearly shown. While it is hard to conclude
on the behavior at very small disorder, we strikingly find
that this anomalous regime persists in an extended pa-
rameter region for a large window of disorder. At first
sight, this may be hard to reconcile with the fact that
the sub-di↵usive regime is ascribed [19, 25, 26] to rare
Gri�ths regions, only expected close to the MBL tran-
sition. One should remember however that in the con-
sidered quench protocol, inhomogeneity is also present in
the initial random product state | (0)i, where the energy
density can fluctuate locally leading to anomalously hot
or cold regions. We believe that the presence of a mobil-
ity edge [18] in the model Eq. (1) can therefore enhance
the extent of the anomalous dynamical regime when us-
ing such a global quench protocol. It would be interesting
in future work to consider the full range of energy for the
initial state to see whether dynamics can also detect the
presence of a mobility edge. Also, the subdi↵usive regime
is expected to occur only in one dimension [19]: while it
is a challenging task to extend numerical simulations of
MBL to two-dimensional systems, it is possible with our
numerical technique to address the dynamical behavior
of a ladder geometry where a MBL phase has been re-
cently found [43]. We leave these interesting questions to
future studies.

We thank E. Altman, B. Clark, S. Parameswaran, D.
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space where a true localization never occurs. We perform finite size scaling to extract the critical
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The interplay of disorder and interactions in quan-
tum systems can lead to several intriguing phenomena,
amongst which the so-called many-body localization has
attracted a huge interest in recent years. Following pre-
cursors works [1–4], Basko and co-workers have estab-
lished [5] within a perturbative approach that the cele-
brated Anderson localization [6] can survive interactions,
and that for large enough disorder, many-body eigen-
states can also “localize” (in a sense to be precised later)
and form a new phase of matter commonly referred to as
the many-body localized (MBL) phase.

The enormous boost of interest for this topic over the
last years can probably be ascribed to the fact that the
MBL phase challenges the very foundations of quan-
tum statistical physics, leading to striking theoretical
and experimental consequences [7, 8]. Several key fea-
tures of the MBL phase can be highlighted as follows.
It is non-ergodic, and breaks the eigenstate thermaliza-
tion hypothesis (ETH) [9–11]: a closed system in the
MBL phase does not thermalize solely following its own
dynamics. The possible presence of a many-body mo-
bility edge (at a finite energy density in the spectrum)
indicates that conductivity should vanish in a finite tem-
perature range in a MBL system [5]. Coupling to an
external bath will eventually destroy the properties of
the MBL phase, but recent arguments show that it can
survive and be detected using spectral signatures for
weak bath-coupling [12]. This leads to the suggestion
that the MBL phase can be characterized experimen-
tally, using e.g. controlled echo experiments on reason-
ably well-isolated systems with dipolar interactions [13–
16]. Another appealing aspect (with experimental con-
sequences for self-correcting memories) is that MBL sys-
tems can sustain long-range, possibly topological, order
in situations where equilibrated systems would not [17–
21]. Finally, a striking phenomenological approach [22]
pinpoints that the MBL phase shares properties with in-
tegrable systems, with extensive local integrals of mo-
tion [23–25], and that MBL eigenstates sustain low (area
law) entanglement. This is in contrast with eigenstates

Figure 1. Disorder (h) — Energy (✏) phase diagram of the
disordered Heisenberg chain Eq. (1). The ergodic phase
(dark region with a participation entropy volume law co-
e�cient a1 ' 1) is separated from the localized regime
(bright region with a1 ⌧ 1). Various symbols (see leg-
end) show the energy-resolved MBL transition points ex-
tracted from finite size scaling performed over system sizes
L 2 {14, 15, 16, 17, 18, 19, 20, 22}. Red squares correspond to
a visual estimate of the boundary between volume and area
law scaling of entanglement entropy SE .

at finite energy density in a generic equilibrated system,
which have a large amount (volume law) of entanglement
and which are believed to be well described within a ran-
dom matrix theory approach.
Going beyond perturbative approaches, direct numer-

ical simulations of disordered quantum interacting sys-
tems provide a powerful framework to test MBL features
in a variety of systems [13, 16, 20, 26–41]. The MBL
transition dealing with eigenstates at high(er) energy,
ground-state methods are not well adapted. Most nu-
merical studies use full exact diagonalization (ED) to ob-
tain all eigenstates and energies and are limited to rather
small Hilbert space sizes dimH ⇠ 104 [42].
In this Letter, we present an extensive numerical study
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ized by the exponent ⇣. The final oscillatory term with
the subdominant power-law (⌘ > 0) describes the charac-
teristic oscillations that are visible inside the power-law
regime, and which is found to be out-of-phase with the
first term. The dashed lines in Fig. 3 represent fits to
this form, and an excellent agreement with the raw data
(symbols) can be observed. Note that this fitting form
does not capture the finite-size saturation at longer times
in the ETH regime, which is visible at low disorder in our
time regime (fit windows are chosen accordingly to ex-
clude this finite-size e↵ect in this region). The extracted
exponent ⇣ (Fig. 3b) vanishes at the MBL transition, and
monotonously increases when disorder is reduced. This
is confirmed by the good agreement obtained between ex-
ponents extracted for systems of di↵erent sizes. For weak
disorder strength, the extraction of ⇣ is more di�cult for
two concomitant reasons: (i) the short-time exponential
oscillatory decay is very strong and has already depleted
strongly the imbalance, leaving only a small time window
to observe the power-law regime, which is furthermore
cut by (ii) a saturation to a non-zero long-time value of
the imbalance for a finite-size system, visible as strong
size dependence of the result for h . 0.5, limiting the
reliability of our result at very small disorder strength.

Finally in the localized phase, the fit to Eq. 6 is partic-
ularly good up to very long times as ⇣ is found to vanish,
leaving a finite long-time saturation value for the imbal-
ance (the exact vanishing of ⇣ within error bars requires
to consider longer times on smaller systems to observe
saturation). In the MBL regime, we observe that !2 ⇡ 1
and ⌘ decreases slowly with disorder strength, starting
from ⌘ ⇡ 1 at the transition, fully consistent with the
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Figure 3. Left: Time evolution of the disorder averaged spin
imbalance for a chain of length L = 24. Lines are best fits
to Eq. (6). Right: Exponent ⇣ of the spin imbalance decay
as a function of disorder strength h, as extracted from fits for
di↵erent system sizes. All systems have periodic boundary
conditions.

expectation that the oscillations around the saturation
value decay as a power law [42].
Discussion— Our large-scale exact numerical results con-
firm the existence of an anomalous dynamical regime for
the entanglement entropy inside the ETH phase, as pre-
dicted in Refs. 25 and 26. This slow dynamical behavior
can be probed in cold-atom systems [31] by measuring
the power-law decay of imbalance at intermediate time
as we have clearly shown. While it is hard to conclude
on the behavior at very small disorder, we strikingly find
that this anomalous regime persists in an extended pa-
rameter region for a large window of disorder. At first
sight, this may be hard to reconcile with the fact that
the sub-di↵usive regime is ascribed [19, 25, 26] to rare
Gri�ths regions, only expected close to the MBL tran-
sition. One should remember however that in the con-
sidered quench protocol, inhomogeneity is also present in
the initial random product state | (0)i, where the energy
density can fluctuate locally leading to anomalously hot
or cold regions. We believe that the presence of a mobil-
ity edge [18] in the model Eq. (1) can therefore enhance
the extent of the anomalous dynamical regime when us-
ing such a global quench protocol. It would be interesting
in future work to consider the full range of energy for the
initial state to see whether dynamics can also detect the
presence of a mobility edge. Also, the subdi↵usive regime
is expected to occur only in one dimension [19]: while it
is a challenging task to extend numerical simulations of
MBL to two-dimensional systems, it is possible with our
numerical technique to address the dynamical behavior
of a ladder geometry where a MBL phase has been re-
cently found [43]. We leave these interesting questions to
future studies.
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(iii) the distribution of resistivities becomes increasingly broad at low frequencies, approaching a power
law in the zero-frequency limit. We argue that these effects can be understood in a unified way if the
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Noninteracting electrons in disordered media display
a uniquely quantum phenomenon known as Anderson
localization [1]; when all electronic states are Anderson
localized, dc transport is absent. Evidence from perturba-
tive [2–4], numerical [5–8], and rigorous mathematical
approaches [9] suggests that the main features of Anderson
localization (in particular, the absence of diffusion and
dc transport) persist in the presence of interactions. The
resulting phase, known as the many-body localized (MBL)
phase [10], has a number of remarkable features: a system
in the MBL phase is nonergodic—i.e., its many-body
eigenstates violate the eigenstate thermalization hypothesis
[8,11,12]—and supports extensively many local conserved
quantities [13–18]. Consequences of MBL such as slow
entanglement growth [13,19–21] and unconventional phase
transitions [22–29] have been analyzed and their exper-
imental implications discussed [30–35].
While there has been a great deal of recent work

establishing the existence and properties of the MBL
phase, little is known about the transition between the
MBL and delocalized phases. It is expected that, for
sufficiently weak disorder and strong interactions [3,4],
eigenstates should remain ergodic and transport should be
diffusive, as in clean nonintegrable systems [36]. However,
it has been proposed that diffusivity and/or ergodicity may
break down as the MBL transition is approached [37,38],
even before transport vanishes. Thus, there might be an
intermediate phase, or phases, between the conventional
metallic phase and the MBL phase.
In this Letter, we provide numerical evidence that an

intermediate, nondiffusive phase, indeed exists. To this end,
we examine the dynamical properties of the random-field,
spin-1=2 XXZ chain at intermediate disorder strengths
(i.e., in the vicinity of the MBL transition), using exact

diagonalization. In particular, we examine the infinite-
temperature, low-frequency behavior of the optical con-
ductivity σðωÞ, and the long-time dependence of the
return probability CzzðtÞ. These probes are complementary:
σðωÞ probes long-wavelength behavior, while CzzðtÞ is a
local probe.
Our numerical results indicate that both of these quan-

tities exhibit anomalous power laws that vary smoothly as
a function of the disorder strength in this intermediate
regime. Specifically, σðωÞ ∼ ωα and CzzðtÞ ∼ t−β, with the
scaling relation αþ 2β ¼ 1 (Fig. 1). Furthermore, we

FIG. 1 (color online). The phase diagram of the random field,
XXZ model for Jz ¼ 1. hmax characterizes disorder strength.
As the disorder is increased, the system transitions smoothly into
a subdiffusive Griffiths-like phase with an anomalous diffusion
exponent β and exponent α characterizing low-frequency optical
conductivity, which satisfy the scaling relation αþ 2β ¼ 1. The
MBL transition is predicted to occur where σðωÞ ∼ ω. Within
precision, it coincides with the transition point determined from
the level statistics parameter r (see main text).
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•   GOE:                   ; MBL: diverges for very different states

Spectral statistics 2: Eigenstates correlations
• Beyond level statistics: correlations between eigenstates

• Thermal (ETH) phase: expect eigenstates to be «similar» 

• MBL phase: expect eigenstates to be «very different» 

• Kullback-Leibler divergence quantify similarity between eigenstates (in a given basis)
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Figure 2. Adjacent gap ratio (top) and Kullback Leibler di-
vergence (bottom) as a function of disorder strength in the
spectrum center ✏ = 0.5. Insets: (top) data collapse used to
extract the critical disorder strength hc and exponent ⌫. The
h axis is transformed by (h� hc)L

1/⌫ , (bottom) distribution
of KLd in both phases.

scales with L. We use at least 1000 disorder realizations
for each L (except for L = 22 where we accumulated be-
tween 50 and 250 samples). For each ✏, observables are
calculated from the corresponding eigenvectors and av-
eraged over target packets and disorder realizations for
each value of the disorder strength h. As eigenvectors of
the same disorder realization are correlated, we found it
crucial [50] to bin quantities over all eigenstates of the
same realization, and then compute the standard error
over these bin averages, in order not to underestimate
error bars. Investigating numerous quantities allows to
check the consistency of our analysis and conclusions.

Results and finite size scaling analysis— We discuss the
transition between GOE and Poisson statistics, first us-
ing the consecutive gap ratio r, shown in Fig. 2 (top)
for ✏ = 0.5. When varying the disorder strength h, we
clearly see a crossing around hc ⇠ 3.7 between the two
limiting values. This crossing can be analyzed using a
scaling form g[L1/⌫(h � hc)] which allows a collapse of
the data onto a single universal curve (see inset), yield-
ing hc = 3.72(6) and ⌫ = 0.91(7) (see details of fitting
procedure and error bars estimates in Sup. Mat.).

The above defined KLd, computed for two eigenstates
randomly chosen at the same energy target ✏ and av-
eraged over disordered samples, also displays a cross-
ing between the two limit scalings KLGOE = 2 and
KLPoisson ⇠ ln(dimH) (Fig. 2 bottom). A data collapse
is very di�cult to achieve for KL due to a large drift
of the crossing points. Nevertheless, the distributions of
KL plotted in insets, display markedly di↵erent features.
The perfect gaussian distribution in the ergodic phase (at

h = 1) around the GOE mean value of 2 with a variance
decreasing with L provides strong evidence that the sta-
tistical behavior of the eigenstates is well described by
GOE, extending its applicability to pure level statistics.
In the MBL regime (h = 4.8), the behavior is completely
di↵erent as variance and mean both increase with L.
We now turn to the entanglement entropy for a real

space bipartition at L/2 (L even). Shown for two targets
✏ = 0.5 and 0.8, the transition is signaled (Fig. 3) by
a change in the EE scalings from volume law SE/L !
constant for h < hc to area-law with SE/L ! 0 for
h > hc. Assuming a volume law scaling at the criti-
cal point [57], we perform a collapse of SE/L to the form
g[L1/⌫(h�hc)] (Fig. 3 bottom panel) giving estimates for
the critical disorder hc and exponent ⌫ consistent with
other results (see Sup. Mat.). Furthermore, as recently
argued [31], the standard deviation of the entanglement
entropy displays a maximum at the MBL transition. A
scaling collapse of the form �E = (L� c)g[L1/⌫(h� hc)]
(with c an unknown parameter and the previous esti-
mates of ⌫ and hc from collapse of SE/L) works particu-
larly well (top panel of Fig. 3).
Perhaps more accessible to experiments, bipartite fluc-

tuations F of subsystem magnetization (taken here to be

Figure 3. Entanglement entropy per site SE/L and its vari-
ance �E , as a function of system size L for di↵erent disorder
strengths in the middle of the spectrum (left) and in the up-
per part (right). The volume law scaling leading to a constant
SE/L for weak disorder contrasts with the area law (signaled
by a decreasing SE/L) at larger disorder is very clear. Black
line: SE/L for a random state [56]. Close to the transition,
the prefactor of the volume law is expected to converge only
for larger system sizes.
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