
Quantum Field Theory Exercises
and the Standard Model TAE 2016

Exercise 1: Covariant derivative

Prove that the term Ψ /DΨ where the covariant derivative is given by:

Dµ = ∂µ − igW̃µ , W̃µ = TaWa
µ

is invariant under gauge transformations:

Ψ �→ Ψ′ = UΨ , U = exp{−iTaθa(x)}
W̃µ �→ W̃ ′

µ = UW̃µU† − i
g
(∂µU)U†

Exercise 2: Feynman rules of general non-Abelian gauge theories

Obtain the Feynman rules for cubic and quartic self-interactions among gauge fields in a
general non-Abelian gauge theory, as well as those for the interactions of Faddeev-Popov
ghosts with gauge fields:

ab

c

Exercise 3: Faddeev-Popov ghosts and gauge invariance

Consider the 1-loop self-energy diagrams for non-Abelian gauge theories in the figure.
Calculate the diagrams in the ‘t Hooft-Feynman gauge and show that the sum does not
have the tensor structure gµνk2 − kµkν required by the gauge invariance of the theory unless
diagram (c) involving ghost fields is included.

Hint: Take Feynman rules from previous excercise and use dimensional regularization. It is
convenient to use the Passarino-Veltman tensor decomposition of loop integrals:

i
16π2 {B0, Bµ, Bµν} = µε

∫ dDq
(2π)D

{1, qµ, qµqν}
q2(q + k)2

where B0 = ∆ε + finite

Bµ = kµB1 , B1 = −∆ε

2
+ finite
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Bµν = gµνB00 + kµkνB11 , B00 = − k2

12
∆ε + finite , B11 =

∆ε

3
+ finite

with ∆ε = 2/ε − γ + ln 4π and D = 4 − ε. You may check that the ultraviolet divergent
part has the expected structure or find the final result in terms of scalar integrals, that for
this configuration of masses and momenta read:

B1 = −1
2

B0 , B00 = − k2

4(D − 1)
B0 , B11 =

D
4(D − 1)

B0 .

Do not forget a symmetry factor (1/2) in front of (a) and (b), and a factor (−1) in (c).

Exercise 4: Propagator of a massive vector boson field

Consider the Proca Lagrangian of a massive vector boson field

L = −1
4

FµνFµν +
1
2

M2Aµ Aµ , with Fµν = ∂µ Aν − ∂ν Aµ .

Show that the propagator of Aµ is

D̃µν(k) =
i

k2 − M2 + iε

[
−gµν +

kµkν

M2

]

Exercise 5: Propagator of a massive gauge field

Consider the U(1) gauge invariant Lagrangian L with gauge fixing LGF:

L = −1
4

FµνFµν + (Dµφ)†(Dµφ)− µ2φ†φ − λ(φ†φ)2

LGF = − 1
2ξ

(∂µ Aµ − ξMAχ)2 , with Dµ = ∂µ + ieAµ , Fµν = ∂µ Aν − ∂ν Aµ

where MA = ev after spontanteous symmetry breaking (µ2 < 0, λ > 0) when the complex
scalar field φ acquires a VEV and is parameterized by

φ(x) =
1√
2
[v + ϕ(x) + iχ(x)] , µ2 = −λv2.

Show that the propagators of ϕ, χ and the gauge field Aµ are respectively

D̃ϕ(k) =
i

k2 − M2
ϕ + iε

with M2
ϕ = −2µ2 = 2λv2

D̃χ(k) =
i

k2 − ξM2
A + iε

, D̃µν(k) =
i

k2 − M2
A + iε

[
−gµν + (1 − ξ)

kµkν

k2 − ξM2
A

]

Exercise 6: The conjugate Higgs doublet

Show that Φc ≡ iσ2Φ∗ =

(
φ0∗

−φ−

)
transforms under SU(2) like Φ =

(
φ+

φ0

)
, with φ− =

(φ+)∗. What are the weak isospins, hypercharges and electric charges of φ0, φ0∗, φ+, φ−?
Hint: Use the property of Pauli matrices: σ∗

i = −σ2σiσ2.

2



Quantum Field Theory Exercises
and the Standard Model TAE 2016

Exercise 7: Lagrangian and Feynman rules of the Standard Model

Try to reproduce the Lagrangian and the corresponding Feynman rules of as many Stan-
dard Model interactions as you can. Of particular interest/difficulty are [VVV] and [VVVV].

Exercise 8: Z pole observables at tree level

Show that

Γ( f f̄ ) ≡ Γ(Z → f f̄ ) = N f
c

αMZ

3
(v2

f + a2
f ) , N f

c = 1 (3) for f = lepton (quark)(a)

σhad = 12π
Γ(e+e−)Γ(had)

M2
ZΓ2

Z
(b)

AFB =
3
4

A f , with A f =
2v f a f

v2
f + a2

f
(c)

Exercise 9: Higgs partial decay widths at tree level

Show that

Γ(H → f f̄ ) = N f
c

GFMH

4π
√

2
m2

f

(
1 −

4m2
f

M2
H

)3/2

, N f
c = 1 (3) for f = lepton (quark)(a)

Γ(H → W+W−) =
GF M3

H

8π
√

2

√
1 − 4M2

W
M2

H

(
1 − 4M2

W
M2

H
+

12M4
W

M4
H

)
(b)

Γ(H → ZZ) =
GFM3

H

16π
√

2

√
1 − 4M2

Z
M2

H

(
1 − 4M2

Z
M2

H
+

12M4
Z

M4
H

)
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