
Electroweak symmetry breaking fermion masses

• We need masses for quarks and leptons without breaking gauge symmetry

) Introduce Yukawa interactions:
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Additional generations Yukawa matrices

• There are 3 generations of quarks and leptons in Nature. They are identical copies
with the same properties under SU(2)L ⌦ U(1)Y differing only in their masses

) Take a general case of nG generations and let uI
i , dI

i , n

I
i , `I

i be the members of
family i (i = 1, . . . , nG). Superindex I (interaction basis) was omitted so far

) General gauge invariant Yukawa Lagrangian:

LY = �Â
ij

8

<

:

⇣

uI
iL d

I
iL

⌘

2

4

0

@

f

+

f

0

1

A

l

(d)
ij dI

jR +

0

@

f

0⇤

�f

�

1

A

l

(u)
ij uI

jR

3

5

+
⇣

n

I
iL `

I
iL

⌘

2

4

0

@

f

+

f

0

1

A

l

(`)
ij `I

jR +

0

@

f

0⇤

�f

�

1

A

l

(n)
ij n

I
jR

3

5

9

=

;

+ h.c.

where l
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ij , l
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ij , l

(n)
ij are arbitrary Yukawa matrices
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Additional generations mass matrices

• After EW SSB, in nG-dimensional matrix form:
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with mass matrices

(Md)ij ⌘ l

(d)
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vp
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) Diagonalization determines mass eigenstates dj, uj, `j, nj

in terms of interaction states dI
j , uI

j , `
I
j , n

I
j , respectively

) Each M f can be written as

M f = H f U f = S†
f M f S f U f () M f M†

f = H2
f = S†

f M2
f S f

with H f ⌘
q

M f M†
f a Hermitian positive definite matrix and U f unitary

– Every H f can be diagonalized by a unitary matrix S f

– The resulting M f is diagonal and positive definite
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Additional generations fermion masses and mixings

• In terms of diagonal mass matrices (mass eigenstate basis):

Md = diag(md, ms, mb, . . .) , Mu = diag(mu, mc, mt, . . .)

M` = diag(me, m
µ

, m
t

, . . .) , M
n

= diag(m
ne , m

n

µ

, m
n

t

, . . .)
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where fermion couplings to Higgs are proportional to masses and
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) Neutral Currents preserve chirality
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L = fL fL and f I
R f I

R = fR fR
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;

) LNC does not change flavor

) GIM mechanism [Glashow, Iliopoulos, Maiani ’70]
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Additional generations quark sector

• However, in Charged Currents (also chirality preserving and only LH):

u I
L d I

L = uL Su S†
d dL = uLVdL

with V ⌘ Su S†
d the (unitary) CKM mixing matrix [Cabibbo ’63; Kobayashi, Maskawa ’73]

) LCC =
g

2
p

2 Â
ij

uig
µ(1 � g5) Vij dj W†

µ

+ h.c.
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dj

W Vij

dj
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W V⇤
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) If ui or dj had degenerate masses one could choose Su = Sd (field redefinition)
and flavor would be conserved in the quark sector. But they are not degenerate

) Su and Sd are not observable. Just masses and CKM mixings are observable
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Additional generations quark sector

• How many physical parameters in this sector?

– Quark masses and CKM mixings determined by mass (or Yukawa) matrices

– A general nG ⇥ nG unitary matrix, like the CKM, is given by

n2
G real parameters = nG(nG � 1)/2 moduli + nG(nG + 1)/2 phases

Some phases are unphysical since they can be absorbed by field redefinitions:

ui ! eifi ui , dj ! eiqj dj ) Vij ! Vij ei(qj�fi)

Therefore 2nG � 1 unphysical phases and the physical parameters are:

(nG � 1)2 = nG(nG � 1)/2 moduli + (nG � 1)(nG � 2)/2 phases
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Additional generations quark sector

) Case of nG = 2 generations: 1 parameter, the Cabibbo angle qC:
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)
d13 only source
of CP violation

in the SM !

with cij ⌘ cos qij � 0, sij ⌘ sin qij � 0 (i < j = 1, 2, 3) and 0  d13  2p
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Additional generations lepton sector

• If neutrinos were massless we could redefine the (LH) fields ) no lepton mixing
But they have (tiny) masses because there are neutrino oscillations!

• Neutrinos are special:
they may be their own antiparticle (Majorana) since they are neutral

• If they are Majorana:

– Mass terms are different to Dirac case
(neutrino and antineutrino may mix)

– Intergenerational mixings are richer (more CP phases)
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? lepton sector

• About Majorana fermions

– A Dirac fermion field is a spinor with 4 independent components: 2 LH+2 RH
(left/right-handed particles and antiparticles)

yL = PLy , yR = PRy , y

c
L ⌘ (yL)

c = PRy

c , y

c
R ⌘ (yR)

c = PLy

c

where y

c ⌘ Cy

T
= ig2

y

⇤ (charge conjugate) with C = ig2
g

0, PR,L = 1
2(1 ± g5)

– A Majorana fermion field has just 2 independent components since y

c ⌘ h

⇤
y:

yL = hy

c
R , yR = hy

c
L

where h = �ihCP (CP parity) with |h|2 = 1. Only possible if neutral
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? lepton sector

• About mass terms

yRyL = y

c
Ly

c
R , yLyR = y

c
Ry

c
L (DF = 0)

y

c
LyL

yRy

c
R

, yLy

c
L

, y

c
RyR

9

=

;

(|DF| = 2)

) �Lm = mD yRyL
| {z }

Dirac term

+
1
2

mL y

c
LyL +

1
2

mR yRy

c
R

| {z }

Majorana terms

+ h.c.

– A Dirac fermion can only have Dirac mass term

– A Majorana fermion can have both Dirac and Majorana mass terms

) In the SM: ⇤ mD from Yukawa coupling after EW SSB (mD = l

n

v/
p

2)

⇤ mL forbidden by gauge symmetry

⇤ mR compatible with gauge symmetry!
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? lepton sector

• About mass terms (a more transparent parameterization)
Rewrite previous mass terms introducing an array of two Majorana fermions:

c
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0
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M is a square symmetric matrix ) diagonalizable by a unitary matrix eU :

eUTM eU = M = diag(m0
1, m0

2) , c

0
L = eUcL (c0c

L = eU ⇤
c

c
L)

To get real and positive eigenvalues mi = him0
i (physical masses) take c

0
L = UxL:

U = eUdiag(
p

h1,
p

h2) ,
x1 = c1L + h1c

c
1L

x2 = c2L + h2c

c
2L

(physical fields) hi = CP parities
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? lepton sector

• About mass terms (a more transparent parameterization)

– Case of only Dirac term (mL = mR = 0)
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2
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c
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) Physical states

x1 = c1L + h1c

c
1L [h1 = �1]

x2 = c2L + h2c

c
2L [h2 = +1]

with masses m1 = m2 = mD

) �Lm =
1
2

mD(�c1c1 + c2c2) =
1
2

mD(x1x1 + x2x2) = mD(yLyR + yRyL)

One Dirac fermion = two Majorana of equal mass and opposite CP parities
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? lepton sector

• About mass terms (a more transparent parameterization)

– Case of seesaw (type I) [Yanagida ’79; Gell-Mann, Ramond, Slansky ’79; Mohapatra, Senjanovic ’80]

(mL = 0, mD ⌧ mR)
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A ) eU =

0

@

cos q sin q

� sin q cos q
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m1 ⌘ m
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' m2
D
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⌧ m2 ⌘ mN ' mR

x1 ⌘ n = yL + h1y

c
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c
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) �Lm =
1
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m
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c
LnL +

1
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mN Nc
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Perhaps the observed neutrino nL is the LH component of a light Majorana n

(then n = RH) and light because of a very heavy Majorana neutrino N

e.g. mD ⇠ v ' 246 GeV , mR ⇠ mN ⇠ 1015 GeV ) m
n

⇠ 0.1 eV X
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Additional generations lepton sector

• Lepton mixings

– From Z lineshape: there are nG = 3 generations of nL [ni (i = 1, . . . , nG)]
(but we do not know (yet) if neutrinos are Dirac or Majorana fermions)

– From neutrino oscillations: neutrinos are light, non degenerate and mix

|n
a

i = Â
i

U
ai|nii () |nii = Â

a

U⇤
ai|na

i

mass eigenstates ni (i = 1, 2, 3) / interaction states n

a

(a = e, µ, t)

) U matrix is unitary (negligible mixing with heavy neutrinos) and analogous
to Su, Sd, S` defined for quarks and charged leptons except for:

– n fields have both chiralities

– If neutrinos are Majorana, U may contain two additional physical (Majorana)
phases (irrelevant and therefore not measurable in oscillation experiments)
that cannot be absorbed since then field phases are fixed by ni = hin

c
i
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Additional generations lepton sector

• Lepton mixings

The so called PMNS matrix U [Pontecorvo ’57; Maki, Nakagawa, Sakata ’62; Pontecorvo ’68]

– does not change Neutral Currents (unitarity), but

– introduces intergenerational mixings in Charged Currents:

LCC =
g

2
p

2 Â
ai

`
a

g

µ(1 � g5)U
ai ni W

µ

+ h.c.

(basis where charged leptons are diagonal)

`j

⌫i

W Uji

⌫i

`j

W U⇤
ji
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Additional generations lepton sector

) Standard parameterization of the PMNS matrix:
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(different values than in CKM) (Majorana
phases)

[q13 ⌘ q�, q23 ⌘ qatm and q13 (not yet d13) measured in oscillations]
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Complete SM Lagrangian fields and interactions

L = LF + LYM + LF + LY + LGF + LFP

• Fields: [F] fermions [S] scalars (Higgs and unphysical Goldstones)

[V] vector bosons [U] unphysical ghosts

• Interactions: [FFV] [FFS] [SSV] [SVV] [SSVV]

[VVV] [VVVV] [SSS] [SSSS]

[SUU] [UUVV]
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Complete SM Lagrangian Feynman rules

• Feynman rules for generic couplings normalized to e (all momenta incoming):

(iL) [FFV
µ

] ieg

µ(gV � gAg5) = ieg

µ(gLPL + gRPR)

[FFS] ie(gS � gPg5) = ie(cLPL + cRPR)

[SV
µ

V
n

] ieKg
µn

[S(p1)S(p2)Vµ

] ieG(p1 � p2)µ

[V
µ

(k1)Vn

(k2)Vr

(k3)] ieJ
⇥

g
µn

(k2 � k1)r

+ g
nr

(k3 � k2)µ

+ g
µr

(k1 � k3)n

⇤

[V
µ

(k1)Vn

(k2)Vr

(k3)Vs

(k4)] ie2C
⇥

2g
µn

g
rs

� g
µr

g
ns

� g
µs

g
nr

⇤

[SSV
µ

V
n

] ie2C2g
µn

also [UUVV]

[SSS] ieC3 also [SUU]

[SSSS] ie2C4

Note: gL,R = gV ± gA

cL,R = gS ± gP

Attention to symmetry factors!
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Complete SM Lagrangian Feynman rules (’t Hooft-Feynman gauge)

FFV f i f jg f i f jZ uidjW+ djuiW�
ni`jW+ `jniW�

gL �Q f dij g f
+dij

1p
2sW

Vij
1p
2sW

V⇤
ij

1p
2sW

U⇤
ji

1p
2sW

Uji

gR �Q f dij g f
�dij 0 0 0 0

g f
± ⌘ v f ± a f v f =

T fL
3 � 2Q f s2

W
2sWcW

a f =
T fL

3
2sWcW
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Complete SM Lagrangian Feynman rules (’t Hooft-Feynman gauge)

FFS f i f jH f i fjc uidjf
+ djuif

�

cL � 1
2sW

m fi

MW
dij � i

2sW
2T fL

3
m fi

MW
dij +
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2sW

mui

MW
Vij � 1p

2sW

mdj

MW
V⇤
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cR � 1
2sW

m fi

MW
dij +

i
2sW

2T fL
3

m fi

MW
dij � 1p

2sW

mdj

MW
Vij +

1p
2sW

muj

MW
V⇤

ij

FFS ni`jf
+ `jnif

�

cL +
1p
2sW

m
ni

MW
U⇤

ji � 1p
2sW

m`j

MW
Uji

cR � 1p
2sW

m`j

MW
U⇤

ji +
1p
2sW

m
ni

MW
Uji
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Complete SM Lagrangian Feynman rules (’t Hooft-Feynman gauge)

SVV HZZ HW+W�
f

±W⌥
g f

±W⌥Z

K MW/sWc2
W MW/sW �MW �MWsW/cW

SSV cHZ f

±
f

⌥
g f

±
f

⌥Z f

⌥HW±
f

⌥
cW±

G � i
2sWcW

⌥1 ± c2
W � s2

W
2sWcW

⌥ 1
2sW

� i
2sW

VVV gW+W� ZW+W�

J �1 cW/sW
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Complete SM Lagrangian Feynman rules (’t Hooft-Feynman gauge)

VVVV W+W+W�W� W+W�ZZ W+W�
gZ W+W�

gg

C
1

s2
W

� c2
W

s2
W

cW

sW
�1

SSVV HHW�W+ HHZZ

C2
1

2s2
W

1
2s2

Wc2
W

SSS HHH

C3 � 3M2
H

2MWsW

SSSS HHHH

C4 � 3M2
H

4M2
Ws2

W

– Would-be Goldstone bosons in [SSVV], [SSS] and [SSSS] omitted

– Faddeev-Popov ghosts in [UUVV] and [SUU] omitted

– All Feynman rules from FeynArts (same conventions):

http://www.ugr.es/local/jillana/SM/FeynmanRulesSM.pdf
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