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PURTYOSE

e Study and understand the effects of non-metricity on fermions
and calculate the generic corrections to the Hamiltonian
for spinors in a torsion-free non-Riemannian spacetime.

e (Calculate the corrections for the Hydrogen atom Hamiltonian in a
torsion-iree non-Riemannian spacetime.



Study of the Hydrogen atom in a Riemannian
background by L.Parker.

VOLUME 44, NUMBER 23 PHYSICAL REVIEW LETTERS 9 JUNE 1980

One-Electron Atom in Curved Space-Time

Leonard Parker
Department of Physics, University of Wisconsin—-Milwaukee, Milwaukee, Wisconsin 53201
(Received 7 March 1980)

A one-electron atom in a general curved space-time is considered. The Hamiltonian
of the Dirac equation is found in Fermi normal coordinates, and expressions are obtained,

to first order in the Riemann tensor, for the shifts in energy of the 1S,,,, 25,,,, and
2P, levels,
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No studies in a non-Riemannian background have been done.



MECHANICS, LIGHT & GRAVITATION
Galileo

Realized through Galilean transformations

Absolute space and time for all observers



MECHANICS, LIGHT & GRAVITATION

Newton

Principle of Relativity through




MECHANICS, LIGHT & GRAVITATION

Newton

# Maxwell

Principle of Relativity through




(Galilean Transformations
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Electromagnetism

Principle of Ilclativity



MECHANICS, LIGHT & GRAVITATION
Hinstein

Keep Relativity principle ,
Speed of light is absolute for all observers

Space and time are no longer absolute ,'

Special Relativity




MECHANICS, LIGHT & GRAVITATION

A} i 5520\ 1 A
5= /d4x72 R,uy zRgMV — T,W/

Trajectories of freely talling particles are geodesics in spacetime

(Their Action is just given by the length of their worldlines)

Spacetime becomes dynamical and is represented
by a Riemannian manifold




WHY CONSIDERING NON-METRICITY

There was only Riemannian Geometry at the time: Vg = 0.
Posible generalizations include non-metricity and torsion.

Torsion is needed when taking into account fermions as
sources of gravity (Einstein-Cartan theory)

Non-metricity V,gos = —Qap could be helptul in dealing
with some problems.
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WHY CONSIDERING NON-METRICITY

e f(R) theories could solve some singulartiy problems.

e It has been found that defects in a crystal structure can be
described by an effective non-Riemannian geometry.

e (Quantum fluctuations could be analog to defects in crystals
and could be explained (in scales where GR breaks down)
by a metric-affine effective field theory.




THE DIRAC EQUATION

fails in predictng

{Predicts Hydrogen spectrum

Contradicts classical physics
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THE DIRAC EQUATION

tails in predictng

Contradicts classical physics

{Predicts Hydrogen spectrum

4—— Relativistic wavefunction equation

Hpv = 100y el (27k8k+m)
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THE DIRAC EQUATION




GENERALIZED DIRAC EQUATION

e The lorentz group is now a local symmetry group.

e Spinor fields are elements under which the spin rep. of
the Lorentz group SO(1,3) acts.

e 7/ is an element of the vector rep.of SO(1,3) whose
components are elements of the spin rep. of the

Lorentz group. #

Covariant Dirac equation

(v*V . 5 my) SO 20"

Vo = (0, — T, )b —> T, is the spiner connaction.
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GENERALIZED DIRAC EQUATION

Vierbein — |



GENERALIZED DIRAC EQUATION

(Vs

Vierbein — |




THE STINOK CONNECTION

Ly

Rep. theory of Lie groups

— Qaabba’,/g”pvubbp




THE STINOK CONNECTION

AT T S Y SO A I AT T S I A T

Dirac algebra and manipulations explicit the role of non-metricity:

1
L= 777" 9upV ubs”
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Riemannian Non-Riemannian




THE STINOK CONNECTION

Dirac algebra and manipulations explicit the role of non-metricity:

|

1
b a
F — Z’Y iy ba gl/pv bb SQ,LLCL

Riemannian Non-Riemannian

e Concerning the Dirac structure, the non-Riemannian term is
analog to a as a gauge field:

I’EM = i A L
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GENERALIZED DIRAC EQUATION




GENERALIZED DIRAC EQUATION

The general interaction Hamiltonian has the Dirac structure:

B,U., Sup, Tupea Contain all the geometric informaton
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NON-RIEMANNIAN ELECTROMACGNETISM

The corrections to the Hydrogen Hamiltonian also come
from the electromagnetic field in curved spaces.

Torsion-free spaces + Lorenz gauge V,A* = 0

Maxwell Equations

(VT A~ Ra Ay == igTa}- @V A + @ oy
TR T v e +PWWA
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NON-RIEMANNIAN ELECTROMACGNETISM

e Corrections from the Electromagnetic Hamiltonian.

Flat solilibn

ALU vanishing in the flat limit.

1 . .
,(L) needs a choice of coordinates.

Computation of A
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EXPANSION IN TE:QMS 0": Raﬁ,uu AN.‘D Qoz,uu

Highest order observable effects are of order lower than

O(Rkﬁ,uu27 leaza Qk,ul/Rkﬁ,uw aARkB,um 8Aka,uy)

|

Guv = Nuv T ka/yk EL

| 2

(8kaMV i § vmuk 2 gR,ukum) ykym

Expansion of b,", 'y, and T',,.

Finding the corrections in the Hydrogen atom Hamiltonian
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The Hydrogen atom case has a spinor connection:

The interaction hamiltonian is the difference between
the curved and flat Hydrogen Hamiltonians.

Modification of B and Sy

H; = BL+ Uy 4 Sap?™y” + Taped 1™y 157"
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CONSERVED CURRENT AND PERTURBATION THEORY

— Need for defining a well behaved
In SpInor space.

Flat Dirac equation —» is conserved.

ia 3. 0 el 1
dtQ_dt/da:] —dt/d:m,bzp—()

@ (or j#) defines a well behaved scalar product:

20



CONSERVED CURRENT AND PERTURBATION THEORY

m_(@ _F w LU €SP 7l
v =yT4Y € Sp* dualofSp} Y = (O + 1)

Restriction in the possible non-metric spaces conserving fermion charges.
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CONSERVED CURRENT AND PERTURBATION THEORY

e This condition may be satisfied, restricting the possible
effective geometries.

e Arbitrary effective geometries would allow C violation
scenarios.

e Definition of a proper perturbation theory in arbitrary
spaces needs to be further studied.
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CONCLUSIONS

(General corrections to the Hamiltonian due to non-metricity
have been computed. Also for the Hydrogen atom case.

Non-metricity entering the spinor connection as a SM gauge
field is an interesting feature to considered.

Definition of appropriate perturbation theory in non-metric
backgrounds has to be worked. Then the corrections to the
Hydrogen energy levels computed.

Restrictions from the conservation of j# = zﬂlozﬂzp in the
possible effective spacetime geometries have to be analized.

Possible scenarios of C violation in arbitraryly non-metric
backgrounds should be studied.
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GENERALIZED DIRAC EQUATION
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FERMI COORDINATES

e Corrections in terms of |
curvature and non-metricity > Choice of

coordinates

e (Conditions for observation

e Adapted to the atom’s worldline — natural for observing

e (Geodesic coordinates — Simplity the expansion in terms of
Qoz,ul/ and Raﬁ,ul/
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EXPANSION OF THE GENERIC CORRECTIONS

H[ — Dl Uc/yc & Sabfya/yb o Tabcdva/ybwcvd

The expansion of the coefficients is:
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CORRECTIONS FOR THE HY DROGEN CASE

The flat solution is the Coulomb field centered in the nucleus

Introducing the flat solution in the Maxwell equations
one gets a differential equation for the correction A,(})

599ij Ay = — qr® [Aury'y’y® + Bumy vy yl] + -
b OQT_l — q7°_3 [Dijyiyj s Ezyz}

i \ 1 L4 1 1 =
6" 0ikAS) = —qr=3 [Hjuy'y" + K] — 'L,
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CORRECTIONS FOR THE HY DROGEN CASE

1 1 s 1 o e i
Al = [EAklmykylym " TSBkzmnykylymyn] r° + [1_2Aklm (6*y™ + 85yt 4+ 6™ y*) —

1
£ _Bklmn (5klymyn b 5kmylyn iy 5knylym it 5lmykyn it 5lnykyn . 5mnykyl) 5
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All tensors appearing are functions of Rog,, Qapuv
and 0g@)a,, In the nucleus.
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CORRECTIONS FOR THE HYDROGEN CASE

Modified coefficients:

( | 1 g
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CORRECTIONS FOR THE HYDROGEN CASE

Order zero terms
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