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Part I :  Basics	
  - Time-dependent Schrödinger equation	
  - Second quantisation	
  - Time-evolution	
  - The contour idea	
!

Introduction to Many-body Theory I



Basic quantum mechanics

To describe time-dependent phenomena in nature we have to calculate the 	
time evolution of the relevant quantum states. These states are usually given in	
a basis representation	
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i âj +

1

2

X

ij

wij n̂in̂j

n̂i = â†i âi
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Resolution of the identity



The time-evolution of a quantum state is given by the Schrödinger equation
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To solve this equation we need to know the representation of the Hamiltonian	
in a given basis.  If we define
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Position basis 
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i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (4)

P (α, t) = |⟨α|Ψ(t)⟩|2 (5)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (6)

|Ψ(t)⟩ (7)

|α⟩ (8)

x1 . . .xn (9)
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∆n (1)

|xn⟩ (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

⟨xn|xm⟩ = δnm (4)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (5)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (6)

P (α, t) = |⟨α|Ψ(t)⟩|2 (7)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (8)

|Ψ(t)⟩ (9)

|α⟩ (10)

x1 . . .xn (11)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (12)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (13)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (14)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (15)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (16)

|Φ⟩ (17)

1
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|xn⟩ (1)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (2)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (3)

P (α, t) = |⟨α|Ψ(t)⟩|2 (4)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (5)

|Ψ(t)⟩ (6)

|α⟩ (7)

x1 . . .xn (8)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (9)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (10)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (11)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (12)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (13)

|Φ⟩ (14)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (15)

G<(x1t1,x2t2) = i⟨Ψ1|Ψ2⟩ = i⟨Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (16)

t0 t1 t2 (17)
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∆n (1)

|xn⟩ (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

⟨xn|xm⟩ = δnm (4)
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|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (13)

|Ψ1⟩ =
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j
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∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ⟩ (18)

1



For one particle in position basis we can, for example, define the Hamiltonian

The Schrödinger equation

in the position representation then has the form
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⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (1)

ĥ|n, t⟩ = i∂t|n, t⟩ (2)

ϕn(x, t) = ⟨x|n, t⟩ (3)

i∂tϕn(x, t) = ⟨x|ĥ|n, t⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|n, t⟩ (4)

=

(

−
1

2
∇2 + v(x, t)

)

ϕn(x, t) (5)

⟨n|m⟩ = δnm (6)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (7)

[

d̂n, d̂m

]

+
= δnm (8)

|n⟩ =

∫

dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (9)

ĥ|n⟩ = ϵn|n⟩ ĥ (10)

d̂†n =

∫

dxϕn(x)ψ̂†(x) (11)

d̂n =

∫

dxϕ∗
n(x)ψ̂(x) (12)

|n⟩ = d̂†n|0⟩ (13)

⟨x|n⟩ = ϕn(x) (14)

h(x) = (15)
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−
1

2
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dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (10)
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⟨x1 (1)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (2)
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d̂n, d̂m

]

+
=
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+
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d̂†n =

∫

dxϕn(x)ψ̂†(x) (12)

d̂n =

∫

dxϕ∗
n(x)ψ̂(x) (13)

1



Two particles

If we simultaneously measure a particle	
in intervals       and        the state is
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∆n ∆m (1)

|xn⟩ |xn xm⟩ (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

⟨xn|xm⟩ = δnm (4)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (7)

P (α, t) = |⟨α|Ψ(t)⟩|2 (8)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (9)

|Ψ(t)⟩ (10)

|α⟩ (11)

x1 . . .xn (12)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (13)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (14)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (15)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ⟩ (18)

1
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∆n (1)

|xn⟩ (2)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (3)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (4)

P (α, t) = |⟨α|Ψ(t)⟩|2 (5)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (6)

|Ψ(t)⟩ (7)

|α⟩ (8)

x1 . . .xn (9)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (10)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (11)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (12)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (13)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (14)

|Φ⟩ (15)

Ĥ(t) =
∑

ij

hij(t)ĉ
†
i ĉj +

1

2

∑

ij

wij n̂in̂j (16)

G<(x1t1,x2t2) = i⟨Ψ1|Ψ2⟩ = i⟨Φ|Û(t0, t2)ψ̂
†(x2)Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (17)
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∆n ∆m (1)

|xn⟩ |xn xm⟩ (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

⟨xn|xm⟩ = δnm (4)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (7)

P (α, t) = |⟨α|Ψ(t)⟩|2 (8)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (9)

|Ψ(t)⟩ (10)

|α⟩ (11)

x1 . . .xn (12)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (13)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (14)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (15)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ⟩ (18)

1

The particles are indistinguishable
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∆n ∆m (1)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

⟨xn|xm⟩ = δnm (4)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (5)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (6)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (7)

P (α, t) = |⟨α|Ψ(t)⟩|2 (8)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (9)

|Ψ(t)⟩ (10)

|α⟩ (11)

x1 . . .xn (12)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (13)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (14)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (15)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (16)

G<(x1t1,x2t2) = i
∑

j

⟨Φ|ψ̂†(x2)|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−i(EN−1

j −EN
0

)(t2−t1) (17)

|Φ⟩ (18)

1

The states are normalised  

Let us consider fermions. Only the states with n > m are linearly independent and	
we have 
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∆n ∆m (1)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (4)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (5)

⟨xn|xm⟩ = δnm (6)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (7)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (8)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (9)

P (α, t) = |⟨α|Ψ(t)⟩|2 (10)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (11)

|Ψ(t)⟩ (12)

|α⟩ (13)

x1 . . .xn (14)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (15)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (16)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (17)

|Ψ2⟩ =
∑

j

e−iEN−1

j (t2−t1))|ΨN−1,j⟩⟨ΨN−1,j |ψ̂(x1)|Φ⟩e−iEN
0

(t1−t0) (18)
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∆n ∆m (1)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (2)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (3)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (4)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (5)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (6)

⟨xn|xm⟩ = δnm (7)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (8)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (9)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (10)

P (α, t) = |⟨α|Ψ(t)⟩|2 (11)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (12)

|Ψ(t)⟩ (13)

|α⟩ (14)

x1 . . .xn (15)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (16)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (17)

|Ψ2⟩ = Û(t2, t1)ψ̂(x1)Û (t1, t0)|Φ⟩ (18)

1
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hxnxm|xn0xm0i = �nn0�mm0 ± �nm0�mn0
=

�

�

�

�

�nn0 �nm0

�mn0 �mm0

�

�

�

�

±

Aij(!) = i
h

G>
ij(!)�G<

ij(!)
i

Aii(!) � 0

ˆHl�e(t) =
X

ij

(hij e
i!0t

+ h⇤ij e
�i!0t

) â†i âj

P0!m = 2⇡|h N,m|
X

ij

h⇤ij â
†
i âj | N,0i|2 �(!0 � (EN,m � EN,0))

| N,mi = â†✏ | N�1,si

G<
jj(t� t0) =

Z

d!

2⇡
Gjj(!) e

�i!(t�t0)

�iG<
jj(!) = 2⇡

X

s

|cs,j |2 �(! � (E0 � EN�1,s))

Ps(✏) = 2⇡|h N�1,s|
X

j

h⇤✏j âj | N,0i|2 �(!0 � ✏� (EN�1,s � EN,0))

Iph(✏) /
X

s

Ps(✏) = �i
X

j,j0

h⇤✏jh✏j0 G
<
jj0(✏� !0)

|˜ j(t)i = ˆU(T, t) âj ˆU(t, t0)| 0i = e�iĤ(T�t)
X

s

|N � 1, sihN � 1, s|âj e�iĤ(t�t0)| 0i

=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

cs,j = hN � 1, s|âj | 0i

1
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|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (1)

∆n ∆m (2)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (3)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (4)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (5)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (6)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (7)

⟨xn|xm⟩ = δnm (8)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (9)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (10)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (11)

P (α, t) = |⟨α|Ψ(t)⟩|2 (12)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (13)

|Ψ(t)⟩ (14)

|α⟩ (15)

x1 . . .xn (16)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (17)

|Ψ1⟩ =
∑

j

|ΨN−1,j⟩⟨ΨN−1,j|ψ̂(x2)|Φ⟩e−iEN
0

(t2−t0) (18)

1

For N fermions we have (with P a permutation)
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|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (1)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (2)

∆n ∆m (3)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (4)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (5)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (6)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (7)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (8)

⟨xn|xm⟩ = δnm (9)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (10)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (11)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (12)

P (α, t) = |⟨α|Ψ(t)⟩|2 (13)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (14)

|Ψ(t)⟩ (15)

|α⟩ (16)

x1 . . .xn (17)

|Ψ1⟩ = ψ̂(x2)Û(t2, t0)|Φ⟩ (18)

1

 There is a unique operator            that generates the position basis. It is defined by
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ψ̂†(x) (1)

|x1⟩ = ψ̂†(x1)|0⟩ (2)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (3)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (4)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (5)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (8)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (9)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (10)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (11)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (12)

⟨xn|xm⟩ = δnm (13)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (16)

P (α, t) = |⟨α|Ψ(t)⟩|2 (17)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (18)

1
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ψ̂†(x) (1)

|x1⟩ = ψ̂†(x1)|0⟩ (2)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (3)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (4)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (5)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (8)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (9)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (10)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (11)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (12)

⟨xn|xm⟩ = δnm (13)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (16)

P (α, t) = |⟨α|Ψ(t)⟩|2 (17)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (18)

1

      is called creation operator
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ψ̂†(x) (1)

|x1⟩ = ψ̂†(x1)|0⟩ (2)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (3)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (4)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (5)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (8)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (9)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (10)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (11)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (12)

⟨xn|xm⟩ = δnm (13)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (16)

P (α, t) = |⟨α|Ψ(t)⟩|2 (17)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (18)

1

Brief Article

The Author

January 1, 2012

[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0⟩ = 0 (6)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (7)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (8)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (9)

(10)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (11)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (12)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1

Determinant



It follows :
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ψ̂†(x) (1)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (2)

|x1⟩ = ψ̂†(x1)|0⟩ (3)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (4)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (5)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (6)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (7)

∆n ∆m (8)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (9)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (10)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (11)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (12)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (13)

⟨xn|xm⟩ = δnm (14)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (15)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (16)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (17)

P (α, t) = |⟨α|Ψ(t)⟩|2 (18)

1

The adjoint             of the creation operator therefore satisfies

and hence (by expanding the determinant along column N) we have
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ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (1)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (2)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (3)

ψ̂†(x) (4)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (5)

|x1⟩ = ψ̂†(x1)|0⟩ (6)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (7)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (8)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (9)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (10)

∆n ∆m (11)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (12)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (13)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (14)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (15)

1
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ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

ψ̂(x)|0⟩ = 0 (34)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (35)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (36)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (37)

(38)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (39)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . .yN ⟩∗ = ⟨y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1⟩ (40)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (41)

ψ̂†(x) ψ̂(x) (42)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (43)

|x1⟩ = ψ̂†(x1)|0⟩ (44)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (45)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (46)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (47)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (48)

∆n ∆m (49)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (50)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (51)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (52)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (53)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (54)

⟨xn|xm⟩ = δnm (55)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (56)

3
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⟨Φ|Ô†|χ⟩ = ⟨χ|Ô|Φ⟩∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ⌉ · G⌈
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G⌉ · Σ⌈
]

(t1, t2)

i∂tG
⌉(t, τ) =

[

ΣR · G⌉ + Σ⌉ ⋆ GM
]

(t, τ)

−i∂tG
⌈(τ, t) =

[

G⌈ · ΣA + GM ⋆ Σ⌈
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ⋆ g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c⌈(τ, t) = c(t0 − iτ, t)

c⌉(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)

1

Remember that the adjoint of an operator Ô is defined by 
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0⟩ = 0 (4)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (5)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (6)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (7)

(8)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (9)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (10)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1⟩ = ψ̂†(x1)|0⟩ (14)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (15)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (16)

1
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0⟩ = 0 (4)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (5)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (6)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (7)

(8)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (9)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (10)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1⟩ = ψ̂†(x1)|0⟩ (14)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (15)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (16)

1

It follows (with anti-commutator                                         ):
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ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

The operator          is called annihilation operator

Brief Article

The Author

January 1, 2012

ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

For example:



The density operator is defined by 
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0⟩ = 0 (6)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (7)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (8)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (9)

(10)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (11)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (12)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0⟩ = 0 (7)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (8)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (9)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (10)

(11)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (12)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (13)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

The expectation value
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n(x) = ⟨Ψ|n̂(x)|Ψ⟩ (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0⟩ = 0 (8)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (9)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (10)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (11)

(12)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (13)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (14)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

is the particle density of the system in state 
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n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0⟩ = 0 (8)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (9)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (10)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (11)

(12)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (13)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (14)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

and has the property

For example:
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ψ̂†(x) ψ̂(x)|y1y2⟩ = ψ̂†(x) (δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩)
= δ(x − y2)|y1x⟩ − δ(x − y1)|y2x⟩
= (δ(x − y1) + δ(x − y2))|y1y2⟩

⟨Φ|Ô†|χ⟩ = ⟨χ|Ô|Φ⟩∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ⌉ · G⌈
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G⌉ · Σ⌈
]

(t1, t2)

i∂tG
⌉(t, τ) =

[

ΣR · G⌉ + Σ⌉ ⋆ GM
]

(t, τ)

−i∂tG
⌈(τ, t) =

[

G⌈ · ΣA + GM ⋆ Σ⌈
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ⋆ g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ

dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c⌈(τ, t) = c(t0 − iτ, t)

c⌉(t, τ) = c(t, t0 − iτ)

1



For N particles we define the Hamiltonian by
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⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (1)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (2)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (3)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (4)

ψ(x, t) = ⟨x|ψ(t)⟩ (5)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (6)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (7)

⟨n|m⟩ = δnm (8)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (9)

[

d̂n, d̂m

]

+
= δnm (10)

|n⟩ =

∫

dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (11)

ĥ|n⟩ = ϵn|n⟩ ĥ (12)

1
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⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (1)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (2)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (3)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (4)

ψ(x, t) = ⟨x|ψ(t)⟩ (5)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (6)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (7)

⟨n|m⟩ = δnm (8)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (9)

[

d̂n, d̂m

]

+
= δnm (10)

|n⟩ =

∫

dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (11)

ĥ|n⟩ = ϵn|n⟩ ĥ (12)

1

or equivalently, for any state 

Brief Article

The Author

January 4, 2012

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (1)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (2)

⟨x1 . . .xN |Ĥ |Ψ⟩ (3)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (4)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (5)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (6)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (7)

ψ(x, t) = ⟨x|ψ(t)⟩ (8)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (9)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (10)

⟨n|m⟩ = δnm (11)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (12)

[

d̂n, d̂m

]

+
= δnm (13)

1
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⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (1)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (2)

⟨x1 . . .xN |Ĥ |Ψ⟩ (3)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (4)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (5)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (6)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (7)

ψ(x, t) = ⟨x|ψ(t)⟩ (8)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (9)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (10)

⟨n|m⟩ = δnm (11)

[

d̂n, d̂m

]

+
=

[

d̂†n, d̂†m

]

+
= 0 (12)

[

d̂n, d̂m

]

+
= δnm (13)

1
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|Ψ⟩ (1)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (2)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (3)

⟨x1 . . .xN |Ĥ |Ψ⟩ (4)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (5)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (6)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (7)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (8)

ψ(x, t) = ⟨x|ψ(t)⟩ (9)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (10)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (11)

⟨n|m⟩ = δnm (12)

1

Since the one- and two-body potentials are diagonal in the position representation 
it is easy to express them in second quantisation

Many-body wave function



For the 2-particle interaction we have

Since the density operator has the property
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0⟩ = 0 (7)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (8)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (9)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (10)

(11)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (12)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (13)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

it follows that
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Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (1)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(2)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (3)

Ŵ |x1 . . . xN ⟩ =
1

2

∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (4)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (5)

|Ψ(t0)⟩ = |Ψ0⟩ (6)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (7)

[A,B]+ = AB + BA (8)

x = r,σ (9)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (10)

n̂(x) = ψ̂†(x)ψ̂(x) (11)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (12)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (13)

1
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Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (1)

Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (2)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(3)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (4)

Ŵ |x1 . . . xN ⟩ =
1

2

∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (5)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (6)

|Ψ(t0)⟩ = |Ψ0⟩ (7)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (8)

[A,B]+ = AB + BA (9)

x = r,σ (10)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (11)

n̂(x) = ψ̂†(x)ψ̂(x) (12)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (13)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (14)

1
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Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (1)

Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (2)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(3)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (4)

Ŵ |x1 . . . xN ⟩ =
1

2

N
∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (5)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (6)

|Ψ(t0)⟩ = |Ψ0⟩ (7)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (8)

[A,B]+ = AB + BA (9)

x = r,σ (10)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (11)

n̂(x) = ψ̂†(x)ψ̂(x) (12)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (13)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (14)

1



Similarly for the one-body potential
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V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ⟩ (4)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (5)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (6)

⟨x1 . . .xN |Ĥ |Ψ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (8)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (9)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (10)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (11)

ψ(x, t) = ⟨x|ψ(t)⟩ (12)

1
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V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ⟩ (4)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (5)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (6)

⟨x1 . . .xN |Ĥ |Ψ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (8)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (9)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (10)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (11)

ψ(x, t) = ⟨x|ψ(t)⟩ (12)

1

The kinetic energy operator is only slightly more difficult. Let’s illustrate it for	
3 particles. Remember that

Ŵ |x1 . . . xN ⟩ =
1

2

N
∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (33)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (34)

|Ψ(t0)⟩ = |Ψ0⟩ (35)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (36)

[A,B]+ = AB + BA (37)

x = r,σ (38)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (39)

n̂(x) = ψ̂†(x)ψ̂(x) (40)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (41)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (42)

ψ̂(x)|0⟩ = 0 (43)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (44)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (45)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (46)

(47)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (48)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . .yN ⟩∗ = ⟨y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1⟩ (49)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (50)

ψ̂†(x) ψ̂(x) (51)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (52)

3
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ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (1)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (2)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ⟩ (6)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (8)

⟨x1 . . .xN |Ĥ |Ψ⟩ (9)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (10)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (11)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (12)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (13)

1
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ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (1)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (2)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ⟩ (6)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (8)

⟨x1 . . .xN |Ĥ |Ψ⟩ (9)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (10)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (11)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (12)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (13)

1



If we therefore define
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T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (1)

ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (2)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (3)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (4)

(5)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (6)

|Ψ⟩ (7)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (8)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (9)

⟨x1 . . .xN |Ĥ |Ψ⟩ (10)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (11)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (12)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (13)

1

then since T is Hermitian
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⟨y1y2y3|T̂ |x1x2x3⟩ = ⟨x1x2x3|T̂ |y1y2y3⟩∗ (1)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨x1x2x3|y1y2y3⟩∗ (2)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨y1y2y3|x1x2x3⟩ (3)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (4)

ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (5)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (6)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (7)

(8)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (9)

|Ψ⟩ (10)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (11)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (12)

⟨x1 . . .xN |Ĥ |Ψ⟩ (13)

=

⎛

⎝

N
∑

j
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−
1
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∇2 + v(x, t)

)

ψ(x, t) (69)

⟨n|m⟩ = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n⟩ =

∫
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∫

dxϕn(x)ψ̂†(x) (75)
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∫
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n(x)ψ̂(x) (76)

|n⟩ = â†n|0⟩ (77)

⟨x|n⟩ = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

⟨x|ĥ(t)|x′⟩ = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (84)
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dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

⟨n|m⟩ = δnm (70)

[ân, âm]+ =
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ĥ|n⟩ = ϵn|n⟩ ĥ (74)
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hm|ni = �mn

| i =
X

n

 n|ni

hm| i =  m

| i =
X

n

|nihn| i

X

n

|nihn| = 1

Hnm(t) = hn| ˆH(t)|mi

i@thn| (t)i = hn| ˆH(t)| (t)i =
X

m

hn| ˆH(t)|mihm| (t)i =
X

m

Hnm(t)hm| (t)i

cn(t) = hn| (t)i

i@tc(t) = H(t) c(t)

hx|ni = 'n(x)

�nm = hn|mi =
Z

dx hn|xihx|mi =
Z

dx'⇤
n(x)'m(x)

[ân, â
†
m]+ = �nm

[ân, âm]+ = [â†n, â
†
m]+ = 0

a†n|0i =
Z

dx'n(x) ˆ †
(x)|0i

| {z }

|xi

=

Z

dx|xihx|ni = |ni

|n1 . . . nN i = â†n
N

. . . â†n1
|0i

1

In general we can generate N-particle states

We can relate them to position basis states as follows

and find that their overlaps are given by Slater determinants

The creation and annihilation operators therefore add and remove orbitals	
from Slater determinants



The Hamiltonian in a general one-particle basis then attains the form

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (66)

ψ(x, t) = ⟨x|ψ(t)⟩ (67)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

⟨n|m⟩ = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

Ĥ(t) =
∑

ij

hij(t) â†i âj +
1

2

∑

ijkl

vijkl â
†
i â†j âk âl

|n⟩ =

∫

dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (73)

ϕn

ĥ|n⟩ = ϵn|n⟩ ĥ (74)

â†n =

∫

dxϕn(x)ψ̂†(x) (75)

ân =

∫

dxϕ∗
n(x)ψ̂(x) (76)

|n⟩ = â†n|0⟩ (77)

⟨x|n⟩ = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

⟨x|ĥ(t)|x′⟩ = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)

7
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The convenient basis states in practice depend on the problem.	
Commonly used ones are, for example, Kohn-Sham or Hartree-Fock orbitals



Second quantization:  Take home message 

- Second quantisation is nothing but a convenient way to generate a 	
  many-particle basis that automatically has the correct (anti)symmetry. 	
!
  Basis states are created by (anti)-commuting operators with	
  simple (anti)-commutation relations	
  	
- As we will see, second quantisation is very convenient in many-body  	
  theory as it allows for simple manipulation of perturbative terms 	
  without the need to deal with (anti)-symmetrised orbital products	
!
- The derivation of the Hamiltonian in second quantisation 	
  is easy in position basis as the Hamiltonian is almost diagonal 	
  in this basis	



Expectation values

A general expectation value is of the form
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⟨Ô(t)⟩ = ⟨Ψ(t)|Ô(t)|Ψ(t)⟩ = ⟨Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0⟩ = ⟨Ψ0|ÔH(t)|Ψ0⟩ (1)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (2)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (3)

|Ψ(T )⟩ = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)⟩ = Û(T, t0)|Ψ(t0)⟩ (4)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(5)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(6)

|Ψ(T )⟩ ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)⟩ = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)⟩ (7)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)⟩ (8)

T (9)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (10)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (11)

⟨y1y2y3|T̂ |x1x2x3⟩ = ⟨x1x2x3|T̂ |y1y2y3⟩∗ (12)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨x1x2x3|y1y2y3⟩∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨y1y2y3|x1x2x3⟩ (14)

1
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hn| ˆH(t)|mihm| (t)i =
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cn(t) = hn| (t)i
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Z

dx'⇤
n(x)'m(x)

[ân, â
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m]+ = �nm

[ân, âm]+ = [â†n, â
†
m]+ = 0

a†n|0i =
Z

dx'n(x) ˆ †
(x)|0i

| {z }

|xi

=

Z

dx|xihx|ni = |ni

|n1 . . . nN i = â†n
N

. . . â†n1
|0i

1

where we defined the evolution operator as 

The Heisenberg operator satisfies an equation of motion

initial state

and the operator Ô(t) in the Heisenberg picture as 
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dt Ĥ(t)
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}

(5)

T
{
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}

= T
{
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Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)
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⟨y1y2y3|T̂ |x1x2x3⟩ = ⟨x1x2x3|T̂ |y1y2y3⟩∗ (12)
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1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨x1x2x3|y1y2y3⟩∗ (13)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨y1y2y3|x1x2x3⟩ (14)

1
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i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (1)

|Ψ(T )⟩ = T
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dt Ĥ(t)
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e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)⟩ (5)

= T
{

e−i
Pn
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ψ̂(x) (8)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (9)
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T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (13)

1

It follows from the Schrödinger equation that 

and therefore that the Heisenberg operator satisfies the equation of motion 
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H
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eÂ(t1)eB̂(t2)
}

= T
{
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Ĥ(t) =

∫
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(

−
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∫
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∇2
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For example,  you can check that the field operator satisfies

Let us now derive a more explicit expression for the evolution operator
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[i@t � h(xt)] ˆ H(x, t) =

Z

dyw(x,y) n̂H(yt) ˆ H(xt)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
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d
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†
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�

Z

�
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o
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⇢

d

dz1
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�

d
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n
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o

= �(z1, z2)
h
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i

+
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⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise
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i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (1)

|Ψ(t0)⟩ = |Ψ0⟩ (2)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (3)

[A,B]+ = AB + BA (4)

x = r,σ (5)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (6)

n̂(x) = ψ̂†(x)ψ̂(x) (7)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (8)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (9)

ψ̂(x)|0⟩ = 0 (10)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (11)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (12)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (13)

(14)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (15)

1

We start again from the Schrödinger equation

If we divide [t0 , T ] into small intervals Δ then 
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|Ψ(T )⟩ ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)⟩ = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)⟩ (1)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)⟩ (2)

T (3)

Ĥ(t) =

∫

dx ψ̂†(x)

(

−
1

2
∇2 + v(x, t)

)

ψ̂(x) (4)

+
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (5)

⟨y1y2y3|T̂ |x1x2x3⟩ = ⟨x1x2x3|T̂ |y1y2y3⟩∗ (6)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨x1x2x3|y1y2y3⟩∗ (7)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨y1y2y3|x1x2x3⟩ (8)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (9)

ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (10)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (11)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (12)

(13)

1
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(
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)
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(13)

1

where         denotes time-ordering that orders the latest operator most left.	
We used that operators commute under time-ordering
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T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(1)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(2)

|Ψ(T )⟩ ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)⟩ = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
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= T
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1

and hence, in particular
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{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
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|Ψ(T )⟩ = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)⟩ = Û(T, t0)|Ψ(t0)⟩ (1)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(2)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(3)
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Pn

j Ĥ(tj )∆
}

|Ψ(t0)⟩ (5)

T (6)
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∫

dx ψ̂†(x)
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−
1

2
∇2 + v(x, t)
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+
1
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⟨y1y2y3|T̂ |x1x2x3⟩ = ⟨x1x2x3|T̂ |y1y2y3⟩∗ (9)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨x1x2x3|y1y2y3⟩∗ (10)

= −
1

2

(

∇2
y1

+ ∇2
y2

+ ∇2
y3

)

⟨y1y2y3|x1x2x3⟩ (11)

T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (12)

ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (13)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (14)

1

In the limit Δ => 0 then 

Time-evolution operator
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U(t0, T ) = eiĤ(t1)�eiĤ(t2)� . . . eiĤ(t
n

)�
=

¯T
n

ei
P

n

j

Ĥ(t
j

)�
o

U(t0, T ) = ¯T
⇢

e
i
R
T

t0
Ĥ(t)dt

�

| (t)i = ˆU(t, t0)| (t0)i

hm|ni = �mn

| i =
X

n

 n|ni

hm| i =  m

| i =
X

n

|nihn| i

X

n

|nihn| = 1

Hnm(t) = hn| ˆH(t)|mi

i@thn| (t)i = hn| ˆH(t)| (t)i =
X

m

hn| ˆH(t)|mihm| (t)i =
X

m

Hnm(t)hm| (t)i

cn(t) = hn| (t)i

i@tc(t) = H(t) c(t)

hx|ni = 'n(x)

�nm = hn|mi =
Z

dx hn|xihx|mi =
Z

dx'⇤
n(x)'m(x)

[ân, â
†
m]+ = �nm

[ân, âm]+ = [â†n, â
†
m]+ = 0

1

By as similar procedure we have
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U(t0, T ) = eiĤ(t1)�eiĤ(t2)� . . . eiĤ(t
n

)�
=

¯T
n
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P

n

j

Ĥ(t
j

)�
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⇢
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�
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cn(t) = hn| (t)i
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Z

dx hn|xihx|mi =
Z

dx'⇤
n(x)'m(x)

[ân, â
†
m]+ = �nm

[ân, âm]+ = [â†n, â
†
m]+ = 0

1

where         denotes anti-time-ordering that orders the latest operator most right.
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ˆU(t1, t2) =
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T e�i
R
t2
t1

dt Ĥ(t)dt t1 < t2
¯T e+i

R
t1
t2

dt Ĥ(t)dt t2 < t1
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dt Ĥ(t)dt | 0i

ˆU(t1, t2) =

(

T e�i
R
t2
t1
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The evolution operator can then be written as

and the expectation value 
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Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
︸ ︷︷ ︸

γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be different from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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We define a contour 𝜸 consisting of two copies of the interval [t0 , t] . A generic	

element z of  𝜸 can lie on the forward branch 𝜸_ or the backward branch 𝜸+
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Ĥ(t)dt

�

| (t)i = ˆU(t, t0)| (t0)i

hm|ni = �mn

| i =
X

n

 n|ni

hm| i =  m

| i =
X

n

|nihn| i

X

n

|nihn| = 1

Hnm(t) = hn| ˆH(t)|mi

1

when  

Brief Article

The Author

December 23, 2013

z = t0�

z 2 ��

z 2 �+

z = t0+

¯T
n

ˆH(t1) . . . ˆH(tn)
o

ˆO(t) T
n

ˆH(t01) . . . ˆH(t0n)
o

h ˆO(t)i = h 0| ˆU(t0, t) ˆO(t) ˆU(t, t0)| 0i

h ˆO(t)i = h 0| ¯T e
i
R
t

t0
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Ĥ(t)dt

�

| (t)i = ˆU(t, t0)| (t0)i

hm|ni = �mn

| i =
X

n

 n|ni

hm| i =  m

| i =
X

n

|nihn| i

1

when  and its real value is  

Brief Article

The Author

December 23, 2013

t0

z = t0�

z 2 ��

z 2 �+

z = t0+

¯T
n

ˆH(t1) . . . ˆH(tn)
o

ˆO(t) T
n

ˆH(t01) . . . ˆH(t0n)
o

h ˆO(t)i = h 0| ˆU(t0, t) ˆO(t) ˆU(t, t0)| 0i

h ˆO(t)i = h 0| ¯T e
i
R
t

t0
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Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
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γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be different from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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dt Ĥ(t)dt

ˆO(t) T e
�i

R
t

t0
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dt Ĥ(t)dt t1 < t2
¯T e+i

R
t1
t2
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With this trick we can write the expectation value in a compact way
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Figure 4.2: Illustration of the three possible locations of z2 and z1 for z2 later than z1. The
domain of integration is highlighted with bold lines.

We can proceed further by introducing the contour integral between two points z1 and
z2 on γ in the same way as the standard integral along any contour. If z2 is later than z1,
see Fig. 4.2, then we have

∫ z2

z1

dz̄ Â(z̄) =

⎧

⎪
⎪
⎪⎪
⎪
⎨

⎪
⎪
⎪⎪
⎪
⎩

∫ t2
t1

dt̄ Â−(t̄) if z1 = t1− and z2 = t2−

∫ t
t1
dt̄ Â−(t̄) +

∫ t2
t dt̄ Â+(t̄) if z1 = t1− and z2 = t2+

∫ t2
t1

dt̄ Â+(t̄) if z1 = t1+ and z2 = t2+

,

while if z2 is earlier than z1
∫ z2

z1

dz̄ Â(z̄) = −
∫ z1

z2

dz̄ Â(z̄).

In this definition z̄ is the integration variable along γ and not the complex conjugate of z.
The latter is denoted by z∗. The generic term of the expansion (4.1) is obtained by integrating
over all {ti} between t and t0 and over all {t′i} between t0 and t the operator (4.2). Taking
into account that (4.2) is equivalent to (4.8) and using the definition of the contour integral
we can write

∫ t0

t
dt1 . . . dtn

∫ t

t0

dt′1 . . . dt
′
m T̄

{

Ĥ(t1) . . . Ĥ(tn)
}

Ô(t) T
{

Ĥ(t′1) . . . Ĥ(t′m)
}

=

∫

γ+

dz1 . . . dzn

∫

γ−

dz′1 . . . dz
′
m T

{

Ĥ(z1) . . . Ĥ(zn)Ô(t±)Ĥ(z′1) . . . Ĥ(z′m)
}

,
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dt̄ Â+(t̄) if z1 = t1+ and z2 = t2+

,

while if z2 is earlier than z1
∫ z2

z1
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}

=

∫

γ+

dz1 . . . dzn

∫

γ−

dz′1 . . . dz
′
m T

{
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dt Ĥ(t)dt

ˆO(t) T e
�i

R
t

t0
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The expectation value can then be written as

and since the operators commute under the time-ordering
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Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
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]

+
(

∂tÔ(t)
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∂tÔ(t)
)

H
(10)
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}

(13)

T
{
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}

(13)

T
{
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wn =
e−βEn

Z
(1)

Z =
∑

n

e−βEn (2)

ĤM |Ψn⟩ = En|Ψn⟩ (3)

ρ̂ =
∑

n

e−βEn

Z
|Ψn⟩⟨Ψn| =

e−βĤM

Tr
{

e−βĤM
} (4)

ĤM = Ĥ(t0) − µN̂ (5)
∑

n

wn = 1 (6)

wm ≥ 0 (7)

|Φm⟩ (8)

Tr Â =
∑

m

⟨Φm|Â|Φm⟩ (9)

⟨ÔH(t)⟩ =
∑

n

wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
}

(10)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| (11)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (12)

⟨Ô(t)⟩ = ⟨Ψ(t)|Ô(t)|Ψ(t)⟩ = ⟨Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0⟩ = ⟨Ψ0|ÔH(t)|Ψ0⟩ (13)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (14)
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ρ̂ =
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e−βEn

Z
|Ψn⟩⟨Ψn| =

e−βĤM

Tr
{

e−βĤM
} (4)

ĤM = Ĥ(t0) − µN̂ (5)
∑
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wn = 1 (6)

wm ≥ 0 (7)

|Φm⟩ (8)

Tr Â =
∑

m

⟨Φm|Â|Φm⟩ (9)

⟨ÔH(t)⟩ =
∑

n

wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
}

(10)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| (11)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (12)

⟨Ô(t)⟩ = ⟨Ψ(t)|Ô(t)|Ψ(t)⟩ = ⟨Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0⟩ = ⟨Ψ0|ÔH(t)|Ψ0⟩ (13)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (14)

1

=

−i
∞∑

k=0

1
k!

(
i
2

)k ∫

dx
∫

w(1, 1′) . . . w(k, k′) o(x, z)g2k+1(xz, 1, 1′, . . . ;x′z+, 1+, 1′+, . . .)|x=x′,z=t

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)

(17)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (18)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (19)

j = xjzj (20)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ
dz Ĥ0(z)

} (21)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=
⎛

⎝

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (22)

⟨Ô(t)⟩ =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (23)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(24)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (25)

wn =
e−βEn

Z
(26)

wn =
e−βEn

∑

m e−βEm
(27)

4

Z =
∑

n

e−βEn (28)

ĤM |Ψn⟩ = En|Ψn⟩ (29)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| =
e−βĤM

Tr
{

e−βĤM
} (30)

ĤM = Ĥ(t0) − µN̂ (31)
∑

n

wn = 1 (32)

wm ≥ 0 (33)

|Φm⟩ (34)

Tr Â =
∑

m

⟨Φm|Â|Φm⟩ (35)

⟨ÔH(t)⟩ =
∑

n

wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
}

(36)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| (37)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (38)

⟨Ô(t)⟩ = ⟨Ψ(t)|Ô(t)|Ψ(t)⟩ = ⟨Ψ0|Û(t0, t) Ô(t) Û(t, t0)|Ψ0⟩ = ⟨Ψ0|ÔH(t)|Ψ0⟩ (39)

ÔH(t) = Û(t0, t) Ô(t) Û(t, t0) (40)

∂t ÔH(t) = −i
[

ÔH(t), ĤH(t)
]

+
(

∂tÔ(t)
)

H
(41)

i∂t Û(t, t′) = Ĥ(t)Û (t, t′) (42)

|Ψ(T )⟩ = T
{

e
−i

R T
t0

dt Ĥ(t)
}

|Ψ(t0)⟩ = Û(T, t0)|Ψ(t0)⟩ (43)

T
{

Â(t1)B̂(t2)
}

= T
{

B̂(t2)Â(t1)
}

(44)

T
{

eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(45)

|Ψ(T )⟩ ≈ e−iĤ(tn)∆ . . . e−iĤ(t0)∆|Ψ(t0)⟩ = T
{

e−iĤ(tn)∆ . . . e−iĤ(t0)∆
}

|Ψ(t0)⟩ (46)

= T
{

e−i
Pn

j Ĥ(tj )∆
}

|Ψ(t0)⟩ (47)

5



This corresponds to an initial system at inverse temperature β and chemical potential μ
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Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(1)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (2)

wn =
e−βEn

Z
(3)

Z =
∑

n

e−βEn (4)

ĤM |Ψn⟩ = En|Ψn⟩ (5)

ρ̂ =
∑

n

e−βEn

Z
|Ψn⟩⟨Ψn| =

e−βĤM

Tr
{

e−βĤM
} (6)

ĤM = Ĥ(t0) − µN̂ (7)
∑

n

wn = 1 (8)

wm ≥ 0 (9)

|Φm⟩ (10)

Tr Â =
∑

m

⟨Φm|Â|Φm⟩ (11)

⟨ÔH(t)⟩ =
∑

n

wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
}

(12)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| (13)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (14)
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If we therefore define
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= e−i[(t0−iβ)−t0]ĤM
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ρ̂ =
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i ∂tψ̂H(x, t) =
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−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (14)
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then we can write
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⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (1)

⟨Ô(t)⟩ =
Tr T

{

e−i
R

γ
dz Ĥ(z)Ô(t)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (2)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(3)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (4)

wn =
e−βEn

Z
(5)

Z =
∑

n

e−βEn (6)

ĤM |Ψn⟩ = En|Ψn⟩ (7)

ρ̂ =
∑

n

e−βEn

Z
|Ψn⟩⟨Ψn| =

e−βĤM

Tr
{

e−βĤM
} (8)

ĤM = Ĥ(t0) − µN̂ (9)
∑

n

wn = 1 (10)

wm ≥ 0 (11)

|Φm⟩ (12)

Tr Â =
∑

m

⟨Φm|Â|Φm⟩ (13)

1



(L.V.Keldysh, Sov.Phys.JETP20, 1018 (1965), 
Konstantinov, Perel’, JETP12,142 (1961)) 
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Tr
{

e−βĤM
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wm ≥ 0 (10)
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⟨ÔH(t)⟩ =
∑

n

wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
}

(13)

1

Time ordering is now defined along the extended contour 
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Time-ordering:  Take home message 

- Time-ordering is a direct consequence of the structure of	
  time-dependent Schrödinger equation.	
  	
- Expectation values consist of a time-ordered evolution operator	
  for the ket state and an anti-time-ordering for the bra state	
!
- The expectation of any operator value can be rewritten in terms of a 	
  single time-ordered exponential by introducing contour ordering	
!
- In case of systems prepared in an initial ensemble the expectation	
  value can be rewritten as a time-ordering on a contour with an	
  additional vertical track


