
Introduction to Many-body Theory  II

Part II :  Feynman diagrams and the Green’s function	
  - Why Green’s functions?	
      operator orderings and Wick’s theorem	
  - Feynman diagrams and the self-energy	
  - The physical interpretation of the Green’s function	
  - Spectral function and photo-emission	



Operator correlators

We have seen that the expansion of an expectation value leads to products	
of the form, so-called operator correlators
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We want to find an efficient way to evaluation such operator correlators.	
Let us look at one of the simplest
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If we differentiate with respect to the contour times we can generate relations	
between various correlators
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where the contour delta function satisfies

commutator

For two fermionic field operators it is, however, more convenient to define
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For example



For a general string of fermionic operators we define
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We further define that operators at equal time are kept in their relative order.	
For example
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ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

1
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T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2)� ✓(z2, z1) ˆO2(z2) ˆO1(z1)

T�
n

ˆH(z1) . . . ˆH(zn) ˆO(z)
o

1

We just put the operators in the correct order and add a plus/minus sign	
depending on whether the final permutation was even/odd



It follows that operators containing an even number of equal time field operators	
(such as the Hamiltonian) commute under the time-ordered product, in agreement	
with our earlier definition 

If we expand an expectation value in powers of one- or two-body interactions	
we obtain strings with an equal number of annihilation and creation operators.	
The most general such string has the form 
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ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

1
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ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

T�
n

ˆO1(z1) ˆO2(z2)
o

= ✓(z1, z2) ˆO1(z1) ˆO2(z2) + ✓(z2, z1) ˆO2(z2) ˆO1(z1)

1

From the equation of motion of the field operator
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[i@t � h(xt)] ˆ H(x, t) =

Z

dyw(x,y) n̂H(yt) ˆ H(xt)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+ T�
⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

d

dz1
T�

n

ˆO1(z1) ˆO2(z2)
o

= �(z1, z2)
h

ˆO1(z1), ˆO2(z2)
i

+
+ T�

⇢

d

dz1
ˆO1(z1) ˆO2(z2)

�

✓(z1, z2) =

⇢

1 z1 > z2
0 z1 < z2

✓(z1, . . . , zn) =

⇢

1 z1 > . . . > zn
0 otherwise

1

we can derive equations of motion for the operators Ĝn
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i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

1
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i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P
ˆOP (1) . . . ˆOP (n) zP (1) > . . . > zP (n)

ˆOj =
ˆOj(zj)

d

dz1
T�

n

ˆ H(x1, z1) ˆ 
†
H(x2, z2)

o

= �(z1, z2)�(x1 � x2) + T�
⇢

d

dz1
ˆ H(x1, z1) ˆ 

†
H(x2, z2)

�

Z

�
dz̄ �(z, z̄)A(z̄) = A(z)

1

We find

Which can be rewritten as

We therefore obtain a set of hierarchy equations for the correlators Ĝn



The first equation in this hierarchy is

An example of an equation higher in the hierarchy is

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dz1
� h(1)

�

ˆG1(1; 1
0
) = �(1, 10)� i

Z

d¯1w(1, ¯1) ˆG2(1, ¯1; 1
0, ¯1+)



i
d

dzk
� h(k)

�

Gn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

gn(1 . . . n; 1
0 . . . n0

) =

n
X

j=1

(�1)

k+j�(k, j0) gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

T�
n

ˆO1 . . . ˆOn

o

= (�1)

P T�
n

ˆOP (1) . . . ˆOP (n)

o

3

Gn(1 . . . n; 1
0 . . . n0

) = (�i)n
Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dz1
� h(1)

�

ˆG1(1; 1
0
) = �(1, 10)� i

Z

d¯1w(1, ¯1) ˆG2(1, ¯1; 1
0, ¯1+)



i
d

dz2
� h(2)

�

ˆG2(1, 2; 1
0, 20) =� �(2, 10) ˆG1(1; 2

0
) + �(2, 20) ˆG1(2; 2

0
)

� i

Z

d¯1w(2, ¯1) ˆG3(1, 2, ¯1; 1
0, 20, ¯1+)



i
d

dzk
� h(k)

�

Gn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

gn(1 . . . n; 1
0 . . . n0

) =

n
X

j=1

(�1)

k+j�(k, j0) gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

3

In a next step we will convert these operator equations into	
differential equations



Many-particle Green’s function

The n-particle Green’s function is defined as
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) =
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i
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(n0
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0
)
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e�i
R
�
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i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0
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i
d
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� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0
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Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)
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n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0
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ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

1

or equivalently
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)
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dzk
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⇢
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n
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(�1)
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u
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� h(k)
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ˆGn(1 . . . n; 1
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d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1
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u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

j = xjzj

T�
n

 (x1z1) ˆ 
†
(x2z2) ˆ (x2z2)

o

= �T�
n

ˆ †
(x2z2) (x1z1) ˆ (x2z2)

o

= T�
n

ˆ †
(x2z2) ˆ (x2z2) (x1z1)

o

=

ˆ †
(x2z2) ˆ (x2z2) (x1z1) z2 > z1 (1)

1

The n-particle Green’s function satisfies the same set of differential	
equations as the correlators Ĝn
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dz̄Ĥ(z̄)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

oi

Tr

h

T�
n

e�i
R
�

dz̄Ĥ(z̄)
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+

n
X
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u
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d
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d¯1w(k, ¯1)Gn+1(1 . . . n, ¯1; 1
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+

n
X

j=1

(�1)

k+j�(k, j0)Gn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

ˆGn(1 . . . , n; 1
0 . . . n0

) = (�i)n T�
n

ˆ (1) . . . ˆ (n) ˆ †
(n0

) . . . ˆ †
(1

0
)

o

1

(�i @z0
j

� h(j0))g(j, j0) = �(j, j0) (7)

gk(. . . , t0, . . .) = �gk(. . . , t0 � i�, . . .) (8)

Gk(. . . , t0, . . .) = �Gk(. . . , t0 � i�, . . .) (9)

i @z
j

� h(xj , zj) (10)

h(x, z) = �1

2

r2
+ v(x, z) (11)

g(1, 10) = g1(1, 1
0
) (12)

gn(1 . . . n, 1
0 . . . n0

) =

�

�

�

�

�

�

�

g(1, 10) . . . g(1, n0
)

.

.

.

.

.

.

g(n, 10) . . . g(n, n0
)

�

�

�

�

�

�

�

(13)

gk (14)

G(1, 10) =
1

i

Tr T
n

e�i
R
�

dz Ĥ(z)
ˆ (1) ˆ †

(1

0
)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
o

(15)

= �iTr
h

⇢̂ T
n

ˆ H(1)

ˆ †
H(1

0
)

oi

(16)

h ˆAi = Tr ⇢̂ ˆA (17)

w(1, 10) = w(x1,x2)�(z1, z
0
1) (18)

G(a, b) =

1
P

k=0

1
k!

�

i
2

�k R
w(1, 10) . . . w(k, k0) g2k+1(a, 1, 10, . . . ; b, 1+, 10+, . . .)

1
P

k=0

1
k!

�

i
2

�k R
w(1, 10) . . . w(k, k0) g2k(1, 10, . . . ; 1+, 10+, . . .)

(19)

=

�i
1
P

k=0

1
k!

�

i
2

�k R
dx

R

w(1, 10) . . . w(k, k0) o(x, z)g2k+1(xz, 1, 10, . . . ;x0z+, 1+, 10+, . . .)|
x=x

0,z=t

1
P

k=0

1
k!

�

i
2

�k R
w(1, 10) . . . w(k, k0) g2k(1, 10, . . . ; 1+, 10+, . . .)

h ˆO(t)i = �i

Z

dx o(x, t)G(xz,x0z+)|
x=x

0,z=t (20)

ˆO(t) =

Z

dx ˆ †
(x)o(x, t) ˆ (x) (21)

j = xjzj (22)

7

Martin-Schwinger hierarchy

(plus a set of similar equations with respect to the primed coordinates)

The hierarchy equations need to be solved with the boundary conditions

which are known as the Kubo-Martin-Schwinger (KMS) boundary conditions	
(which can be derived from the definition of the Green’s functions)

From the n-particle Green’s function we can calculate any n-body observable



For example,  if Ô(t) is a 1-body operator :

Brief Article

The Author

January 6, 2012

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (1)

j = xjzj (2)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr
{

e−i
R

γ
dz Ĥ0(z)

} (3)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=
⎛

⎝

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (4)

⟨Ô(t)⟩ =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (5)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(6)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (7)

1

then 
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⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (1)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (2)

j = xjzj (3)

gn(1 . . . n, 1′ . . . n′) =
1
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e−i
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γ dz Ĥ0(z)
} (4)
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ÔH0
(t)ŴH0

(z1) . . . ŴH0
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}

=
⎛

⎝
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∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T
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ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n
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∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

⟨Ô(t)⟩ =
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{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (5)

⟨Ô(t)⟩ =
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{

e−i
R

γ dz Ĥ(z)Ô(t)
}
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{

e−i
R

γ
dz Ĥ(z)

} (6)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(7)

1

The calculation of n-body observables is therefore possible once we know	
how to solve the Martin-Schwinger hierarchy equations.  How to do this?

Further insight in the hierarchy is obtained by considering a non-interacting 
system which has the n-particle Green’s function
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⎛
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1



The Martin-Schwinger hierarchy becomes
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gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣
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i
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γ
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⟨Â⟩ = Tr ρ̂Â (5)
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∑∞
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γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ
dz Ĥ0(z)

} (11)

1

where we denote
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g(1, 1′) = g1(1, 1
′) (1)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(2)

gk (3)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (4)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(5)

⟨Â⟩ = Tr ρ̂Â (6)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (7)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(8)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (9)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (10)

j = xjzj (11)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)
}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (12)

1

The solution to this equation is

This is known as Wick’s theorem



The proof of this identity is easy:  Apply the operators
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
∇2 + v(x, z) (2)

g(1, 1′) = g1(1, 1
′) (3)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(4)

gk (5)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (6)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

⟨Â⟩ = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1
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i ∂zj − h(xj , zj) (1)

h(x, z) = −
1

2
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∣

∣

∣

∣

∣

∣
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G(1, 1′) =
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i
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{
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R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}
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{
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R

γ
dz Ĥ(z)
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= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(7)

⟨Â⟩ = Tr ρ̂Â (8)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (9)

G(a, b) =

∑∞
k=0
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k!

(
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2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(10)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (11)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (12)

j = xjzj (13)

1

on both sides of the equation and check that we recover the Martin-
Schwinger equations with the correct boundary conditions

To use Wick’s theorem we need to solve
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)

i ∂zj − h(xj , zj) (4)

h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
′) (6)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

⟨Â⟩ = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1
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(i ∂zj − h(j))g(j, j′) = δ(j, j′) (1)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (2)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (3)
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h(x, z) = −
1

2
∇2 + v(x, z) (5)

g(1, 1′) = g1(1, 1
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gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(7)

gk (8)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (9)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(10)

⟨Â⟩ = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

1

with the KMS boundary conditions. This is an easy problem in practice.	
!



Many-particle Green’s function:  Take home message 

- The main motivation for defining the n-particle Green’s function	
  is that it for this object we can derive a set of coupled hierarchy	
  equations, known as the Martin-Schwinger hierarchy, which forms a 	
  the basis for a systematic perturbation theory	
!
- From the n-particle Green’s function we can calculate n-body  	
  observables	
!
- From the Martin-Schwinger hierarchy for a non-interacting system	
  it is easy to derive an explicit expression for the n-particle Green’s	
  function in terms of the one-particle Green’s function. 	
  This expression is known as Wick’s theorem and forms the	
  basis of many-body perturbation theory 



Perturbation expansion

Wick’s theorem allows for an expansion of the n-particle Green’s function in 	
powers of the non-interacting one-particle Green’s function.  	
!
Let us illustrate this procedure for the one-particle Green’s function given by
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G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (1)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (2)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(3)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (4)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (5)

j = xjzj (6)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (7)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=
⎛

⎝

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (8)

1

We can expand this expression in powers of the two-body interaction



gn(1 . . . n, 1
0 . . . n0

) =

1

in

Tr T
n

e�i
R
�

dz Ĥ0(z)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

o

Tr T
n

e�i
R
�

dz Ĥ0(z)
o

(23)

Tr T
n

e��ĤM

ˆOH0(t) ˆWH0(z1) . . . ˆWH0(zn)
o

=

0

@

n
Y

j=1

1

2

Z

dxjdx
0
jw(xj ,x

0
j)

1

A

Tr T
(

e��ĤM

ˆOH0(t)
n
Y

k=1

ˆ †
H0

(xkzk) ˆ 
†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆO(t)

o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆO(t) ˆW (z1) . . . ˆW (zn)

o

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆ (xz) ˆ †

(x0z0)
o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆ (xz) ˆ †

(x0z0) ˆW (z1) . . . ˆW (zn)
o

h ˆO(t)i =
Tr

n

ˆU(t0 � i�, t0) ˆU(t0, t) ˆO(t) ˆU(t, t0)
o

Tr

n

ˆU(t0 � i�, t0)
o

(24)

h ˆO(t)i =
Tr T

n

e�i
R
�

dz Ĥ(z)
ˆO(t)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
o

(25)

ˆH(z) =

⇢

ˆH(t) z 2 [t0,1[

ˆHM z 2 [t0, t0 � i�]
(26)

e��ĤM

= e�i[(t0�i�)�t0]ĤM

=

ˆU(t0 � i�, t0) (27)

wn =

e��E
n

Z
(28)

wn =

e��E
n

P

m e��E
m

(29)

Z =

X

n

e��E
n

(30)

ˆHM | ni = En| ni (31)

⇢̂ =

X

n

wn| nih n| =
e��ĤM

Tr

n

e��ĤM

o

(32)

8

For the numerator we have

gn(1 . . . n, 1
0 . . . n0

) =

1

in

Tr T
n

e�i
R
�

dz Ĥ0(z)
ˆ (1) . . . ˆ (n) ˆ †

(n0
) . . . ˆ †

(1

0
)

o
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R
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dz Ĥ0(z)
o
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ˆOH0(t) ˆWH0(z1) . . . ˆWH0(zn)
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A
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Y
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†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e��ĤM

ˆ H0(xz) ˆ 
†
H0

(x0z0) ˆWH0(z1) . . . ˆWH0(zn)
o

=

0

@

n
Y

j=1

1

2

Z

dxjdx
0
jw(xj ,x

0
j)

1

A

Tr T
(

e��ĤM

ˆ H0(xz) ˆ 
†
H0

(x0z0)
n
Y

k=1

ˆ †
H0

(xkzk) ˆ 
†
H0

(x0
kzk) ˆ H0(x

0
kzk) ˆ H0(xkzk)

)

Tr T
n

e�i
R
�

dz (Ĥ0(z)+Ŵ (z))
ˆO(t)

o

=

1
X

n=0

(�i)n

n!

Z

�
dz1 . . . dznTr T

n

e�i
R
�

dz Ĥ0(z)
ˆO(t) ˆW (z1) . . . ˆW (zn)

o
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�

dz (Ĥ0(z)+Ŵ (z))
ˆ (xz) ˆ †

(x0z0)
o

=

1
X

n=0
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�

dz Ĥ0(z)
ˆ (xz) ˆ †

(x0z0) ˆW (z1) . . . ˆW (zn)
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h ˆO(t)i =
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ˆU(t0 � i�, t0) ˆU(t0, t) ˆO(t) ˆU(t, t0)
o

Tr
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ˆU(t0 � i�, t0)
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h ˆO(t)i =
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n
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R
�

dz Ĥ(z)
ˆO(t)

o

Tr T
n

e�i
R
�

dz Ĥ(z)
o

(25)

ˆH(z) =

⇢

ˆH(t) z 2 [t0,1[

ˆHM z 2 [t0, t0 � i�]
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=
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The integrand has the form

This can be rewritten as a 
non-interacting (2n+1)-
particle Green’s function



This gives the following expansion for the one-particle Green’s function
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w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (1)

G(a, b) =

∑∞
k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)
∑∞

k=0
1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(2)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (3)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (4)

j = xjzj (5)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr
{

e−i
R

γ dz Ĥ0(z)
} (6)

Tr T
{

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=
⎛

⎝

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T

{

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ dz (Ĥ0(z)+Ŵ (z))Ô(t)
}

=
∞
∑

n=0

(−i)n

n!

∫

γ
dz1 . . . dzn Tr T

{

e−i
R

γ dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)
}

⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (7)

1

⟨Â⟩ = Tr ρ̂Â (11)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (12)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(13)

⟨Ô(t)⟩ = −i

∫

dx o(x, t)G(xz,x′z+)|x=x′,z=t (14)

Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (15)

j = xjzj (16)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
dz Ĥ0(z)ψ̂(1) . . . ψ̂(n)ψ̂†(n′) . . . ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ0(z)
} (17)

Tr T
{

e−βĤM

ÔH0
(t)ŴH0

(z1) . . . ŴH0
(zn)

}

=
⎛

⎝

n
∏

j=1

1

2

∫

dxjdx
′
jw(xj ,x

′
j)

⎞

⎠ Tr T

{

e−βĤM

ÔH0
(t)

n
∏

k=1

ψ̂†
H0

(xkzk)ψ̂
†
H0

(x′
kzk)ψ̂H0

(x′
kzk)ψ̂H0

(xkzk)

}

Tr T
{

e−i
R

γ
dz (Ĥ0(z)+Ŵ (z))Ô(t)

}

=
∞
∑

n=0

(−i)n

n!

∫

γ

dz1 . . . dzn Tr T
{

e−i
R

γ
dz Ĥ0(z)Ô(t)Ŵ (z1) . . . Ŵ (zn)

}

⟨Ô(t)⟩ =
Tr

{

Û(t0 − iβ, t0)Û(t0, t)Ô(t)Û(t, t0)
}

Tr
{

Û(t0 − iβ, t0)
} (18)

⟨Ô(t)⟩ =
Tr T

{

e−i
R

γ dz Ĥ(z)Ô(t)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (19)

Ĥ(z) =

{

Ĥ(t) z ∈ [t0,∞[
ĤM z ∈ [t0, t0 − iβ]

(20)

e−βĤM

= e−i[(t0−iβ)−t0]ĤM

= Û(t0 − iβ, t0) (21)

wn =
e−βEn

Z
(22)

2

Using Wick’s theorem we can now replace the non-interacting 	
n-particle Green’s functions by determinants



This gives the perturbation expansion for the Green’s function :

It is now only a technical matter to evaluate these terms	
!
This leads to Feynman diagrams. Let us give an example an expand the 
numerator N(a,b) to first order

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

⟨Â⟩ = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

3
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N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(1)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (3)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (4)

i ∂zj − h(xj , zj) (5)

h(x, z) = −
1

2
∇2 + v(x, z) (6)

g(1, 1′) = g1(1, 1
′) (7)

1

Expanding the 3x3 determinant along the first column we find



It is not difficult to prove that the disconnected diagrams from the numerator	
are cancelled by those of the denominator and we can further simplify to

where in the expansion of the determinant we retain only the connected (C) and 	
topologically inequivalent (TI) terms

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
CTI

G(a, b) =

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

∞∑

k=0

1
k!

(
i
2

)k ∫

w(1, 1′) . . . w(k, k′)

∣
∣
∣
∣
∣
∣
∣
∣
∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣
∣
∣
∣
∣
∣
∣
∣
∣

(i ∂z1 − h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣
∣
∣
∣
∣
∣
∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣
∣
∣
∣
∣
∣
∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

⟨Â⟩ = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

3
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G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(1)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (2)

1

The expansion of G has the structure

where the self-energy is defined as the sum over irreducible diagrams	
(i.e. can not be cut in two by cutting one g-line)

The Green’s function thus satisfies the equation



Skeletons

A skeleton diagram is a diagram without self-energy insertions, for example

The corresponding skeleton is therefore

By replacing ‘g’ by ‘G’ in the skeleton we sum over all self-energy insertions



It follows that
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

where we sum over all dressed irreducible skeletons in terms of G



We therefore find the Dyson equation
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)

G(1, 2) = g(1, 2) +

∫

γ

d3d4 g(1, 3)Σ[G](3, 4)G(4, 2)

N (1)(a; b) =
i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

or, if we use the equation of motion for g : (i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ
dz Ĥ(z)ψ̂(1)ψ̂†(1′)

}

Tr T
{

e−i
R

γ dz Ĥ(z)
} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

⟨Â⟩ = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(16)

=

−i
∞
∑

k=0

1
k!

(

i
2

)k ∫

dx
∫
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This is a self-consistent equation of motion for the Green’s function that	
needs to be solved with the boundary conditions
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W-skeletons

We can further renormalize the interaction lines, by removing all interaction	
line insertions. For example
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which is a nonlinear integral equation for G. Alternatively, we could apply [δ(1′; 1)i d
dz1
−

h(1′; 1)] to the first row and integrate over 1, [−i
←−
d

dz2
δ(2; 2′)−h(2; 2′)] to the second row and

integrate over 2, and convert (10.18) into a coupled system of nonlinear integro-differential
equations
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d

dz1
− h(1′; 1)

]

G(1; 2) = δ(1′; 2) +

∫

d4Σs[G, v](1′; 4)G(4; 2) (10.19)

∫

d2 G(1; 2)

[

−i
←−
d

dz2
δ(2; 2′)− h(2; 2′)

]

= δ(1; 2′) +

∫

d3G(1; 3)Σs[G, v](3; 2′) (10.20)

to be solved with the KMS boundary conditions. These equations are exactly the Kadanoff-
Baym equations discussed in Section 9.4. From the results of the previous Chapter we also
know that if the approximate self-energy is Φ-derivable then the Green’s function obtained
from (10.19) and (10.20) preserves all basic conservation laws. In particular, the solution the
Kadanoff-Baym equations with the exact self-energy (obtained by summing all the G-skeleton
self-energy diagrams) yields the exact Green’s function.

10.7 W -skeleton diagrams

The topological concept of G-skeleton diagrams can also be applied to the interaction lines
and leads to a further reduction of the number of diagrams. Let us call a piece of diagram
a polarization insertion if it can be cut away by cutting two interaction lines. For example

(10.21)

is a G-skeleton diagram with two polarization insertions

(10.22)

The polarization diagrams, like the ones above, must be one-interaction-line irreducible, i.e.,
they cannot break into two disjoint pieces by cutting an interaction line. Thus, even though
we could cut away the piece P1vP2 by cutting two interaction lines on the l.h.s. of (10.21),
the diagram P1vP2 is not a polarization diagram since it breaks into the disjoint pieces P1

and P2 by cutting the interaction line in the middle.
The polarization diagrams can be used to define the dressed or screened interaction W

according to
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(10.23)

In this diagrammatic equation P is the sum of all possible polarization diagrams. We
will refer to P as the polarizability. Similarly to the self-energy the polarizability can
be considered either as a functional of the noninteracting Green’s function G0 and the
interaction v, P = P [G0, v], or as a functional of the dressed G and v, P = Ps[G, v].
Equation (10.23) has the form of the Dyson equation (10.8) for the Green’s function. In
formulas it reads

W (1; 2) = v(1; 2) +

∫

v(1; 3)P (3; 4)v(4; 2) +

∫

v(1; 3)P (3; 4)v(4; 5)P (5; 6)v(6; 2) + . . .

= v(1; 2) +

∫

v(1; 3)P (3; 4)W (4; 2) (10.24)

where the integral is over all repeated variables.
Let us express Σs[G, v] in terms of the screened interaction W . We say that a diagram

is a W -skeleton diagram if it does not contain polarization insertions. Then the desired
expression for Σ is obtained by discarding all those diagrams which are not W -skeletonic in
the expansion (10.17), and then replacing v with W . The only diagram for which we should
not proceed with the replacement is the Hartree diagram [first diagram in (10.17)] since here
every polarization insertion is equivalent to a self-energy insertion, see for instance the third
diagram of Fig. 10.6. In the Hartree diagram the replacement v →W would lead to a double
counting. Therefore

Σ = Σss[G,W ] = ΣH[G, v] + Σss,xc[G,W ] (10.25)

where ΣH[G, v] is the Hartree self-energy while the remaining part is the so called exchange-
correlation (XC) self-energy which includes the Fock (exchange) diagram and all other dia-
grams accounting for nonlocal in time effects (correlations), see again the discussion in
Section 6.1.1 and Section 7.3. The subscript “ss” specifies that to construct the functional
Σss or Σss,xc we must take into account only those self-energy diagrams which are skele-
tonic with respect to both Green’s function and interaction lines. The skeletonic expansion
of the self-energy in terms of G and W (up to third order in W ) is shown in Fig. 10.7(a).
Similarly, the MBPT expansion of the polarizability in terms of G and W is obtained by
taking only G- and W -skeleton diagrams and then replacing G0 → G and v → W . This
operation leads to a polarizability P = Pss[G,W ] which can be regarded as a functional of
G and W and whose expansion (up to second order in W ) is shown in Fig. 10.7(b).

The diagrammatic expansion in terms of W instead of v does not only have the math-
ematical advantage of reducing the number of diagrams. There is also a physical advan-
tage [79]. In bulk systems and for long-range interactions, like the Coulomb interaction, many

We can then define the screened interaction W by

irreducible	
polarizability
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We can then in W-skeletonic diagrams replace w by  W with the exception	
of the Hartree diagram.  We have
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Figure 10.6: Self-energy diagrams to second order in the interaction strength.

This is exactly the Hartree-Fock self-energy of Fig. 9.1 [see also (9.13)] in which G has been
replaced by G0. According to our new convention the prefactor is now included in the
diagram and coincides with the prefactor derived heuristically in Section 7.1. As anticipated
the perturbative expansion fixes the prefactors univocally. In the Hartree term of (10.13)
we also added a δ-function since in the corresponding Green’s function diagram (second
diagram of Fig. 10.5) we have 1 = 2. This applies to all self-energy diagrams that start and
end with the same interaction vertex (see, e.g., the 3-rd and 6-th diagram in the second
row of Fig. 10.5). The second-order self-energy diagrams are shown in Fig. 10.6. There are
only 6 diagrams to be considered against the 10 second-order Green’s function diagrams.
In the next two Sections we will achieve another reduction in the number of diagrams by
introducing a very useful topological concept.

Exercise 10.5. Evaluate the r.h.s. of (10.12) to second order in the interaction v and show
that it is given by the sum of the 1-st and 2-nd diagrams in Fig. 10.6 (all other diagrams in
the same figure contain a δ(z1, z2) and hence they are part of the singular (Hartree-Fock)
self-energy).

10.6 G-skeleton diagrams

A G-skeleton diagram for the self-energy is obtained by removing all self-energy insertions
from a given diagram. A self-energy insertion is a piece that can be cut away from a diagram
by cutting two Green’s function lines. For example, the diagram

(10.14)

has 4 self-energy insertions residing inside the thin-dashed parabolic lines. The r.h.s. high-
lights the structure of the diagram and implicitly defines the self-energy insertions Σi,
i = 1, 2, 3, 4. The G-skeleton diagram corresponding to (10.14) is therefore
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(10.15)

The G-skeleton diagrams allow us to express the self-energy in terms of the interacting
(dressed) Green’s function G rather than the noninteracting Green’s function G0. Consider
again the example (10.15). If we sum over all possible self-energy insertions we find

(10.16)

where each grey circle represents the exact self-energy. Thus, the sum over ni on the l.h.s.
gives the dressed G and the result is the G-skeleton diagram (10.15) in which G0 is replaced
by G. This procedure yields the self-energy Σ = Σs[G, v] as a functional of the interaction
v and of the dressed Green’s function G. The subscript “s” specifies that the functional is
constructed by taking only the G-skeleton diagram from the functional Σ = Σ[G0, v] and
then replacing G0 with G: Σ[G0, v] = Σs[G, v]. In the next Chapter we will show how
to use this result to construct the functional Φ[G] = Φ[G, v] whose functional derivative
with respect to G is the exact self-energy. Using the G-skeleton diagrams we can write the
self-energy up to second order in the interaction as

(10.17)

There are only 2 G-skeleton diagrams of second order against the 6 diagrams in Fig. 10.6.
The approximation for the self-energy corresponding to these 4 G-skeleton diagrams is
called the second-Born approximation.

For any given approximation to Σs[G, v] we can calculate an approximate Green’s func-
tion from the Dyson equation

G(1; 2) = G0(1; 2) +

∫

d3d4G0(1; 3)Σs[G, v](3; 4)G(4; 2)

= G0(1; 2) +

∫

d3d4G(1; 3)Σs[G, v](3; 4)G0(4; 2), (10.18)
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Figure 10.7: Diagrammatic MBPT expansion in terms of G and W of (a) the self-energy up
to third order and (b) the polarization up to second order.

self-energy diagrams are divergent. The effect of the polarization insertions is to cut off
the long-range nature of v. Replacing v with W makes these diagrams finite and physically
interpretable. We will see an example of divergent self-energy diagrams in Section 13.5.

From the diagrammatic structure of the polarization diagrams we see that

P (1; 2) = P (2; 1) (10.26)

and, as a consequence, also

W (1; 2) = W (2; 1) (10.27)

which tells us that the screened interaction between the particles is symmetric, as one
would expect. It is worth noticing, however, that this symmetry property is not fulfilled by
every single diagram. For instance, the 3-rd and 4-th diagrams of Fig. 10.7(b) are, separately,
not symmetric. The symmetry is recovered only when they are summed. This is a general
property of the polarization diagrams: either they are symmetric or they come in pairs of
mutually reversed diagrams. By a reversed polarization diagram we mean the same diagram
in which the end points are interchanged. If we label the left and right vertices of the 3-rd
and 4-th diagrams of Fig. 10.7(b) with 1 and 2 then the 4-th diagram with relabeled vertices
2 and 1 (reversed diagram) becomes identical to the 3-rd diagram.
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This gives the double-skeletonic expansion for the self-energy

and the polarizability
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dz̄Ĥ(z̄)
oi

i
d

dzk
ˆGn(1 . . . n; 1

0 . . . n0
) = (�i)T�

⇢

ˆ H(1) . . .

✓

i
d

dzk
ˆ H(k)

◆

. . . ˆ H(n) ˆ †
H(n0

) . . . ˆ †
H(1

0
)

�

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)



i
d

dzk
� h(k)

�

ˆGn(1 . . . n; 1
0 . . . n0

) = �i

Z

d¯1w(k, ¯1) ˆGn+1(1 . . . n, ¯1; 1
0 . . . n0, ¯1+)

+

n
X

j=1

(�1)

k+j�(k, j0) ˆGn�1(1 . . .
u
j . . . n; 10 . . .

u
k0 . . . n0

)

1

Brief Article

The Author

December 28, 2013

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2
⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

G(1, 2) = g(1, 2) +

Z

�
d3d4 g(1, 3)(⌃H [G,w](3, 4) + ⌃ss,xc[G,W ](3, 4))W (4, 2)

W (1, 2) = w(1, 2) +

Z

d3d4w(1, 3)P (3, 4)W (4, 2)

Gn(1 . . . n; 1
0 . . . n0

) =

Tr

h

e��ĤM
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Figure 10.7: Diagrammatic MBPT expansion in terms of G and W of (a) the self-energy up
to third order and (b) the polarization up to second order.

self-energy diagrams are divergent. The effect of the polarization insertions is to cut off
the long-range nature of v. Replacing v with W makes these diagrams finite and physically
interpretable. We will see an example of divergent self-energy diagrams in Section 13.5.

From the diagrammatic structure of the polarization diagrams we see that

P (1; 2) = P (2; 1) (10.26)

and, as a consequence, also

W (1; 2) = W (2; 1) (10.27)

which tells us that the screened interaction between the particles is symmetric, as one
would expect. It is worth noticing, however, that this symmetry property is not fulfilled by
every single diagram. For instance, the 3-rd and 4-th diagrams of Fig. 10.7(b) are, separately,
not symmetric. The symmetry is recovered only when they are summed. This is a general
property of the polarization diagrams: either they are symmetric or they come in pairs of
mutually reversed diagrams. By a reversed polarization diagram we mean the same diagram
in which the end points are interchanged. If we label the left and right vertices of the 3-rd
and 4-th diagrams of Fig. 10.7(b) with 1 and 2 then the 4-th diagram with relabeled vertices
2 and 1 (reversed diagram) becomes identical to the 3-rd diagram.
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ˆGn(1 . . . n; 10 . . . n0
)

i

Tr

h

e��ĤM
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These form a self-consistent set of equations for G and W



Diagrammatic expansion:  Take home message 

- Wick’s theorem allows for a straightforward expansion of the	
  Green’s function in powers of the interaction	
!
- The number of diagrammatic terms can be drastically reduced	
  by introduction of the self-energy.	
!
- The self-energy can be expanded in powers of the dressed Green’s	
  function and the screened interaction W by the introduction of	
  skeletonic diagrams. This leads to self-consistent equations in terms	
  of G and W.	
!
- The lowest order in this expansion is the famous GW approximation	
 



Contours and formalisms

Let us now briefly clarify some issues that may confuse you in practice,	
namely the different flavours of many-body theory.	
!
With different assumptions we can modify the contour
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Figure 4.5: Contours and Hamiltonian Ĥ(z) for (a) the exact formula (b) the adiabatic formula
and (c) the zero-temperature formula with β →∞.

The adiabatic assumption is based on the idea that one can generate the density matrix
ρ̂ with Hamiltonian ĤM starting from the density matrix ρ̂0 with Hamiltonian ĤM

0 and then
switching on the interaction adiabatically, i.e.,

ρ̂ =
e−βĤ

M

Z
= Ûη(t0,−∞)

e−βĤ
M
0

Z0
Ûη(−∞, t0) = Ûη(t0,−∞) ρ̂0 Ûη(−∞, t0), (4.25)

where Ûη is the real-time evolution operator with Hamiltonian

Ĥη(t) = Ĥ0 + e−η|t−t0|Ĥint,

and η is an infinitesimally small positive constant. This Hamiltonian coincides with the
noninteracting Hamiltonian when t → −∞ and with the full interacting Hamiltonian when
t = t0. Mathematically the adiabatic assumption is supported by the Gell-Mann-Low the-
orem [44, 45] according to which if β → ∞ and ĤM

0 has a nondegenerate ground state
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108 Chapter 4. The contour idea

|Φ0⟩ (hence ρ̂0 = |Φ0⟩⟨Φ0|) then Ûη(t0,−∞)|Φ0⟩ ≡ |Ψ0⟩ is an eigenstate8 of ĤM (hence
ρ̂ = |Ψ0⟩⟨Ψ0|). In general the validity of the adiabatic assumption should be checked case
by case. Under the adiabatic assumption we can rewrite the time-dependent ensemble
average in (4.17) as

O(z = t±) = Tr
[

ρ̂ Û(t0, t)Ô(t)Û (t, t0)
]

= Tr
[

ρ̂0 Ûη(−∞, t0) Û(t0, t)Ô(t)Û(t, t0)Ûη(t0,−∞)
]

, (4.26)

where the cyclic property of the trace has been used. Similarly to what we did in the
previous Sections we can cast (4.26) in terms of a contour-ordered product of operators.
Consider the contour γa of Fig. 4.5(b) which is essentially the same contour of Fig. 4.5(a)
where t0 → −∞. If the Hamiltonian changes along the contour as

Ĥ(t±) =

{

Ĥη(t) = Ĥ0 + e−η|t−t0|Ĥint for t < t0
Ĥ(t) = Ĥ0(t) + Ĥint for t > t0

Ĥ(z ∈ γM) = ĤM
0 = Ĥ0 − µN̂,

then (4.26) takes the same form as (4.21) in which γ → γa and the Hamiltonian goes into the
Hamiltonian of Fig. 4.5(b)

O(z) =
Tr
[

T
{

e−i
∫

γa
dz̄ Ĥ(z̄) Ô(z)

}]

Tr
[

T
{

e−i
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}] (adiabatic assumption) (4.27)

We will refer to this way of calculating time-dependent ensemble averages as the adiabatic
formula. This is exactly the formula used by Keldysh in his original paper [37]. The adiabatic
formula is correct only provided that the adiabatic assumption is fulfilled. The adiabatic
formula gives the noninteracting ensemble average of the operator Ô if z ∈ γM.

We can derive yet another expression of the ensemble average of the operator Ô for
systems unperturbed by external driving fields and hence described by a Hamiltonian Ĥ(t >
t0) = Ĥ independent of time. In this case, for any finite time t we can approximate Û(t, t0)
with Ûη(t, t0) since we can always choose η ≪ 1/|t− t0|. If we do so in (4.26) we get

O(z = t±) = Tr
[

ρ̂0 Ûη(−∞, t)Ô(t)Ûη(t,−∞)
]

. (4.28)

According to the adiabatic assumption we can generate the interacting ρ̂ starting from
the noninteracting ρ̂0 and then propagating forward in time from −∞ to t0 using the
evolution operator Ûη . If so then ρ could also be generated starting from ρ̂0 and then
propagating backward in time from ∞ to t0 using the same evolution operator Ûη since
Ĥη(t0 −∆t) = Ĥη(t0 +∆t). In other words

ρ̂ = Ûη(t0,∞) ρ̂0 Ûη(∞, t0).

8The state |Ψ0⟩ is not necessarily the ground state.
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M
0

Z0
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t = t0. Mathematically the adiabatic assumption is supported by the Gell-Mann-Low the-
orem [44, 45] according to which if β → ∞ and ĤM

0 has a nondegenerate ground state

4.3. Initial equilibrium and adiabatic switching 109

Comparing this equation with (4.25) we conclude that

ρ̂0 = Ûη(−∞,∞) ρ̂0 Ûη(∞,−∞). (4.29)

Now it may be reasonable to expect that this identity is fulfilled because every eigenstate
|Φk⟩ of ρ̂0 goes back to |Φk⟩ by switching on and off the interaction adiabatically, i.e.,

⟨Φk|Ûη(∞,−∞) = eiαk⟨Φk|. (4.30)

This expectation is generally wrong due to the occurrence of level crossings and degeneracies
in the spectrum of Ĥη .9 However if ρ̂0 = |Φ0⟩⟨Φ0| is a pure state then (4.29) implies that
(4.30) with k = 0 is satisfied.10 For ρ̂0 to be a pure state we must take the zero-temperature
limit β → ∞ and have a nondegenerate ground state |Φ0⟩ of ĤM

0 . We will refer to
the adiabatic assumption in combination with equilibrium at zero temperature and with
the condition of no ground-state degeneracy as the zero-temperature assumption. The
zero-temperature assumption can be used to manipulate (4.28) a bit more. Since |Φ0⟩ is
nondegenerate we have

lim
β→∞

ρ̂0 = |Φ0⟩⟨Φ0| =
|Φ0⟩⟨Φ0|Ûη(∞,−∞)

⟨Φ0|Ûη(∞,−∞)|Φ0⟩
= lim

β→∞

e−βĤ
M
0 Ûη(∞,−∞)

Tr
[

e−βĤ
M
0 Ûη(∞,−∞)

] .

Inserting this result into (4.28) we find

lim
β→∞

O(z = t±) = lim
β→∞

Tr
[

e−βĤ
M
0 Ûη(∞, t)Ô(t)Ûη(t,−∞)

]

Tr
[

e−βĤ
M
0 Ûη(∞,−∞)

] . (4.31)

If we now rewrite the exponential e−βĤ
M
0 as exp[−i

∫

γM
dz̄ ĤM

0 ] and construct the contour

γ0 which starts at −∞, goes all the way to ∞ and then down to ∞− iβ we see that (4.31)
has again the same mathematical structure of (4.21) in which γ → γ0 and the Hamiltonian
along the contour changes as illustrated in Fig. 4.5(c). It is worth noticing that the contour
γ0 has the special property of having only a forward branch. We will refer to this way
of calculating ensemble averages as the zero-temperature formula. The zero temperature
formula is correct only provided that the zero-temperature assumption is fulfilled. This is
certainly not the case if the Hamiltonian of the system is time dependent. There is indeed
no reason to expect that by switching on and off the interaction the system goes back to

9Consider for instance a density matrix ρ̂0 = 1
2
(|Φ1⟩⟨Φ1| + |Φ2⟩⟨Φ2|). Then the most general solution of

(4.29) is not (4.30) but

⟨Φ1|Ûη(∞,−∞) = eiα cos θ⟨Φ1|+ sin θ⟨Φ2|,

⟨Φ2|Ûη(∞,−∞) = sin θ⟨Φ1|− e−iα cos θ⟨Φ2|,

with α and θ two arbitrary real numbers.
10For completeness we mention that the phase factor α0 ∼ 1/η. This has no consequence in the calculation

of observable quantities but it may lead to instabilities when solving the time-dependent Schrödinger equation
numerically, see also Exercise 4.1.

When expanding in powers of the interaction only the terms on the	
real axis remain.  This leads to 3 variants	
!
1) Full formalism with the Matsubara approach 	
    (equilibrium finite temperature) as an initial case	
!
2) Keldysh formalism (adiabatic assumption)	
!
3) Zero-temperature standard time-ordered formalism	
  (zero-temperature assumption)

Zero-temperature assumption



In all the 3 formulations all diagrammatical expressions is identical. 	
The only thing that changes is the way the final integrals in the Feynman	
diagrams are done.

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(1, 1+) g(1, 1′+) . . . g(1, k′+)
g(1′, 1+) g(1′, 1′+) . . . g(1′, k′+)

...
...

...
g(k′, 1+) g(k′, 1′+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(i ∂z1
− h(1))g(1, 2) = δ(1, 2) (3)

(i ∂zj − h(j))g(j, j′) = δ(j, j′) (4)

(−i ∂z′j
− h(j′))g(j, j′) = δ(j, j′) (5)

gk(. . . , t0, . . .) = −gk(. . . , t0 − iβ, . . .) (6)

i ∂zj − h(xj , zj) (7)

h(x, z) = −
1

2
∇2 + v(x, z) (8)

g(1, 1′) = g1(1, 1
′) (9)

gn(1 . . . n, 1′ . . . n′) =

∣

∣

∣

∣

∣

∣

∣

g(1, 1′) . . . g(1, n′)
...

...
g(n, 1′) . . . g(n, n′)

∣

∣

∣

∣

∣

∣

∣

(10)

gk (11)

G(1, 1′) =
1

i

Tr T
{

e−i
R

γ dz Ĥ(z)ψ̂(1)ψ̂†(1′)
}

Tr T
{

e−i
R

γ
dz Ĥ(z)

} (12)

= −iTr
[

ρ̂ T
{

ψ̂H(1)ψ̂†
H (1′)

}]

(13)

⟨Â⟩ = Tr ρ̂Â (14)

w(1, 1′) = w(x1,x2)δ(z1, z
′
1) (15)

G(a, b) =

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k+1(a, 1, 1′, . . . ; b, 1+, 1′+, . . .)

∞
∑

k=0

1
k!

(

i
2

)k ∫

w(1, 1′) . . . w(k, k′) g2k(1, 1′, . . . ; 1+, 1′+, . . .)
(16)
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If we denote                        then the Green’s function has the structure

Brief Article

The Author

January 7, 2012

G(1, 2) = −i⟨T
{

ψ̂H(1)ψ̂†
H(2)

}

⟩ = θ(z1, z2)G>(1, 2) + θ(z1, z2)G<(1, 2)

(i∂z1
− h(1))G(1, 1′) = δ(1, 1′) +

∫

γ

d2Σ[G](1, 2)G(2, 1′)

Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
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∫
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i

2
g(a; b)

∫

d1d1′w(1, 1′)

∣

∣

∣

∣

g(1; 1+) g(1; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

±
i

2

∫

d1d1′w(1, 1′)g(1; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1′; 1+) g(1′; 1′+)

∣

∣

∣

∣

+
i

2

∫

d1d1′w(1, 1′)g(1′; b)

∣

∣

∣

∣

g(a; 1+) g(a; 1′+)
g(1; 1+) g(1; 1′+)

∣

∣

∣

∣

(2)

G(a, b) =
∞
∑

k=0

ik
∫

w(1, 1′) . . . v(k, k′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

g(a, b) g(a, 1+) . . . g(a, k′+)
g(1, b) g(1, 1+) . . . g(1, k′+)

...
...

...
g(k′, b) g(k′, 1+) . . . g(k′, k′+)

∣

∣

∣

∣

∣

∣

∣

∣

∣

CTI

1

ELDA/GGA
xc [n] =

Z

d3rf(n,rn,r2n)

(i t +
1
2
r2 � vs(rt))⌃i(rt) = 0

n(rt) =
N

X

i=1

|⌃i(rt)|2

vs(rt) = v(rt) + vH(rt) + vxc(rt)

Ĥ(t) = ĥ(t) + Ŵ

ĥ(t) =
N

X

i

h(rit)

h(rt) =
1
2
[�ir+ A(rt)]2 + v(rt)� µ

⌅̂ =
e��Ĥ0

Tr e��Ĥ0

hÔi = Tr
n

⌅̂ Ô
o

hÔ(t)i = Tr
n

⌅̂ ÔH(t)
o

ÔH(t) = Û(t0, t) Ô Û(t, t0)

i tÛ(t, t0) = Ĥ(t)Û(t, t0)

i t0Û(t, t0) = �Û(t, t0)Ĥ(t0)

Û(t, t) = 1

Û(t, t0) = T exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t, t0) = TC exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t0 � i�, t0) = e��Ĥ0

hÔ(t)i =
Tr

n

Û(t0 � i�, t0)Û(t0, t) Ô Û(t, t0)
o

Tr
n

Û(t0 � i�, t0)
o

G(1, 2) = �ihTC [⌥̂H(1)⌥̂†
H(2)]i = ⇥(t1, t2)G>(1, 2) + ⇥(t2, t1)G<(1, 2)

G>(1, 2) = �ih⌥̂H(1)⌥̂†
H(2)i

G<(1, 2) = ih⌥̂†
H(2)⌥̂H(1)i

G(x1t0 � i�, 2) = �G(x1t0, 2)

G(1,x2t0) = �G(1,x2t0 � i�)

G2(1, 2, 3, 4) = (�i)2hTC [⌥̂H(1)⌥̂H(2)⌥̂†
H(3)⌥̂†

H(4)]i
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ELDA/GGA
xc [n] =

Z

d3rf(n,rn,r2n)

(i t +
1
2
r2 � vs(rt))⌃i(rt) = 0

n(rt) =
N

X

i=1

|⌃i(rt)|2

vs(rt) = v(rt) + vH(rt) + vxc(rt)

Ĥ(t) = ĥ(t) + Ŵ

ĥ(t) =
N

X

i

h(rit)

h(rt) =
1
2
[�ir+ A(rt)]2 + v(rt)� µ

⌅̂ =
e��Ĥ0

Tr e��Ĥ0

hÔi = Tr
n

⌅̂ Ô
o

hÔ(t)i = Tr
n

⌅̂ ÔH(t)
o

ÔH(t) = Û(t0, t) Ô Û(t, t0)

i tÛ(t, t0) = Ĥ(t)Û(t, t0)

i t0Û(t, t0) = �Û(t, t0)Ĥ(t0)

Û(t, t) = 1

Û(t, t0) = T exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t, t0) = TC exp(�i

Z t

t0
d⇧Ĥ(⇧))

Û(t0 � i�, t0) = e��Ĥ0

hÔ(t)i =
Tr

n

Û(t0 � i�, t0)Û(t0, t) Ô Û(t, t0)
o

Tr
n

Û(t0 � i�, t0)
o

G(1, 2) = �ihTC [⌥̂H(1)⌥̂†
H(2)]i = ⇥(t1, t2)G>(1, 2) + ⇥(t2, t1)G<(1, 2)

G>(1, 2) = �ih⌥̂H(1)⌥̂†
H(2)i

G<(1, 2) = ih⌥̂†
H(2)⌥̂H(1)i

G(x1t0 � i�, 2) = �G(x1t0, 2)

G(1,x2t0) = �G(1,x2t0 � i�)

G2(1, 2, 3, 4) = (�i)2hTC [⌥̂H(1)⌥̂H(2)⌥̂†
H(3)⌥̂†

H(4)]i

2

Propagation of a “particle” (added electron)

Propagation of a “hole” (removed electron)

Only information on the contour	
is in the Heaviside functions

Real-time functions
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Σ[G] (1)

G(1, 2) = g(1, 2) +

∫

γ
d3d4 g(1, 3)Σ[g](3, 4) G(4, 2)
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∣
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ΣHF(1, 2) ∼ δ(z1, z2)
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Hartree-Fock type diagrams are instantaneous	
since the Coulomb interaction is
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Σ(1, 2) = ΣHF(1, 2) + θ(z1, z2)Σ>(1, 2) + θ(z2, z1)Σ<(1, 2)

ΣHF(1, 2) ∼ δ(z1, z2)

︸︷︷︸
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The self-energy has the structure

A general contour function has the structure
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kR = k✓()

I(z, z0) =

Z

�
dz00⌃(z, z00)G(z00, z0)

k(z, z0) = k�(t) �(z, z0) + ✓(z, z0) k>(t, t0) + ✓(z0, z) k>(t, t0)

hn̂(x, t)i =
Tr T

n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

ˆH(z) ! ˆH(z) + � ˆV (z)

� ˆV (z) =

Z

dx n̂(x) �v(xz)

�hn̂(x, t)i = �i

Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)n̂(x, t)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

+ihn̂(x, t)i
Z

�
dz1

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)� ˆV (z1)
o

Tr T
n

e�i
R
�

dz̄ Ĥ(z̄)
o

hn̂(x, t)i = �i

Z

�
dz1

Z

dx0 hT
�

�n̂(xz)�n̂(x0z0)
 

i�v(x0z1)

�n̂(xz) = n̂(xz)� hn̂(xz)i

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2

⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

G(1, 2) = g(1, 2) +

Z

�
d3d4 g(1, 3)(⌃H [G,w](3, 4) + ⌃ss,xc[G,W ](3, 4))W (4, 2)

1



One often needs to do integrals of the form 

There are simple rules to convert these into real time functions. 	
For example, on the original contour:
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dz̄ Ĥ(z̄)
o

hn̂(x, t)i = �i

Z

�
dz1

Z

dx0 hT
�

�n̂(xz)�n̂(x0z0)
 

i�v(x0z1)

�n̂(xz) = n̂(xz)� hn̂(xz)i

⌃ = ⌃ss[G,W ] = ⌃H [G,w] + ⌃ss,xc[G,W ]

2

⌃ss,xc(1, 2) = �iG(1, 2)W (1, 2)

P (1, 2) = �iG(1, 2)G(2, 1)

1

Brief Article

The Author

January 3, 2014

c< = a< · bA + aR · b< + ae ? bd

kR(t, t0) = k�(t) �(t� t0) + ✓(t� t0)
⇥

k>(t, t0)� k<(t, t0)
⇤

kA(t, t0) = k�(t) �(t� t0)� ✓(t0 � t)
⇥

k>(t, t0)� k<(t, t0)
⇤

c(z, z0) =

Z

�
dz00 a(z, z00) b(z00, z0)

k(z, z0) = k�(t) �(z, z0) + ✓(z, z0) k>(t, t0) + ✓(z0, z) k>(t, t0)

hn̂(x, t)i =
Tr T

n

e�i
R
�
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In this lecture I will not elaborate further on these so-called Langreth rules



Different contours:  Take home message 

- The original contour can be deformed at the expense of	
  additional approximations	
!
- The adiabatic assumption leads to the standard Keldysh	
  formalism without a vertical track	
!
- The zero-temperature assumption leads to the standard 	
  time-ordered formalism restricted to equilibrium zero-temperature	
  systems	
!
- All equations of the three formalism are identical. 	
  Only the translation of the final contour integrals to real-time	
  functions is different but in all cases straightforward.



Green’s function: Physical interpretation
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dz̄ Ĥ(z̄)
o

1

We remove a particle from state j at time t.  After this the system is left in	
a superposition of eigenstates of the ionized system
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where

The probability to find the system in (N-1)-particle state after removal	
of the particle is then
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The diagonal lesser Green’s function has the form

It will be convenient to write this in frequency space

Brief Article

The Author

January 4, 2014

G<
jj(t� t0) =

Z

d!

2⇡
Gjj(!) e

�i!(t�t0)

�iG<
jj(!) = 2⇡

X

s

|cs,j |2 �(! � (E0 � EN�1,s))
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=

X

s

e�iE
N�1,s(T�t)e�iE0(t�t0)cs,j |N � 1, si

cs,j = hN � 1, s|âj | 0i
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Let us now see how this relates to a photo-current in a photo-emission	
experiment
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Figure 6.8: Schematic representation of a photoemission experiment. After the absorption of
the photon γ of energy ω0 the system is left in an excited state formed by the photoelectron
and N − 1 electrons in the s-th excited state.

6.3.4 Photoemission experiments and interaction effects

At the moment the spectral function is a pure mathematical object providing information
on the underlying physical system (we have seen that it has δ-like peaks at the removal and
addition energies). Can we also relate it to some measurable quantity? In this Section we
show that the spectral function can be measured with a photoemission experiment.

Let us start by considering a system of electrons (fermionic system). A photoemission
experiment consists in irradiating the system with light of frequency ω0 > 0 and then
measuring the number of ejected electrons (or photoelectrons) with energy ϵ, see Fig. 6.8.
Without loss of generality we can set the threshold of the continuum (scattering) states
to zero so that ϵ > 0. Due to energy conservation EN,0 + ω0 = EN−1,s + ϵ where
EN,0 is the energy of the initially unperturbed system with N particles and EN−1,s is the
energy of the s-th excited state in which the system is left after the photoelectron has been
kicked out.17 Clearly, if the frequency ω0 is smaller than EN−1,0 − EN,0, with EN−1,0
the ground-state energy of the system with N − 1 particles, no electron will be ejected.
Let us develop a simple theory to calculate the result of a photoemission experiment.
The electromagnetic field is described by a monochromatic vector potential A(r, t) =
A(r)eiω0t + A∗(r)e−iω0t. Experimentally one observes that the photocurrent (number of
ejected electrons per unit time) is proportional to the intensity of the electromagnetic field,
and hence we can discard the A2 term appearing in the single-particle Hamiltonian (3.1). The
time-dependent perturbation which couples the light to the electrons is then proportional
to p̂ ·A(r̂, t) +A(r̂, t) · p̂. Expanding the field operators over some convenient basis the
most general form of this perturbation in second quantization reads

Ĥl−e(t) =
∑

ij

(hije
iω0t + h∗ije

−iω0t)d̂†i d̂j .

According to the Fermi Golden rule18 the probability per unit time of the transition from the
initial state |ΨN,0⟩ with energy EN,0 to an excited state |ΨN,m⟩ with energy EN,m is given

17Even though in most experiments the system is initially in its ground state our treatment is applicable also to
situations in which EN,0 refers to some excited state, read again beginning of Section 6.3.3.

18In Chapter 14 we will present a pedagogical derivation of the Fermi Golden rule and clarify several subtle points.



194 Chapter 6. One-particle Green’s function

Figure 6.8: Schematic representation of a photoemission experiment. After the absorption of
the photon γ of energy ω0 the system is left in an excited state formed by the photoelectron
and N − 1 electrons in the s-th excited state.

6.3.4 Photoemission experiments and interaction effects

At the moment the spectral function is a pure mathematical object providing information
on the underlying physical system (we have seen that it has δ-like peaks at the removal and
addition energies). Can we also relate it to some measurable quantity? In this Section we
show that the spectral function can be measured with a photoemission experiment.

Let us start by considering a system of electrons (fermionic system). A photoemission
experiment consists in irradiating the system with light of frequency ω0 > 0 and then
measuring the number of ejected electrons (or photoelectrons) with energy ϵ, see Fig. 6.8.
Without loss of generality we can set the threshold of the continuum (scattering) states
to zero so that ϵ > 0. Due to energy conservation EN,0 + ω0 = EN−1,s + ϵ where
EN,0 is the energy of the initially unperturbed system with N particles and EN−1,s is the
energy of the s-th excited state in which the system is left after the photoelectron has been
kicked out.17 Clearly, if the frequency ω0 is smaller than EN−1,0 − EN,0, with EN−1,0
the ground-state energy of the system with N − 1 particles, no electron will be ejected.
Let us develop a simple theory to calculate the result of a photoemission experiment.
The electromagnetic field is described by a monochromatic vector potential A(r, t) =
A(r)eiω0t + A∗(r)e−iω0t. Experimentally one observes that the photocurrent (number of
ejected electrons per unit time) is proportional to the intensity of the electromagnetic field,
and hence we can discard the A2 term appearing in the single-particle Hamiltonian (3.1). The
time-dependent perturbation which couples the light to the electrons is then proportional
to p̂ ·A(r̂, t) +A(r̂, t) · p̂. Expanding the field operators over some convenient basis the
most general form of this perturbation in second quantization reads
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Electron-light interaction
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Final states (sudden approximation) :
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photon energy

kinetic energy	
photo-electron
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The photo-current is then given by

Similarly in an inverse photo-emission experiment the light intensity	
is given by i G>

These two quantities are often combined in a single function known	
as the spectral function
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i âj | N,0i|2 �(!0 � (EN,m � EN,0))
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This equality follows	
from short manipulations	
which are omitted here



Physical interpretation:  Take home message 

- The hole and particle Green’s functions relate directly to the	
  spectra measured in photo-emission and inverse photo-emission	
  experiments	
!
- These spectra contain information on band structure and probabilities	
  for various inelastic events	
!
- The renormalisation and broadening of the main	
  single-particle peak due to interactions in metallic systems	
  leads to a quasi-particle picture which forms the basis	
  of Landau’s theory of quantum liquids.	
!


