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Introduction

What are spectral functions?

Eigenvalue problem for a suitable differential operator P:
Pug(x) = Aeue(x),

O<AMi<X., MN—ox a {— oo
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Introduction

What are spectral functions? J

Eigenvalue problem for a suitable differential operator P:

Pug(x) = Apug(x), 0< A <., M= o0 as £ — oo.

@ Functional determinant:
o
" detP =] A"
(=1

@ Casimir energy:

, 1= 1/2
Ep = E;AE
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Introduction

@ Heat kernel:

Kp(7)
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Introduction

@ Heat kernel:

Kp(7)

(o]
— § : e—T)\g
/=1
oo
T—0 Z
¢=0,1/2,1,...
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Introduction

@ Heat kernel:

730 Z ag(P, B) 7_K—D/2
(=0,1/2,1,...

@ Zeta function:

- D
Cp(s) = E A S, Js > >
=0
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Zeta function (p(s) = > ,°, A, ° as best organization of the spectrumJ
e Functional determinant:

" IndetP =) In\ =—

d
IR
=0 =0

¢p(0) "
s=0
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Zeta function (p(s) = > ,°, A, ° as best organization of the spectrumJ

@ Functional determinant:

! IndetP:iln)\g:—%i)\z

(=0 /=0

o Casimir energy:
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Basic ideas: Exterior of a sphere
o Let:

P=—-A+m?

Klaus Kirsten (Baylor University)

Background potentials



Basic ideas: Exterior of a sphere
o Let:

P=—-A+m?
o Eigenvalue problem:
Po;(R) = Aj9;(X) .

¢i(|X] = R) = ¢;(|X] = a) =0
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Basic ideas: Exterior of a sphere

o Let:
P=—-A+m?

o Eigenvalue problem:

Poi(X) = Nigi(%) ., (18| = R) = ¢j(|x| =a) =0

@ Spherical coordinates:

Oim(R) = onr) V(0. ).

d> (0 +1)

0 = dr2 2

+ )‘%K Vne(r)-
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Basic ideas: Exterior of a sphere

o Let:
P=—-A+m?

o Eigenvalue problem:

Poi(X) = Nigi(%) ., (18| = R) = ¢j(|x| =a) =0

@ Spherical coordinates:

Oim(R) = onr) V(0. ).

d> (0 +1)

0 = dr2 2

+ )‘%K Vne(r)-

. . . o 1 )
@ Solutions typically written as (1/ ={+ 5).
1/),,((/’) = alﬁJy()\ngr) + ag\ﬂNl,()\ngr).
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Basic ideas: Exterior of a sphere

@ Within scattering theory common:

Une(r) = bih(Ane 1)+ bahy (Ane 1),
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Basic ideas: Exterior of a sphere

@ Within scattering theory common:

Une(r) = bih(Ane 1)+ bahy (Ane 1),

W) = i ZHD@),  h(2) = iy ZHD (),
2 2

HY(z) = J,
H?(z) = J,
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Basic ideas: Exterior of a sphere

@ Within scattering theory common:

@Z),,g(r) = bli’\lzL Ant r) + bgilg()\ng r),

) = ﬁ D@, b (@) =iy EHIG),

HM(z) = Jl(2) +iN,(2),
HP(2) = Ju(2) = iN,(2).

—~

A/—\

@ Impose boundary conditions:
Fo(Ane) = HO N pea) HA (A R) — HY (A RYHP (Apa) = 0.
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Basic ideas: Exterior of a sphere

@ Within scattering theory common:

Une(r) = bih(Ane 1)+ bahy (Ane 1),

~ . |TZ ~_ V4
hj(z) = | 7H£1)(Z)7 hé (Z) = = 7H1£2)(Z)7

ngl)(z) = J(2)+ iNy(2),
H®(z) = J,(z) = iN,(2).

@ Impose boundary conditions:
Fo(Ane) = HO N pea) HA (A R) — HY (A RYHP (Apa) = 0.

@ Zeta function representation:

d
—InF,(p).
il (p)
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Basic ideas: Exterior of a sphere

@ Within scattering theory common:

Une(r) = bih(Ane 1)+ bahy (Ane 1),

~ . |TZ ~_ V4
hj(z) = | 7H£1)(Z)7 hé (Z) = = 7H1£2)(Z)7

ngl)(z) = J(z)+ iNy(2),
H®(z) = J,(z) = iN,(2).

@ Impose boundary conditions:
Fu(Ane) = HO M) HA (A R) — HY (A RYHP (Apea) = 0.

@ Zeta function representation:

Oy _ L >, o5 d
ext(s) = 5 /dp(P + m°) e InF(p).
vy
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Basic ideas: Exterior of a sphere

@ Subtract Minkowski space contribution:

JI/(MnEa) =0
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Basic ideas: Exterior of a sphere

@ Subtract Minkowski space contribution:

JI/(Mnéa) =0

@ Better for current purposes:

Hz(/l)(ﬂnfa) - Hz(/z)(///néa) =0.
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Basic ideas: Exterior of a sphere

@ Subtract Minkowski space contribution:

JI/(Mnéa) =0

@ Better for current purposes:

Hz(/l)(ﬂnfa) - Hz(/z)(///néa) =0.

@ Zeta function representation:

HP (pa)HE? (pR) — HLY (pR)H (pa)
HP (pa) — HE? (pa)

Oy L 2, 2v-sd
(6 = 5 [ ottty Loin

Y
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Basic ideas: Exterior of a sphere

@ Full exterior sphere contribution (a — c0):

¢ [ T . d )
Q) = = /dk(kz—mz) i H{(ikR)
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Background potentials

o Eigenvalue equation with background potentials:

d> (e +1) )
W_r—Z_V(r)—i_p ’d)g,p(r)zo.
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Background potentials

o Eigenvalue equation with background potentials:

d* UL+ 1)
dr? r2

—V(r)+ pZ] Ve p(r) = 0.
@ Eigenfunctions used in scattering theory:
A I [r_ A
Gep(r) ~ Jilpr) = > [hg (pr) — hj(pr)} asr—0

Gop(r) ~ é {&(P)E[(pr) - Q*(p)f)j(pr)] as r — 0o

with the Jost function f(p).
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Background potentials

@ Impose boundary conditions at r = a (a sphere containing the
compact support of V(r)):

fi(p)h; (pa) — f;(p)h* (pa) = 0.
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Background potentials

@ Impose boundary conditions at r = a (a sphere containing the
compact support of V(r)):

fi(p)h; (pa) — f;(p)h* (pa) = 0.

@ Subtract Minkowski space contribution:

. 00
SIN7TS

¢ _s d )
Q) = =7 [k - m) L infi(i)

m
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Background potentials

@ Impose boundary conditions at r = a (a sphere containing the
compact support of V(r)):

fi(p)h; (pa) — f;(p)h* (pa) = 0.

@ Subtract Minkowski space contribution:

¢ sinws yi . d .
Q) = =7 [k - m) L infi(i)

e Summation >_;°(2¢ + 1) and integration cannot be interchanged:

) 17 rV(r)
asym
Infz (Ik)Nb/dr 1/2+

o (1 (%))
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Phase shifts

e Eigenfunctions using phase shift d,(p):

1,/)g7p(r) ~ Cy sin (

14
pr— % + 5g(p)> as r — 0.
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Phase shifts

e Eigenfunctions using phase shift dy(p):

Yo p(r) ~ cgsin (pr - %ﬂ + 5@(p)> as r — 0.

@ Compare with Jost function representation:

cvsin (pr = 7+ 3:p) ) ~ 3 [0V or) ~ 7 (o)
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Phase shifts

e Eigenfunctions using phase shift dy(p):

Yo p(r) ~ cgsin (pr - %ﬂ + 5@(p)> as r — 0.

@ Compare with Jost function representation:
. 7l i ~ oh
cvsin (pr = 7 +au(p) ) ~ 5 [0 (or) — 7 o)

i * i(pr—em —i(pr—{m
~3 [fé (p)ePr=17/2) _ f(p)eiler— /2)} _
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Phase shifts

e Eigenfunctions using phase shift dy(p):

Yo p(r) ~ cgsin (pr - %g + 5g(p)> as r — oo.

@ Compare with Jost function representation:
cvsin (pr = 7+ 3:p) ) ~ 3 [0V or) ~ 7 (o)
N é [f;(p)ei(pr—ew/z) _ fe(p)e—"(P’—é"f/Q)} _
@ This shows the relation:

fo(p) = |fu(p)|e 0P,
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Phase shifts

e Dispersion relation (in absence of bound states):

. 2 7
i) —ewq > [ s 0la) dq
0

Klaus Kirsten (Baylor University) Background potentials Benasque, Sept. 4, 2016 14 / 26



Phase shifts

e Dispersion relation (in absence of bound states):

oo

. 2
i) —ewq > [ s 0la) dq
0

@ Zeta function using phase shifts:

25 T
? E :(2€ + 1 / 25 m2 s+1 5ﬁ(q) dq
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Phase shifts

e Dispersion relation (in absence of bound states):

oo

. 2
i) —ewq > [ s 0la) dq
0

@ Zeta function using phase shifts:
25 T
? 2(26 + 1 / 25 m2 s+1 5ﬁ(q) dq

(e o]

S+ [ et

=0 0
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Phase shifts

e Dispersion relation (in absence of bound states):

oo

. 2
i) —ewq > [ s 0la) dq
0

@ Zeta function using phase shifts:

2 [o¢]
((s) = =2 26 +1) / 7T m2)5+1 de(q) d
0
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Phase shifts

e Dispersion relation (in absence of bound states):

oo

. 2
i) —ewq > [ s 0la) dq
0

@ Zeta function using phase shifts:

2 o0
((s) = =2 26 +1) / 7T m2)5+1 de(q) d
0

@ Interchanging summation and integration now?

mev (%) i
de(q) ~ —a so yes for  V/(r) ~ e
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Phase shifts

@ Interchange summation and integration:

e}

5(q) = > (20+1)6(q

(=0

((s) = %/m d(q) dq.
0
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Phase shifts

@ Interchange summation and integration:

e}

5(q) = D (20+1)6(q

(=0
2 [ee]
_ 43 aq
((s) = 7r/(q2+m2)5+1 d(q) dq.
0
@ The pole structure of the zeta function shows for g — oo:

3(q) ~ 4a+a+2qa+a +ia+
q 3\f0 qa1)2 ﬁl 3/2 q\/?rz""
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Phase shifts

@ Renormalized Casimir energy defined by normalizing:

[im Ec;esn)( ) =0.
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Phase shifts

@ Renormalized Casimir energy defined by normalizing:

: (rem) oy —
mll_r;nOo Ec,.'(s) =0.
@ Phase shift asymptotics equals terms to be subtracted, so:

ren 1
Eéaes) = —*/dq ﬁésubtr(qL

5subtr(q) = 5(Q)* 3
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Examples

@ Phase shift determined from the Jost function:

fo(p) _ e—2i0e(p) — d¢(p) = —arctan

fr(p)

Sf(p)
Rfi(p)
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Examples

@ Phase shift determined from the Jost function:

fo(p)
f*(p)

Sfe(p)

= e 2%(P) — §,(p) = — arctan )

@ Jost function determined as follows: V/(r) =0 for r > R

bep(r) = ugp(r)O(R — r) + é [fé(p)AZ(pr) — £ (p)h} (pr)| ©(r — R).
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Examples

@ Phase shift determined from the Jost function:

fo(p)
f*(p)

Sfe(p)

= e 2%(P) — §,(p) = — arctan )

@ Jost function determined as follows: V/(r) =0 for r > R

(1) = o (NO(R — 1) + £ [p)hy (pr) — 7 (p); (pr)] O(r — R).

e Continuity of 9y , and its derivative:

o) =~ (punn(R) (B ) (0R) — (R (oR) )
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Examples

@ Step potential Vg > 0:

V(r)
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Examples

@ Step potential Vg > 0:

| Vo forr<R
V(r)_{O forr >R

@ Phase shift: g=+/p%2 — V)

94v(PR)J,(aR) — pJu(gR)J,(PR)
pJy(qR)N,(PR) — N, (pR)J,(qR)’

d¢(p) = —arctan
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Examples

@ Step potential Vg > 0:

| Vo forr<R
V(r)_{O forr >R

@ Phase shift: g=+/p%2 — V)

94v(PR)J,(aR) — pJu(gR)J,(PR)
pJy(qR)N,(PR) — N, (pR)J,(qR)’

d¢(p) = —arctan

@ Subtracted terms:

R3Vj R3V¢
ao = ayp = az;p =0, a1 Z—ﬁ, a = 2
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e m=1:

4 X 1074 3-D, Heaviside potential
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Examples

@ Delta potential:
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Examples

@ Delta potential:

@ Phase shift:

e 2(pR
Se(p) = — arctan 2 J(PR)

1— "2 J,(pPR)N,(pR)’
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Examples

@ Delta potential:

@ Phase shift:

= J2(pR)
1= %, (pR)N, (pR)

d¢(p) = — arctan

@ Subtracted terms:

aR a? «

ﬁa az/2 = 3

30281/2:0, al = —
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3-D, & function potential
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Conclusions

o Casimir energy in arbitrary dimension D:

ren

D+1 D k
_ — dq.
Ecas /m{ W;) D k+1) k/2} q
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Conclusions

o Casimir energy in arbitrary dimension D:

ren

D+1 qD_k
= -7 —————— a dg.
Cas / \/W kz_;) r (% n 1) k/2 q

@ Functional determinants in arbitrary even dimension D = 2M:

2 [e.o]
QI(O) = /q +m2{ q)_ﬂ-z 2/\/] K 1) ak/2}dq
0
M —J .
+ mM Z m_QJaj(— log m* + Hy—;)

Jj=
M—-1

o1 i
+ m2M Z I <—M +_] + 2) m 2 1aj+1/2.
j=0

Moss 1.G. and Naylor W., Nucl. Phys. B 632 (2002) 173
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Conclusions

@ Higher spin particles: very complicated uniform asymptotic
expansions of Jost functions replaced by a simple computation of heat

kernel coefficients
(soliton, instanton, magnetic flux tube, color magnetic vortex, cosmic
strings, Nielsen-Olesen vortex, dielectric backgrounds...)
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Conclusions

@ Higher spin particles: very complicated uniform asymptotic
expansions of Jost functions replaced by a simple computation of heat
kernel coefficients
(soliton, instanton, magnetic flux tube, color magnetic vortex, cosmic
strings, Nielsen-Olesen vortex, dielectric backgrounds...)

@ Question: Can something like this be done for cases with boundary
like the sphere? What corresponds to the phase shift?

Exterior yes:

o0

2p 2 z
\/ ?epKeﬂ/z(P) = exp —Tr/dZZQ_i_pQ(Se(Z)

0
Cos z J2n+1/2(2) + sin z N2n+1/2(2
(

sinz Jop11/2(2) — cosp Nppyi)2(z

0¢(z) = — arctan

)
)
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