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H2

a(t) ' aie
R
t H(�)dt0

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

IF (Quasi de Sitter)a(t) ' aie
R
t H(�)dt0

Inflation: Definition + Implementation

V (�) � 1
2 �̇

2, 1
2 (r�)2



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

IF V (�) � 1
2 �̇

2, 1
2 (r�)2 (Quasi de Sitter)

Can           be sustained for ?�N = 60 No, unless         is “flat" !V (�)✏ ⌧ 1

a(t) ' aie
R
t H(�)dt0

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

IF V (�) � 1
2 �̇

2, 1
2 (r�)2 (Quasi de Sitter)

Can           be sustained for ?�N = 60 No, unless         is “flat" !V (�)

�̈+ 3H�̇+ V 0(�) = 0

✏ ⌧ 1

� accelerates! ) �̇ "" ) ✏ ""

a(t) ' aie
R
t H(�)dt0

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

IF V (�) � 1
2 �̇

2, 1
2 (r�)2 (Quasi de Sitter)

Can           be sustained for ?�N = 60 No, unless         is “flat" !V (�)

�̈+ 3H�̇+ V 0(�) = 0

✏ ⌧ 1

� accelerates! ) �̇ "" ) ✏ ""

Needed: |�̈| ⌧ 3H�̇, V 0(�) ⌘ ⌘ � �̈

H�̇
⌧ 1

a(t) ' aie
R
t H(�)dt0

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Slow Roll (SR) Regime: ✏ =
�̇2

2m2
pH

2
⌧ 1 ; ⌘ = � �̈

H�̇
⌧ 1

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Slow Roll (SR) Regime:

✏V ⌘
m2

p

2

✓
V 0

V

◆2

⌘V ⌘ m2
p

✓
V 00

V

◆

✏ =
�̇2

2m2
pH

2
⌧ 1 ; ⌘ = � �̈

H�̇
⌧ 1

(✏ ' ✏V , ⌘ ' ⌘V � ✏V )

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Slow Roll (SR) Regime:

✏V ⌘
m2

p

2

✓
V 0

V

◆2

⌘V ⌘ m2
p

✓
V 00

V

◆

✏ =
�̇2

2m2
pH

2
⌧ 1 ; ⌘ = � �̈

H�̇
⌧ 1

(✏ ' ✏V , ⌘ ' ⌘V � ✏V )

If ✏V , ⌘V ⌧ 1 ) ✏, ⌘ ⌧ 1

SR       quasi dS for      ) �N = 60

N(�) '
R �
�f

d�0p
2✏(�0,�̇0)

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Case of Study: V (�) =
1

2
m2

��
2

✏V (�) = ⌘V (�) = 2(mp/�)
2

N(�) = (�/2mp)
2 � 1/2

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Case of Study: V (�) =
1

2
m2

��
2

✏V (�) = ⌘V (�) = 2(mp/�)
2

N(�) = (�/2mp)
2 � 1/2

�

V (�)

SR

�f �i

RH

✏, ⌘ ⌧ 1

✏, ⌘ ' 1

Inflation: Definition + Implementation



Implementation:* L = 1
2 (@�)

2 + V (�)
(� Inflaton)

Case of Study: V (�) =
1

2
m2

��
2

✏V (�) = ⌘V (�) = 2(mp/�)
2

N(�) = (�/2mp)
2 � 1/2

�

V (�)

SR

�f �i

RH

✏, ⌘ ⌧ 1

✏, ⌘ ' 1

Inflation: Definition + Implementation

'Inflating ‘ is easy 
with any potential 
of the type V (�) / �p



Cosmology

Expansion

CMB

BBN

(evolution of the Universe)

General Relativity

Cosmological Pple
theoretical pillars

BASICS of COSMOLOGY

observational pillars

hot Big Bang (hBB)

( )initial
cond.

CMB/LSS
{Inflation =             'cures' hBB

Cosmological Pple



Cosmology

Expansion

CMB

BBN

(evolution of the Universe)

General Relativity

Cosmological Pple
theoretical pillars

BASICS of COSMOLOGY

observational pillars

hot Big Bang (hBB)

( )initial
cond.

CMB/LSS
{Inflation =             'cures' hBB

Cosmological Pple

??



( )initial
cond.

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

=

INFLATIONARY COSMOLOGY



( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {

INFLATIONARY COSMOLOGY

CMB      anisotropies
(eventually Galaxies)

�T



( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {
Tensor

INFLATIONARY COSMOLOGY

CMB B-mode
Polarization(GWs)

CMB      anisotropies
(eventually Galaxies)

�T



( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {
Tensor

INFLATIONARY COSMOLOGY

Basics of Inflation

CMB B-mode
Polarization(GWs)

CMB      anisotropies
(eventually Galaxies)

�T



INFLATIONARY COSMOLOGY

( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {
Tensor
(GWs)

CMB B-mode
Polarization

CMB      anisotropies
(eventually Galaxies)

�T

Scenarios Enhanced Scalar Pert.

Extra species/symmetries

Modified Gravity, 
spectator fields, 

graviton mass, …



INFLATIONARY COSMOLOGY

( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {
Tensor

Model dependent

CMB B-mode
Polarization

CMB      anisotropies
(eventually Galaxies)

�T

(GWs)

Scenarios Enhanced Scalar Pert.

Extra species/symmetries

Modified Gravity, 
spectator fields, 

graviton mass, …



INFLATIONARY COSMOLOGY

( )initial
cond.

Scalar

Inflation            

Cosmological Pple'cures' hBB

Primordial 
perturbations

= {
Tensor

CMB      anisotropies
(eventually Galaxies)

�T

CMB B-mode
Polarization(GWs)

Scenarios Enhanced Scalar Pert.

Extra species/symmetries

Modified Gravity, 
spectator fields, 

graviton mass, …



Inflation & Primordial Perturbations

INF SR: ✏, ⌘ ⌧ 1 ! ✏, ⌘ ' 1

(Start) (End)

a ⇠ e
R
Hdt0 & e60 (qdS)

Flat Universe !

No Hor. Problem !



INF SR: ✏, ⌘ ⌧ 1 ! ✏, ⌘ ' 1

(Start) (End)

a ⇠ e
R
Hdt0 & e60 (qdS)

Flat Universe !

No Hor. Problem !

* Is that ALL? NO!                                       

�(t)

gµ⌫(t)

(Background)

Inflation & Primordial Perturbations



INF SR: ✏, ⌘ ⌧ 1 ! ✏, ⌘ ' 1

(Start) (End)

a ⇠ e
R
Hdt0 & e60 (qdS)

Flat Universe !

No Hor. Problem !

* Is that ALL? NO!                                       

�(t)

gµ⌫(t)

(Background)

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t) Primordial  
fluctuations !           (Fluctuations)

INF

Inflation & Primordial Perturbations



�(t)

gµ⌫(t)

(Background)

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

(Fluctuations)

Inflation: A generator of Primordial Fluctuations 

but WHY fluctuations ?

Inflation & Primordial Perturbations



�(t)

gµ⌫(t)

(Background)

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

(Fluctuations)

Inflation: A generator of Primordial Fluctuations 

but WHY fluctuations ?
because  of…  

Quamtum Mechanics !

Inflation & Primordial Perturbations



�(t)

gµ⌫(t)

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

Inflation: A generator of Primordial Fluctuations 

but WHY fluctuations ?
because  of…  

Quamtum Mechanics !

QM:
�̂(~x, t) ! h�̂(~x, t)i = �(t) ) �̂(~x, t) = �(t) + �̂�(~x, t)

VeV
Vacuum  
Quam. Fluct.

h�̂�(~x, t)i = 0 but…
D
[�̂�(~x, t)]2

E
6= 0

{
(Background) (Fluctuations)

Inflation & Primordial Perturbations



Inflation: A generator of Primordial Fluctuations 

�̂(~x, t) = �(t) + �̂�(~x, t) ! h�̂�
2
(~x, t)i 6= 0

but … Minkowski     Curved Space: (quasi)dS

Inflation & Primordial Perturbations



S =
m

2
p

2

Z
d

4
x

p
�g{R� (@�)2 � 2V (�)}

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

Inflation & Primordial Perturbations
Inflation: A generator of Primordial Fluctuations 

�̂(~x, t) = �(t) + �̂�(~x, t) ! h�̂�
2
(~x, t)i 6= 0

but … Minkowski     Curved Space: (quasi)dS



S =
m

2
p

2

Z
d

4
x

p
�g{R� (@�)2 � 2V (�)}

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

Inflation & Primordial Perturbations
Inflation: A generator of Primordial Fluctuations 

�̂(~x, t) = �(t) + �̂�(~x, t) ! h�̂�
2
(~x, t)i 6= 0

but … Minkowski     Curved Space: (quasi)dS

ds

2 = g

tot

µ⌫ dx
µ
dx

⌫ = (gµ⌫(t) + �gµ⌫(~x, t))dx
µ
dx

⌫

= �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j



S =
m

2
p

2

Z
d

4
x

p
�g{R� (@�)2 � 2V (�)}

�(t) + ��(~x, t)

gµ⌫(t) + �gµ⌫(~x, t)

Inflation & Primordial Perturbations
Inflation: A generator of Primordial Fluctuations 

�̂(~x, t) = �(t) + �̂�(~x, t) ! h�̂�
2
(~x, t)i 6= 0

but … Minkowski     Curved Space: (quasi)dS

ds

2 = g

tot

µ⌫ dx
µ
dx

⌫ = (gµ⌫(t) + �gµ⌫(~x, t))dx
µ
dx

⌫

= �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

Inflation & Primordial Perturbations



Inflation: A generator of Primordial Fluctuations 

Inflation & Primordial Perturbations

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

Eij = 2@ijE + 2@(iFj) + hijBi = @iB � Si



Inflation: A generator of Primordial Fluctuations 

Inflation & Primordial Perturbations

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

Eij = 2@ijE + 2@(iFj) + hij

Vector PerturbationsExpanding U. Bi / 1/a(t)

Bi = @iB � Si

Si, Fi /
1

a



Inflation: A generator of Primordial Fluctuations 

Inflation & Primordial Perturbations

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

Eij = 2@ijE + 2@(iFj) + hijBi = @iB � Si

@ihij = hii = 0

(tensors = GWs)



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

��+ {�, B, , E}

hij

dof scalars

tensors

Inflation & Primordial Perturbations



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

��+ {�, B, , E}

hij

dof scalars

tensors

Inflation & Primordial Perturbations

hij

Diff.
��0 + {�0, B0, 0, E0}

hij
Diff.

Diff.: x

µ ! x

µ + ⇠

µ

Gauge Inv. !
Gauge Inv. !



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

��+ {�, B, , E}

hij

dof scalars

tensors

Inflation & Primordial Perturbations

Diff.

Diff.

R ⌘ [ + (H/�̇)��] �! R
Diff.

Q ⌘ [��+ (�̇/H) ] �! Q

⇣ ⌘ �[ + (H/⇢̇)�⇢�] �! ⇣

All 
Gauge 
Inv. !



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

��+ {�, B, , E}

hij

dof scalars

tensors

Inflation & Primordial Perturbations

Diff.

Diff.

R ⌘ [ + (H/�̇)��] �! R
Diff.

Q ⌘ [��+ (�̇/H) ] �! Q

⇣ ⌘ �[ + (H/⇢̇)�⇢�] �! ⇣

All 
Gauge 
Inv. !

Fixing Gauge: e.g. E, �� = 0 ) gij = a2[(1� 2R)�ij + hij ]

Curvature 
Pert.

Tensor 
Pert. (GW)



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

E, �� = 0 ) gij = a2[(1� 2R)�ij + hij ]

Inflation & Primordial Perturbations



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

E, �� = 0 ) gij = a2[(1� 2R)�ij + hij ]

Inflation & Primordial Perturbations

S =
m

2
p

2

Z
d

4
x

p
�g{R� (@�)2 � 2V (�)}



Inflation: A generator of Primordial Fluctuations 

ds

2 = �(1 + 2�)dt2 + 2Bidx
i
dt+ a

2[(1� 2 )�ij + Eij ]dx
i
dx

j

�(~x, t) = �(t) + ��(~x, t)

E, �� = 0 ) gij = a2[(1� 2R)�ij + hij ]

Inflation & Primordial Perturbations

S =
m

2
p

2

Z
d

4
x

p
�g{R� (@�)2 � 2V (�)}

S = S(0) + S(s)
(2) + S(t)

(2)

Background 
Inflationary dynamics

S

(t)
(2) =

m2
p

8

R
dtdx

3
a

3
h
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Ṙ2 � a

�2(@iR)2
i

?

Inflation & Primordial Perturbations
Inflation: A generator of Primordial Fluctuations 

=
h
v ⌘ zR , z ⌘ a �̇

H

i
(Mukhanov variable)

d⌧ ⌘ dt/a(t)

1

2

Z
d⌧dx

3


(v0)2 � (rv)2 +

z

00

z

v

�
v2]



Scalar Fluctuations: 
=S

(s)
(2) =

1
2

R
d

4
x a

3 �̇2

H2

h
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Finally, in the case of slow-roll inflation, quantum fluctuations of a light scalar field (m� ⌧ H) in

quasi-de Sitter space (H ⇡ const.) scale with the Hubble parameter H, cf. Eqn. (200),

h��
k

��
k

0i = (2⇡)3 �(k + k0)
2⇡2

k3

✓
H

2⇡

◆2

, �2
�� =

✓
H

2⇡

◆2

. (206)

Inflationary quantum fluctuations therefore produce the following power spectrum for R
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This is consistent with our result (203).

12.3 Tensor Perturbations

Having discussed the quantization of scalar perturbation is some details, the corresponding calcula-

tion for tensor perturbations will appear almost trivial.

12.3.1 Action
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Here, we have reintroduced explicit factors of Mpl to make hij manifestly dimensionless. Up to a
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holds in de Sitter space. This should be recognized as e↵ectively two copies of the action (183).
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B-mode 
experiments: 

Hinf ⇡ 1014GeV ) Einf ⇡ 1016GeV

Proof of Inflation ? 
Scale of Inflation ! 
Quantum Gravity ! 

Super-Planckian Excursion*
Detection of GW**

(*,**: to be discussed tomorrow)
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