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Extension to Grushin operators with singular potential



Generalized Grushin operators
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> up € L2(Q) initial condition, f € L?(Qr) source term
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qu— (Bu+ [x[Pu) =f inQr
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Gyu
v>0 u(t,£1,y)=0 O<y<i
u(t,x,0) =0=u(t,x,1) —-1<x<1
U(07X,y):Uo(X,y) (X7y)€Q

> up € L2(Q) initial condition, f € L?(Qr) source term
» case v = 1: M. Baouendi 1967, V. Grushin 1970-71



Properties of Baouendi-Grushin operators

» sum of squares of vector fields

G, =05+ |78 = Xt + X2

> Vv € N: hypoellipticity

[Xi, Xel(x,y) = ( o > | 16, X6, Xl (x, y) = ( A ) .

satisfies Hérmander’s condition Vy € N

> related to Laplace-Beltrami operator in almost riemannian structures
(Boscain-Laurent 2013, Prandi-Rizzi-Seri 2017)



existence and uniqueness of solutions

o — (Bgu+ |x[*7d5u) = f in Qr
v>0 u(t,£1,y) =0, u(t,x,0) =0=u(t,x,1) on 9N
u(0,x,y) = to(x,y) (x.y)€Q

H = L?(Q) and V = C5°(2) with respect to

(f.9) = / (fugx + [x12f,g, ) dxdly

Well-posedness
T>0, wel?Q), fel?Qr)

= Jue C(0, T]; LA(Q)) N L3(0, T; V) : Vte (0,T), ¢ € C¥([0, T] x Q)

[0 - w0001 = [ [ [u016 + 66 + 5 550) + 1]



controllability

O
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o — (FFu + X177 07u) = xw (X, Y)I(t. X, y)
U { u(t,£1,y) =0, u(t,x,0) =0 = u(t,x, 1)
u(0,x,y) = uo(xy)

> u € L%(Q), fe L?(Qr)control
> wC(ab)x(0,1) withoO<a<b<1



controllability

O

—1 ola b 1 X

o — (FFu + X177 07u) = xw (X, Y)I(t. X, y)
u<«— < u(t,£1,y) =0, u(t,x,0) =0=u(t, x,1)
u(0,x,y) = uo(xy)

> U € L3(Q), fe L?(Qr) control

> wC(ab)x(0,1) withO<a<b<1
want to study

» approximate controllability in time T > 0

> null controllability intime T > 0



References on generalized Grushin operator

» Beauchard — Cannarsa — G. (2014)
Oru — Ou — [x[P19Fu = xu(x, Y)I(t, X, ¥) | (#)
positive and negative controllability results, depending on ~

» Beauchard — Cannarsa — Yamamoto (2014) inverse source
problem d,u — 9Zu — |x|*795u = f(t, x, y)R(t, X)

» Beauchard — Miller — Morancey (2015)

sharp minimum time for v = 1 in (#) with control in symmetric
stripw = (—b,—a) x (a,b),a> 0

» Beauchard — Dardé — Ervedoza (2017)
sharp minimum time for v = 1 in (#) with w = (a,b), a > 0

» Koenig (2017)
lack of null controllability under some geometric conditions

» Anh, Toi (2013): multi-dimensional case



approximate controllability

’approximate controllability <= unique continuation‘

ap — Ep— |xPFp=0 (t,x,y)€(0,T)xQ )
p(t,x,y) =0 (t,x,y) € (0,T) x 99
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approximate controllability

’approximate controllability <= unique continuation‘
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1Y
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Garofalo (1993): unique continuation for elliptic operator
A=3;+ |x[78
for parabolic operators:

Proposition (Beauchard-Cannarsa-G.)
LetT >0,v>0,letw C (0,1) x (0,1), and let p be a solution of (1).
Ifp=00n(0,T) xw,thenp=00n(0,T) x Q.



Sketch of the proof

Main tools:

(1) Fourier decomposition: v solution to

oV — v — |x[79Fv =0 (t,x,y) €(0,T) x Q
v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1) te(0,T) (GY
v(0,x,y) = vo(x, y) (x,y)eQ
v(t,x,y) = va(t,X)en(y) with es(y) := v2sin(nmy)
n= 1
where  vi(t, x) fo v(t,x,y)en(y)dy satisfies
OtV — 02V + (Nm)?|X|P'va =0  (£,x) € (0, T) x (—1,1)
Vo(t,£1) =0 te(0,T) (Gr)
Va(0, X) = vo,n(x) x e (—1,1)

/|vTxy\dxdy Z/ [va(T, x)[Pdx
Q

b
/ lv(t, x,y)[Pdxdy = Z/ [va(t, x) [P dx
w=(a,b)x(0,1)

n=1



Sketch of the proof (cnt)

(2) unique continuation in 1—D for the uniformly parabolic equation
satisfied by the Fourier coefficients v,

wC Q= (0,1) x (0,1)

v=0 (0,T)xw = v=0 (0,7)xQy

11y
®"
—1 0 1%
v(t,X,y)=> vi(t,X)en(y) => va=0 (0,T)x(0,1) Vn>1
n=1

with

OV — 2V + (nm)2|X)P'vn =0 (t,x) € (0, T) x (—1,1)

Vo(t, 1) =0 te(0,T)
then

V”EO (07T)><(71v1) vn21



null controllability: 0 <~y <1 andy =1

u(t,+£1,y) =0, u(t,x,0) =0=u(t,x,1)

{ Bu— Ou — X2 u = xu (X, Y)(t, X, ¥)
u(0, x,y) = to(x, )
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null controllability: 0 <~y <1 andy =1

u(t,+£1,y) =0, u(t,x,0) =0=u(t,x,1)

{ Ot — Ofu — |X[P1 95U = xu (X, Y)F(L, X, ¥)
u(0, x,y) = to(x, )
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Theorem (Beauchard-Cannarsa-G.)

> = (G) null controllable VT >0
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Theorem (Beauchard-Cannarsa-G.)

> = (G) null controllable VT >0

(G) null controllable
VT >T">4d)/2

»[r=1 & w=(abh)x(01)] =




Main idea



Main idea

u(t,£1,y) =0, u(t,x,0) =0 = u(t,x,1) (G)

{ 81‘U— B)Z(U - |X|2W8§U = Xw(X,y)f(t,X7y)
u(0,x,y) = Uo(x,y)

adjoint problem

V(t7i1,y):07 V(l‘,X,O):O:V(t,XJ) (G*)

{ v — v — [x|795v =0
v(0,x,y) = vo(x, y)

observable in [0, T] x w iff 3Cr > 0 such that Vv, € L3(Q)
T
[T xplady < Cr [ [ vit.x.y) ey (0)
Q 0Jw
observability for (G*) inw <= uniform observability for (Gy) in (&, b)

1 T b
[ wmopac<c [ ag oo vz
=1 0Ja



Sketch of the proof (v € (0,1) and v = 1)

- Fourier decomposition and reduction to (UO) for (Gy) in (a, b)



Sketch of the proof (v € (0,1) and v = 1)

- Fourier decomposition and reduction to (UO) for (Gy) in (a, b)
- growth rate of the first eigenvalue of the 1—D operator
Gnp = —¢" + (nm*|x|*

JL4 DIV + (pm X2 2] o

min 1
veHd(—1,1)\{0} I, vEax

An=mino(Gp) =

Lemma (dissipation speed)

Vy >0 3 c*(y) > c(y) >0 such that c.nty < < c*nta




Sketch of the proof (v € (0,1) and v = 1)

- Carleman estimate with suitable weights

For n € N*, we introduce the operator

_ 09 g 20,127
Png = % X2 + (nm)<|x|<7g.
Proposition
Letv € (0,1]. Then3B € C'([-1,1];R*) and Cy,Co >0 s. t.
YneN*, T>0,gec C0, T]; L2(—1,1)) n L2(0, T; Hg(—1, 1))
holds

T M |9 fMLSX)
C1fof_1((rt) itx‘—i_(t(Tt) ]g ‘) T’dth
< fo f 1 [PnglPe™ = 'dth+f0 fa )3|Q(t x)|e ~itF- t)dth

where M := Co max{T + T?; nT?}.



proof of uniform observability v € (0, 1)
note for t € (T/3,2T/3)

A1 <2 a
T2 = (T —t) = 2T?

1 1
d / va(T, x)%dx < e’%A”T/ va(t, x)?dx
-1 _q
by Carleman estimate and dissipation speed
! 2 2 oMo _g n%T Tre 2
/ Va(T,x)dx < coT e 72 // Vn(t, x)“dxadt
—1 0Ja
for some constants ¢y, ¢1, ¢2 (independent of n, T and v;)

> since M, =C(T+T?

1 , T rb
/ Vn(T,X)ZdX<CoT2eC‘(”T)// Va(t, ) dxdlt
—1 0Ja

> since M, = CnT? maximizing x — ¢1Cx — cox ™7 T we

obtain

_1

0 + T /b
/ Va(T, x)%ax < CoT2e%T ' // va(t, x)? dxat
=i 0Ja



optimality: the case of v > 1 and v =1

v — 0%v — X278V = 0 (0,T)xQ
v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1) te(0,T)
v(0,x,y) = w(x,y) (x,y)eQ

Theorem (BCG)

» v>1 = (G") notobservable

_ * 2
» y=1 = 3IT" > a° /2 such that WT e T

(G*) not observable

(GY)



optimality: the case of v > 1 and v =1

v — 0%v — X278V = 0 (0,T)xQ
v(t,£1,y) =0, v(t,x,0) =0=v(t,x,1) t€(0,T) (G)
v(0,x,y) = w(x,y) (x,y)eQ

Theorem (BCG)

» v>1 = (G") notobservable

(G*) not observable

_ * 2
» y=1 = 3IT" > a° /2 such that WT e T

u(t,£1,y) =0, u(t,x,0) =0 = u(t,x,1) (G)
U(O,X,y) = UO(va)

Theorem (BCG)

» v>1 = (G) notnull controllable

{ AU — 02u — |X[2702u = xw(X, y)F(t, X, ¥)

(G*) not null controllable

_ * 2
» y=1 = 3T > a°/2 such that VT < T*



Lack of Null Controllability (y >1 and v = 1)

Main steps of the proof:

- disprove uniform observability for (G})

- comparison argument

explicit supersolution W, € C?([xp, 1], R) of

Wn(1) 207

W2 () + ()X — AdWa(X) > 0, X € (xm 1),
{ Wi(xn) <~/

1
where x,, ;== ((:?T)z) “ for every n € N*

dissipation speed of the first eigenvalue of the 1—D operators G,



references on Grushin with singular potential

» Boscain — Laurent (2013) Laplace-Beltrami on a 2D
compact manifold showing that solution of

- c(h
atu05u1x2’d§u+)((2/)u:0 (y>1,xeR,yeT)

is supported in Ry x T if so is u(0)
» Cannarsa — G. (2013) positive controllability result for

A 1
8tu—8§u—|x|278§u+pu =0 7>0xy€e(01)A>—7

» Morancey (2015) approximate controllability result for
xe(=1,1),y>0,x¢e (-1.3)
» Anh, Toi (2016): multi-dimensional case



Grushin operator with singular potential

D =(0,1) x (0,1)

T>0 1Y
Dr=(0,T)x D
D
0 1 X

¥v>0 & MeR:

O — (Gu+ [x[Pdfu) — Ju=f inDr

u(x,y,t)=0 on D x (0,T),  (GruSingPot)

U(X7y70):U0(Xay) (X,y)GD,

> U € L?(D) initial condition
» f ¢ L[3(Dr) control function



Unique continuation and approximate controllability

Consider the adjoint system

g —2g— xP92g— 2g=0 in Dx(0,T),
g(x,y,6)=0 on D x (0, T), (AdjGrPot)
g(Xv}/7o) = QO(XJ’) S LZ(D) .

Proposition (Cannarsa-G.)

LetT >0,v>0, A <1/4, w an open subset of (0,1) x (0,1),
let g € C([0, T]; H) N L2(0, T; W) be a weak solution of
system (AdjGrPot).

lfg=0o0nwx(0,T), theng=00nQ x (0, 7).



Null Controllability in large times for v = 1

Theorem (Cannarsa—G.)
Letw = (a,b) x (0,1) forsome0 <a<b<1and\ < 1/4.

Then there exists T* > 0 such that for every T > T* system
Ou— (02u+ |x[202u) — Su="f inDr
u(x,y,t)=0 on 0D x (0,T),0<y<T1,
u(x,y,0) = to(x,y) (x,y)eD,

is null controllable in time T.

Equivalent to the observability in large times from w for the
adjoint system (AdjGrPot)



Sketch of the proof (v = 1)

- Hardy’s inequality and improved Hardy-Poincaré’s inequality

- Fourier decomposition and reduction to (UO) for the 1—D adjoint
systems in (a, b)

- revisited growth rate of the first eigenvalue ., of the 1-D
operator

A
Ao = ="+ | (P = 5| ¢

Vy>0,A<1/4, 3 C*(v) > Ci(y) >0 such that

2 2
C.n™ < pp < C*NTe

- Carleman estimate with a suitable spatial weight 3(x) := 2*4’(2,

where M := C, max(TH/2 + T2k T2kp),




Outlook

| 4 ’&u— 8fu— |X|278§U = Xw(xvy)f(xvy7 t)

- 2—D Carleman estimate for the Grushin operator?

- null controllability for v = 1 and more general w
(counterexample by Koenig (2017))

- sharp estimate of T* for v = 1

(T* = a°/2 proved by Beauchard—Miller—Morancey (2015)
and by Beauchard—Dardé—Ervedoza)

> | o — Zu— [x[POu+ Su=xu(X,¥)f(X,¥,1)

when x € (0,1):
- null controllability should hold for 0 < v < 1;

- null controllability should fail in the case v > 1 or in the
casey=1with T < T*;

in the case x € (—1, 1): both degeneracy of the diffusion coefficient and
singularity of the potential term in the interior, approximate controllability
proved by M. Morancey

null controllability completely open



Thank you
for your attention!
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