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Problem statement

System

. Heat equation:

ou  0%*u

E:@—i_ p(z,t) + (](m,t),(Qf,t)EQ:{O<$<1,0<t§tf}
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Problem statement

System

. Heat equation:

ou  0%*u

E:@—i_ p(z,t) + (](m,t),(Qf,t)EQ:{O<$<1,0<t§tf}

Control,
p(-) € L2(Q)
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Problem statement

System

. Heat equation:

ou  0%*u

E:@—i_ p(z,t) + (](m,t),(Qf,t)EQ:{O<$<1,0<t§tf}

Control
p(-) € L2(Q)

Disturbance
q(-) € La(82)
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Problem statement

System

. Heat equation:

ou  0%*u

E:@—i_ p(z,t) + (](m,t),(Qf,t)EQ:{O<$<1,0<t§tf}

. Initial condition:
U(QZ‘,O) = g(ﬂf), g() € L2[0? 1]
. Boundary conditions:

uz(0,) =0, ugz(l,t)+ Au(l,t) =0, A>0
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Problem statement

Robust terminal tracking problem

For any ¢ > 0 and for a given v > 0, to construct a feedback
strategy pc,(z,t,u) such that

1
Glu()) :/[u(aj,tf) i @)Pde < ¢
0

for any q(z,t) € Lao(2), satisfying

ty 1
// (z,t)dxdt < v,
0

1" (1) is a desired terminal temperature profile.
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Problem statement

Ausxiliary cost functional
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Problem statement

Ausxiliary cost functional

tf]_

1
/ u(x,ty) ) —u*(2)]? da +a// 2(x,t)dadt —5// (x,t)dxdt
0 \
. Terminal tracking term
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Problem statement

Ausxiliary cost functional

tf]_

1
/ u(z,tp) —u (1)) de +a// 2(z,t)dadt —5// (z,t)dxdt
0 \
. Terminal tracking term

. First player’s control effort
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Problem statement

Ausxiliary cost functional

tf]_ tf]_

j[u(w,tf)—u*(x)]2dm +a /p2(a:,t)dxdt -8 //qQ(a:,t)d:vdt
0 0 0

\0 0

. Terminal tracking term j
. First player’s control effort

. Second player's control effort
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Problem statement

Ausxiliary cost functional

tf]_ tf]_

j[u(w,tf)—u*(x)]2dm +a /pQ(x,t)dxdt -8 //qQ(a:,t)d:vdt
0 0 0

\0 0

. Terminal tracking term j
. First player’s control effort

. Second player's control effort

. a, 3 >0 - penalty coefficients
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Problem statement

Auxiliary linear-quadratic differential game

ot  0x?

u(z,0) = g(z),

=p(z,t) + q(z,t), (x,t) €

uz(0,t) =0, ug(l,t)+ Au(l,t) =0

J., g — min max
00 a0)
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Solution

LQDG solution

. Optimal feedback strategies:

1 1
0 0 0 . — 0
paﬂ(az,t,u) = _2alaﬁ’ Qap(T,t,u) = 25la5,
lgﬁ(mvtv u) =Tap +/ I:Raﬂ(xasat) + Raﬁ(saxat)] [u(svt) - u*(s)] ds

. Game value:

11
Jaoﬁ = //Rug(l’, s,t) [u(z,t) — u*(x)] [u(s, t) — u*(s)] dsdz+
00

1
/7"@[7’ z,t) [u(z,t) — u(z)] do + pas(t)
0
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Solution

LQDG solution:

« Riccati-type equation:

Ri(x,8,t) + Ryx(z,5,t) + Ryp(s,x,t) = ﬁ;aRl(x, s,t),

4ap

1
Riw.s,6) = [ (Rl 5.0) + Rls.9.0)] [R(y..1) + R,y 0],
(0]

. Terminal condition: R(z,s,tf) =d(s —x)
. Boundary conditions for z = 0: R,(0,s,t) = R.(s,0,t) =0

. Boundary conditions for x = 1:
R;(1,s,t) + AR(1,s,t) = Ry(s,1,t) + AR(s,1,t) =0
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Solution

LQDG solution:

. Linear equation:

ri(z, t)+res(x, t)+Ro(x,t)

1
/ (x,s,t) + R(s,z,t)] r(s,t)ds,
0

1
Ra(z,t) :/[Rss(a:,s,t)JrRss(s,a:,t)] u*(s)ds,
0

. Terminal condition: r(z,ts) =0
. Boundary condition for z = 0: r,(0,¢) =0

. Boundary condition for z = 1: r,(1,t) + Ar(1,¢t) =0
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Solution

LQDG solution:

. Trivial equation:

1 1
p0)+ [ reatotint @ = 52 [ 204
0 0
. Terminal condition: p(tf) =0
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Solution

Sturm-Liouville problem

4
1 L
Xi(z) = cos \jz, 1 =0,1,..., 2
VWi
1 sin2)\;
L 0
wi =3 + FIVI
Ai € (mi,mi+7w/2), i=0,1,...
2t
satisfy A\ tan A = A
4 ‘
0 2 4 6 8
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Solution

Series solution: Ras(z, s,t)

l
R = ,I'
) — (\
)

Rap(z,s,t) = ZR X (s),

2622 exp (—2X2 (t; — t))

Rit) = o A2+ 1 —exp (—202(t; — 1))

Solvability condition:
2607 + 1 —exp (—2\}(t; — ) >0Vi=0,1,.., VL€ [0,t;] & a<fj
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Solution

Series solution: rag(x,t), pas(t)

o0
rag x, f ZTZ
=0

dr; 1
b= (,\f+ ;Ri(t)) i+ 202Ul Ri(t), ri(ty) =0

dt

paslt) = - / > (Wuino) + ) | a

Turetsky LQDG for heat equation 21/26



Ort Braude College Department of Mathematics

Solution

Series solution of equation
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Solution

Robust tracking problem solution

Theorem 1

For any ¢ > 0 and for a given v > 0, there exist sufficiently small
B* = p*((,v) and o™ = o*(¢,v) < 5% such that:

for all o < o*, B < %, the LQDG optimal strategy pgﬁ(az, t,u)
guarantees
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

=0

u(z,t)
1

0.8+

067
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.02

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.04

u(z,t)
1
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.06
u(z,t) ‘ ‘ ‘ ‘

l 4
T
0.6+
0.4+
0.2+

0 L L L L

0 0.2 0.4 0.6 0.8 1
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.08
u(z,t) ‘ ‘ ‘ ‘
l 4
- \
0.6+
0.4+
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0 L L L L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.10
u(z,t) ‘ ‘ ‘ ‘
l 4
0.6+
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0 L L L L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.12
u(z,t) ‘ ‘
1
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.14

u(z,t) ‘ ‘
l L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.16

u(z,t) ‘ ‘
l L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.18

u(z,t) ‘ ‘
l L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.20

u(z,t) ‘ ‘
l L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.22

u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.24

u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.26
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.28

u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.30

u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.32

u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t=0.34
u(z, 1) ‘ ‘
l L
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.36
u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.38
u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.40
u(z, 1) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.42
u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.44
u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.46
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.50
u(z,t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.52
ufz, t) ‘ ‘
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Numerical Example

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.54

u(z,t) ‘ ‘
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.56

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.58

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.60

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.62

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.64

u(z,t)
l L

0.8+

067

041

0.27

0 0.2 0.4 0.6 0.8 1

Turetsky LQDG for heat equation 24/26



Ort Braude College Department of Mathematics

Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.66

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.68

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.70

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.72

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
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t=0.74

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.76

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.78

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.80

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.82

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.84

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.86

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.88

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.90

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.92

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.94
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.96
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t =0.98

u(z,t)
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Example

tr=1 A=1, q(z,t) =tsin(10z), g(x) =1, u*(z) = 0.5,
a=0.001, =05, N =10

t=1

u(z,t)
l L
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Numerical Example

Possible generalizations

. More complicated tracking functional

K tpa1 1 ML
[u(z,t) — )] dxdt+ [u(z, tm) — ur,(x)] dx
x/] x/

. Other linear equations:

ou
Fri Au+p(z,t) + q(z,t)

. Dimension > 1

Turetsky LQDG for heat equation 25/26



Ort Braude College Department of Mathematics

Numerical Example

Thank you

for your

Questions?’
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