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Abstract

In this paper, we study deterministic mean field games for agents who operate in a bounded domain.
In this case, the existence and uniqueness of Nash equilibria cannot be deduced as for unrestricted
state space because, for a large set of initial conditions, the uniqueness of the solution to the associ-
ated minimization problem is no longer guaranteed. We attack the problem by interpreting equilibria
as measures in a space of arcs. In such a relaxed environment the existence of solutions follows
by set-valued fixed point arguments. Then, we give a uniqueness result for such equilibria under a
classical monotonicity assumption.
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1 Introduction

Mean field games (MFG) theory has been introduced simultaneously by Lasry and Lions ([IL1]], [12]],
[13]]) and by Huang, Malhamé and Caine ([9], [[10]) in order to study large population differential games.
The main idea of such a theory is to borrow from statistical physics the general principle of a mean-field
approach to describe equilibria in a system of many interacting particles.

In game theory, for a system with a finite number of players, the natural notion of equilibrium is
the one introduced by John Nash. So, the notion of mean-field equilibrium suggested by Lasry-Lions is
justified as being the limit, as N — oo, of the Nash equilibria for N-player games, under the assumption
that players are symmetric and rational.

In deterministic settings, the equilibrium found in the mean field limit turns out to be a solution of
the forward-backward system of PDEs

—Owu+ H(x,Du) = F(x,m) in[0,T] x £,
(MFQG) { dym — div(mD,H(z, Du)) =0 in [0,T] x ©, (1.1)
m(0) =mo u(z,T) = G(x,m(T))
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which couples a Hamilton-Jacobi-Bellman equation (for the value function u of the generic player) with
a continuity equation (for the density m of players). Here {2 C R" represents the domain in the state
space in which agents are supposed to operate.

The well-posedness of system (I.I) was developed for special geometries of the domain €2, namely
when (2 equals the flat torus T™ = R™/Z", or the whole space R"™ (see, e.g., [6], [12]], [13]). The goal of
the present paper is to study the well-posedness of the MFG problem subject to state constraints, that is,
when players are confined into a compact domain 2 C R”.

In the above references, the solution of (I.1)) on [0, 7] x T™ is obtained by a fixed point argument
which uses in an essential way the fact that viscosity solutions of the Hamilton-Jacobi equation

—Owuw + H(xz,Du) = F(x,m) in[0,T] x T"
are smooth on a sufficiently large set to allow the continuity equation
Oym — div(mDpH (z, Du)) =0 in[0,7] x T"

to be solvable. Specifically, it is known that u is of class C’llo’c1 outside a closed singular set of zero
Lebesgue measure. In this way, the coefficient D), H (z, Du) in the continuity equation turns out to be
locally Lipschitz continuous on a “sufficiently large” open set. Such an “almost smooth” structure is
lost in the presence of state constraints [7, Example 1.1]. Therefore, in order to prove the existence of
solutions to (I.I)) a complete change of paradigm is necessary.

In this paper, following the Lagrangian formulation of the unconstrained MFG problem proposed
in [4], we define a “relaxed” notion of constrained MFG equilibria and solutions, for which we give
existence and uniqueness results. Such a formulation consists of replacing probability measures on
with measures on arcs in 2. More precisely, on the metric space

= {7 € AC(0,T;R™) : (1) €0, Vte [O,T]}
with the uniform metric, for any ¢ € [0, T'] we consider the evaluation map e; : I' — () defined by

et(v)=~01) (yveTD).

Given any probability measure mg on (2, we denote by P, (I') the set of all Borel probability measures
n on I" such that epffn = m( and we consider, for any 1 € P,,, ('), the functional

T
nl = [ [E6®A0) + Fa@.am)] de+Go@.ertn) (eT). (2

Then, we call a measure 1 € P, (I') a constrained MFG equilibrium for my if 1) is supported on the set
of all curves 7y € I" such that

In[7] < Jply] ¥y €T, 7(0) =7(0).

Thus, we obtain the existence of constrained MFG equilibria for mg (Theorem [3.1) by applying the
Kakutani fixed point theorem [[14]. At this point, it is natural to define a mild solution of the constrained
MFG problem in § as a pair (u, m) € C([0,T]xQ)xC([0,T]; P(Q)), where m is given by m(t) = e;n
for some constrained MFG equilibrium 7 for mg and

u(t,z) = @f{lTPW@n@»+ﬂw$m@>%+G@@Mﬂﬂ&.



In this way, the existence of mild solutions of the constrained MFG problem in (Corollary becomes
an easy corollary of the existence of equilibria for mq (Theorem [3.1)), whereas the uniqueness issue for
such a problem remains a more challenging question. As observed by Lasry and Lions, in absence of
state constraints uniqueness can be addressed by imposing suitable monotonicity assumptions on the
data. We show that the same general strategy can be adopted even for constrained problems (Theorem
M.I). However, we have to interpret the Lasry-Lions method differently because, as recalled above,
solutions are highly nonsmooth in our case.

The results of this paper can be regarded as an initial step of the study of deterministic MFG systems
with state constraints. The natural sequel of our analysis would be to show that mild solutions to the
constrained MFG problem in ) satisfy the MFG system in a suitable point-wise sense and, possibly,
derive the uniqueness of solutions from such a system.

This paper is organised as follows. In Section 2, we introduce the notation and recall preliminary
results. In Section 3, we define constrained MFG equilibria and we prove their existence. Section 4 is
devoted to the study of mild solutions of the constrained MFG problem, in particular to the uniqueness
issue.

2 Preliminaries

2.1 Notation

Throughout this paper we denote by | - |, (-) , respectively, the Euclidean norm and scalar product in
R™. For any subset S C R", S stands for its closure, 95 for its boundary and S¢ = R™ \ S for the
complement of S. We denote by 15 : R” — {0, 1} the characteristic function of S, i.e.,

1 r €S,
Ls(e) = {0 r e S

We write AC(0,T'; R™) for the space of all absolutely continuous R"-valued functions on [0, 7], equipped
with the uniform metric. We observe that such a space is not complete.
For any measurable function f : [0, 7] — R", we set

T 3
111z = (/0 |f|2dt> |

Let Q C R™ be a bounded open set with C? boundary. The distance function from  is the function
dq : R" — [0, +00][ defined by

do(x) :=inf |z —y| (ze€R").
ye

We define the oriented boundary distance from 952 by
bo(z) = do(z) — doe(z) (z € R"). (2.1)
We recall that, since the boundary of € is of class C2, there exists pg > 0 such that
bo(-) € C2 on 90+ B,, = {y € Bla,po) : x € asz}, 2.2)

where C? is the set of all functions with bounded derivates of first and second order. Throughout the
paper, we suppose that py is fixed so that (2.2) holds.



2.2 Results from Measure Theory

In this section we introduce, without proof, some basic tools needed in the paper (see, e.g., [[1]).

Let X be a separable metric space, we denote by (X ) the family of the Borel subset of X and by
P(X) the family of all Borel probability measures on X. The support of € P(X), supp(p), is the
closed set defined by

supp(p) = {x € X : u(V) > 0 for each neighborhood V of x} (2.3)

We say that a sequence (i) C P(X) is narrowly convergent to i € P(X) if

fim [ f(a)die(e /f Ydu(z) Vf € CYX),

n—oo

where Cl? (X)) is the set of all bounded continuous functions on X.
We recall an interesting link between narrow convergence of probability measures and Kuratowski con-
vergence of their supports.

Proposition 2.1. If (u,) C P(X) is a sequence narrowly converging to i € P(X) then supp(p) C
K — liminf, o supp(pn), i.e

Vr € supp(p) 3, € supp(py) : im x, = z.
n—oo
The following theorem is a useful characterization of relatively compact sets with respect to narrow
topology.
Theorem 2.1. (Prokhorov’s Theorem ) If a set K C P(X) is tight, i.e.
Ve > 03 K. compact in X such that (K.) > 1—¢€ Vn e K,

then K is relatively compact in P(X) with respect to narrow topology. Conversely, if X is a separable
complete metric space then every relatively compact subset of P(X) is tight.

Let X be a separable metric space. We recall that X is a Radon space if every Borel probability
measure 1 € P(X) satisfies

VB € #B(X), Ve > 0, IK, compact with K. € B such that (B \ K,) < ¢

Let us denote by d the distance on X and, for p € [1, +00), by P,(X) the set of probability measures m
on X such that

/ dP(zo, x) dm(z) < +o0, Vzo € X.
X

The Monge-Kantorowich distance on Pp(X) is given by

1/p

dpmn’y = i [ [ deyrar] @4

where II(m, m') is the set of Borel probability measures on X x X such that A(A x R"™) = m(A) and
AR™ x A) = m/(A) for any Borel set A C X. In the particular case when p = 1, the distance d,, takes
the name of Kantorovich-Rubinstein distance and the following formula holds

di(m,m') = sup / f(x)dm(x / f@)ydm'(z) | f: X >R is 1 LlpSChltZ} (2.5)

for all m, m’ € P; (X). In the next result, we recall the relationship between the weak-* convergence of
measures and convergence with respect to d,,.



Proposition 2.2. If a sequence of measures {jin}n>1 C Pp(X) converges to p for dy, then {jin}n>1
weakly converges to . ”Conversely”, if u,, is concentrated on a fixed compact subset of X foralln > 1
and {in }n>1 weakly converges to yu, then the { i, }n>1 converges to (v in dp.

Given separable metric spaces X; and X7 and a Borel map f : X; — Xa, we recall that the push-
forward of a measure p € P(X;) through f is defined by

ftu(B) == u(f~H(B)) VB € B(X). (2.6)

The push-forward is characterized by the fact that

/ o(f () du(z) = / o(y) dftu(y) @.7)
X3

X2

for every Borel function g : X2 — R.
We conclude this preliminary session by recalling the disintegration theorem.

Theorem 2.2. Let X, Y be Radon separable metric spaces, p € P(X), let m : X — Y be a Borel map
and let n = mfp € P(Y'). Then there exists an n-a.e. uniquely determined Borel measurable familyﬂof
probabilities {1, }ycy C P(X) such that

py(X\ 71 (y)) =0 forn-ae.yeyY (2.8)
and

| f@auta) = [ ( / o, J ) o) 00

for every Borel map f : X — [0, +00].

3 Constrained MFG equilibria

3.1 Aproximation of constrained trajectories

Let €2 be a bounded open subset of R” with C2 boundary. Let I" be the metric subspace of AC(0,T; R")
defined by

= {7 € AC(0, T;R™) : (1) €0, Vte [O,T]}.

For any x € (2, we set
Lz ={yeT:~4(0) =z}. 3.1

Lemma 3.1. Ler v € AC(0,T;R"™) and suppose that do(y(t)) < poforallt € [0,T]. Then dg o~y €
AC(0,T) and

9 do 07)(1) = (Dba(1(1)), 7)) 10 (+(1)) ae.t € 0,7 (32)
Moreover,
Ny = {t € [0,T] : 7(t) € 09, 34(2), (Dbo((t),4() £ 0} (33)

is a discrete set.

'We say that {1, },cy is a Borel family (of probability measures) if y € Y +—— u,(B) € R is Borel for any Borel set
BcCX.



Proof. First we prove that N, is a discrete set. Let ¢ € IV, then there exists € > 0 such that y(s) ¢ 0Q
for any s € (Jt —e€,t + €[ \{t}) N [0,T]. Therefore, N, is composed of isolated points and so it is a
discrete set.

Let us now set ¢(t) = (do o y)(t) for all t € [0,7]. We note that ¢ € AC(0,T) because it is the
composition of v € AC(0,T; R™) with the Lipschitz continuous function dq(-). Denote by D the set of
t € [0, T] such that there exists the first order derivative of 7y in ¢, i.e.,

D={te[0,T]: 34(¢t) }.
We observe that D has full Lebesgue measure and we decompose D in the following way:

D={teD:~(t)¢ o u{te D:~(t)cdN}.

Do Dl

By [8, Theorem 4, pg 129], for all ¢ € Dy the first order derivative of ¢ is equal to
(Dba(v(1)),4(t)) ~(t) € R™\
Now, consider t € D; \ N,. Since y(t) € 052, one has that

Pt +h)—o(t) _ da(y(t+h))

h h ’

for all A > 0. Since y(t + h) = y(t) + h¥(t) + o(h) and dg, is Lipschitz continuous, we obtain

(
0< da(y(t+h)) _o(h) | do(y(t) +hi(t)
h h h

Hence, one has that

0 < liminf M < limsup M < lim sup do(y(t) + hﬂY(t)). (3.4)
h—0 h h—0 h h—0 h
Moreover, by the regularity of b, we obtain
do(v(t) + (1)) < [ba(v(t) + Ay (8))] < [h] [(Dba((t), ¥(#)] + o(h). (3.5)
Thus, since t € D \ N,, we conclude that
. d t) 4+ hy(t .
timsup 2] < 1)) 5(1)) = 0. (6
h—0
So ¢(t) = 0 and the proof is complete. O

Proposition 3.1. Let v; € Q be such that x; — x and let vy € T'[z]. Then there exists ; € T'[x;] such
that:

(i) v; — 7y uniformly on [0, T;
(ii) 4; — Y a.e. on [0,T];

(iii) |7:(t)| < C|y(t)| for anyi > 1, a.e. t € [0,T, and some constant C' > 0.



Proof. Let 74; be the trajectory defined by
ilt) = y(t) + i — . 3.7)
We observe that dq(7;(t)) < pp forall t € [0, 7] and all sufficiently large i, say i > io. Indeed,
do(3i(t)) < Pi(t) — ()] = |zi — =

Since z; — x, we have that do (7;(t)) < po forall ¢ € [0,7] and i > 9. We denote by ; the projection
of 4, on Q, i.e.,
i) = 7i(t) — da(Vi(t)) Dba(Fi(t)) Vit € [0,T]. (3.8)
We note that 7; € I'[x;]. Moreover, 7; converges uniformly to « on [0, T']. Indeed,
i (t) = ()] = |z — = — da(Fi(t)) Dba(3i(1))| < 2|z — x|, Vi€ [0,T].

By Lemma 3.1} do(3i(+)) € AC(0,T) and % (do(Fu(t))) = (Dba(Fu(t)), 7;(1))1ac (i(t) ae. t €
[0, T']. Using the regularity of b, we obtain

3ilt) = 4(t) — (Dba(Fi(1)), 7(t)) Dba(3i(t)) 1ac (3i(1)) — da(:(t)) D*ba(Fi(1))4(t), ae.t € [0,T].

Therefore, there exists a constant C' > 0 such that |y;(¢)| < C|¥(t)| for any i > ig, a.e. t € [0,T].
Finally, we have to show that 4; — % almost everywhere on [0, T]. Since 7; —  and y € I'[z], one has
that

do(3i(t)) D*ba(3i(1))3(t) ~ 0, Vt € [0,T].

So, we have to prove that
— (Dba(F:(1)), (8)) Dba(Fa(t) Lo (u()) =25 0, ae. t € 0,7, (3.9)

We note that
|(Dba (1), 5(1) Dba(3i (1) 1= (3:(1) | < [(Dba(Fi(1), 5(1))

Fix t € [0,T] such that (3.10) holds. If v(¢) € €2 then 7;(¢) € 2 for ¢ large enough and (3.9) holds. On
the other hand, if (t) € 0€2, then passing to the limit in (3.10), we have that

, ae. tel0,T] (3.10)

lim sup ]<Db9@(t)>, 4(t)) Db (3:(1)) 1g- @-(t))) < lim sup ]<Db9@-(t>), 7(t)>’.

1—00 1—00
Since 7; — 7y uniformly on [0, 7], one has that
limsup [ Dba(5:(1)), 4(1))| = [(Dba(x(1)), (1)), 3.11)
1—00

By Lemma [3.1] we have that (Dbq(v(t)),¥(t)) = 0 for t € [0,T] \ N,, where N, is the discret set
defined in (3.3). So (3.9) holds for a.e. ¢ € [0, 7. Thus, +; converges almost everywhere to 4 on [0, 7.
This completes the proof. O



3.2 Assumptions

Let  be a bounded open subset of R™ with C? boundary. Let P(£2) be the set of all Borel probability
measures on ) endowed with the Kantorovich-Rubinstein distance d; defined in (2.4). We suppose
throughout that F, G : Q x P(Q) — Rand L :  x R — R are given continuous functions. Moreover,
we assume the following conditions.

(L1) L € CYQ x R") and for all (z,v) € Q x R",

|D,L(z,v)] < C1+ |[v]?), (3.12)
|DyL(z,v)| < C(1+ [v]), (3.13)

for some constant C' > 0.

(L2) There exist constants ¢, cg > 0 such that

L(z,v) > c1|v]* —co,  V(z,v) € Q x R™ (3.14)

(L3) v+ L(z,v) is convex for all z € Q.

Remark 3.1. (i) As Q x P(Q) is a compact set, the continuity of F’ and G implies that they are bounded
and uniformly continuous on Q x P ().

(4i) In (L1), L is assumed to be of class C''(Q x R™) just for simplicity. All the results of this paper hold
true if L is locally Lipschitz—hence, a.e. differentiable—in ) x R™ and satisfies the growth conditions

(3.12) and (3.13) a.e. on 2 x R™, see Remarkbelow.

3.3 Existence of constrained MFG equilibria

For any t € [0, T], we denote by e; : I' — ) the evaluation map defined by

el(y) =~(t), Vyel.

For any 7 € P(I"), we define
m'(t) = edn, Vte[0,T]. (3.15)

Lemma 3.2. The following holds true.
(i) m" € C([0,T); P(Q)) for any n € P(T).

(ii) Let n;, n € P(I'), i > 1, be such that n; is narrowly convergent to 1. Then m™(t) is narrowly
convergent to m"(t) for all t € [0,T].

Proof. First, we prove point (¢). By definition (3.15)), it is obvious that m"(t) is a Borel probability
measure on (2 for any ¢ € [0,T)]. Let {t,} C [0,T] be a sequence such that ¢;, — ¢. We want to show
that

lim [ f(z)m"(tg, dz) = /f(:z:)m”(t, dx), (3.16)
Q

tk—)i (9]

for any f € C(Q). Since m"(t) = ey, fn and eq, () = v(tx), we have that

im [ f(x)m"(t, dz) = lim_ [ f(es, (7)) dn(y) = lim [ f(v(tx)) dn(v).

tr—t JQ tr—t JT tr—t JT



Since f € C(Q) and v € T, then f(y(tx)) — f(y(®)) and |f(7v(tx))] < ||f|lsc. Therefore, by
Lebesgue’s dominated convergence theorem, we have that

lim [ f(y( / fly (). (3.17)
tr—t JT

Thus, recalling the definition of m", we obtain (3.16). Moreover, by Proposition we conclude that

dy (m"(ty), m"(t)) — 0. This completes the proof of point ().

In order to prove point (ii), we suppose that 7; is narrowly convergent to 7. Then, for all f € C(Q) we

have that

im [ faym (¢, do) = Jim [ Fa@)ane) = [ f60@) i) = [ fame, o).
1—00 Q 1—00 T ﬁ
Hence, m () is narrowly convergent to m"(t) for all ¢t € [0, T'. O

For any fixed mo € P(f2), we denote by Py, (T') the set of all Borel probability measures 1 on I such
that egfin = myg. For all n € Pp,,(I"), we define

T
JnM:/O [L(V(t)ﬂ(t))+F(’Y(t)7m”(7f)) dt + G((T),m™(T)), ~eT. (3.18)

Remark 3.2. We note that P, (T') is nonempty. Indeed, let j : {2 — T be the continuous map defined by
j(@)(t) =z Vtel0,T].
Then,
7 = jimo
is a Borel probability measure on I and i € P, (T).
For all x € Q and ) € Py, (T), we define

IMz] = {’y elx]: Jylv] = III[;I]IJ } (3.19)

Definition 3.1. Let mg € P(Q). We say that ) € Py, (L) is a constrained MFG equilibrium for mg if
supp(n) € | T7[a]. (3.20)
z€Q
In other words, 77 € Py, (') is a constrained MFG equilibrium for my if for n-a.e. 7 € I" we have that
IV < Jybyl, Yy € T[H(0)]-
The main result of this section is the existence of constrained MFG equilibria for my.

Theorem 3.1. Let Q be a bounded open subset of R™ with C? boundary and let mg € P(Q). Suppose
that (L1)-(L3) hold true. Let F : Q x P(Q) — Rand G : Q x P(Q) — R be continuous. Then, there
exists at least one constrained MFG equilibrium for my.

Theorem 3.1 will be proved in Section[3.4} Now, we will show some properties of I'[z] that we will use
in what follows.

Lemma 3.3. Forall x € Q and n € Py, (T') the following holds true.



(i) I'[x] is a nonempty set.

(ii) All v € T"[z] satisfy

132 < K, (3.21)
where .
1 =
K = [TmaxL(x 0) + 27 max |F|+2 max |G|+ Teol’ (3.22)
V€1 Q QxP(Q) QxP(Q)

and co, ¢ are the constants in (3.14). Consequently, all minimizers v € T"[z] are 3-Holder
continuous of constant K.

In addition, if n € Py, (T) is a constrained MFG equilibrium for mg, then m"(t) = efn is %-H()’lder
continuous of constant K.

Proof. By classical results in the calculus of variation (see, e.g., [ Theorem 6.1.2]), there exists at least
one mimimizer of J,[-] on I for any fixed initial point z € 2. So I'"[z] is a nonempty set.

Let z € Q and let v € T"[z]. By comparing the cost of 7 with the cost of the constant trajectory
~(0) = z, one has that

T
A |LOH(0), (1) + F(y(t),m™ ()] dt + G((T),m"(T)) (3.23)

< /OT [L(ac, 0) + F(x,m”(t))} dt + G(x,m"(T))

< {Tm@xL(x,O) +T max |F|+ max \Gq
Q QxP(Q) QxP(Q)
Using (3.14)) in (3.23)), one has that

||7H2<—[TmaxL(:c 0) + 27 max |F|+2 max yG|+Tc0} ~ K, (3.24)
Ver OxP(Q) xP(Q

D=

where ¢, ¢ are the constants in (3.14). This completes the proof of point (i7) since the Holder regularity
of ~y is a direct conseguence of the estimate (3.24).

Finally, we claim that, if 7) is a constrained MFG equilibrium for m, then the map t — m/!(t) is %-Hélder
continuous with constant K. Indeed, for any t1,t2 € [0, 7], we have that

dy (m"(t3),m"(t1)) = sup/ o(x) (m"(tg, dz) — m"(t1, dx)), (3.25)
) Q

where the supremum is taken over the set of all 1-Lipschitz continuous maps ¢ : @ — R. Since
m'(t) = e;fn and the map ¢ is 1-Lipschitz continuous, one has that

o6 (om0t da) s, ) = [ [otern () = oten, ()] )
= [ [ttt = strten] ana) < [ 1nte) = 2(en)l o).
r

Since 7 is a constrained MFG equilibrium for my, property (ii) yields
1
/|’y t2 tl |d77( <K/‘t2—t1|2dn( ) K|t2—t1‘§.
Hence, we conclude that

di(m"(t), m"(t1)) < Klta — t1]2, Vt1,ts € [0,T]

and the map ¢ — m"(¢) is 1/2-Holder continuous. O

10



Lemma 3.4. Let n;, 1 € Py, (L) be such that 1; narrowly converges to 1. Let x; € € be such that
x; — x and let ~; € T"i[x;] be such that v; — 7. Then¥ € I'"[x]. Consequently, T[] has closed graph.

Proof. We want to prove that
T
Jul7) < Jyly), Vv € T'[z] such that / 42 dt < oo. (3.26)
0

We observe that the above request is not restrictive because, by assuption (L2), if fOT |%|? dt = oo then
the above inequality is trivial.

Fix v € I'[z] with fOT |%|? dt < oo, by Proposition we have that there exists 7; € I'[z;] such that
i — ~ uniformly on [0, T],5; — % a.e. on [0, 7] and |7;(t)| < C|5(t)| forany i > 1, ae. t € [0,T],
and some constant C' > 0. Since 7; € I'"[x;], one has that

v < JIn,i), Vi L (3.27)
So, in order to prove , we have to check that
(@) Jy[] <liminf; o Jy, [vil;
(b) limisto0 Jy, [3i] = Jy[]-

First we show that (a) holds, that is,

lim int { /0 ' (a0, 50(8) + F((8), m™ (1)) ] dt + G(T),m™ (T) |

T
> /0 [L(7(t),7(t))) +F(W(t>,m"(t>)} dt + G(7(T), m"(T)). (3.28)

First of all, we recall that, by Lemma 3.2] m" (¢) narrowly converges to m" (¢) for all ¢ € [0,T]. Owing
to the convergence of ; to 7, the narrow convergence of m™ (t) to m'(t), and our assumption on F' and
G, we conclude that

T i T
/0 Pl ) de == [P0, mo(e) .
G(3i(T),m™(T)) =% G((T), m"(T)).

Up to taking a subsequence of -y;, we can assume that 4; — 7 in L2(0, T'; R") without loss of generality.
By assumption (L3), one has that

T T T
| reo ) = [ 1@ smar+ [ D500 - Lt )] d
0 0 0

T . . T
> [ [L050) + (DL 505~ )] de+ [ [0, 5:00) - L0, 3:0)] .
0 0

Since ; € I'"i[x;] and ; — 7, by (L1), we obtain

T .
[ [ 5000 - 2303600 e 0,

11



Moreover, since 4; — 7 in L?(0,T; R™), one has that
T : : 1—00
/ (DL, 5(8)), 5 — ) dt = 0.
0

Thus, (3.28) holds.

Finally, we prove (b), i.e.,

1—00

T .
lim { | 60300 + PG v (0) b + GE(T) <T>>}
0

T
:/0 L(v(t),7(1)) + F(y(t),m"(¢)) dt + G((T), m"(T)).

Owing to the convergence of 7; to -, the narrow convergence of m™ (t) to m"(t) for all ¢ € [0, T, and
our assumption on F' and G, one has

T . T
| FE@.mr @ a == [ ra.mo)

GOi(T), m™(T)) —— G(y(T),m"(T)).

Hence, we only need to prove that

T _ T
lim inf /O L), 5, () di = /0 L(v(8), 4(t)) dt. (3.29)

1—00

Owing to (L1), one has that
T .
| [ 126050 - L0, 50
T . . T .
< /0 LG, 7:(8) = L), 7:(1))| dt + /0 L 6),3:0) = L), 4(8) | e
T - T, (1 _ _
<=l [ (14 BR) e+ [ ] [ (D054 (1= 29 At = 5(0)) x| a
T - T 1 . .
<Rl [ (14 B) e+ [ [ (Ll )i - 30 de
0 o Jo
Since 7; — ~ uniformly on [0, 7] and [7,(t)| < C|%(t)| for any i > 1 and for any ¢ € [0, 7], we have
that
~ T 02 1—00
= lee [ (14 i) dt =0
0
In addition, since /7\2 — 4 a.e. on [0, T, by Lebesgue’s dominated convergence theorem we obtain

O/OT/;(HWHM)

This gives (b) and the proof is complete. O

1—00

Zi(t) — y(t)’ i miay} (3.30)

Remark 3.3. The above proof can be adapted to treat the case of a locally Lipschitz Lagrangian L as was
mentioned in Remark Indeed, it suffices to replace the gradient D, L(5(t),7(t)) with a measurable
selection of the subdifferential 9, L(F(t),¥(t)).
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3.4 Proof of Theorem3.1]

In this section we prove Theorem|3.1|using a fixed point argument. First of all, we recall that, by Theorem
for any 17 € Py, ('), there exists a unique Borel measurable family of probabilities {7}, g on I’
which disintegrates 7 in the sense that

n(dy) = [gne(dy) dmo(z), (331
supp(nz) C Tz] mo —ae. z € Q.
We introduce the set-valued map E : Py, (I') =2 Py, (I') by defining, for any n € Pp,, (T'),
E(n) = {ﬁ € Py (1) = supp() C T"z] mo —ae. x € ﬁ} (3.32)

Then, it is immediate to realize that 7 € P,,, (") is a constrained MFG equilibrium for my if and only
if n € E(n). We will therefore show that the set-valued map F has a fixed point. For this purpose, we
will apply Kakutani’s Theorem [14]. The following lemmas are intended to check that the assumptions
of such a theorem are satisfied by F.

Lemma 3.5. For any n € Py, (T), E(n) is a nonempty convex set.

Proof. First, we note that E/(n) is a nonempty set. Indeed, by () of Lemma[3.3] Lemma[3.4] and [2, The-
orem 8.1.4] we have that z — T'7[x] is measurable. Moreover, by [2, Theorem 8.1.3], x — I'"[z] has
a Borel measurable selection 2 — ~;!. Thus, the measure 7, defined by 7(B) = [56 (v (B) dmo(z)
for any B € A(I'), belongs to E(n).

Now we want to check that E(n) is a convex set. Let {n; };—12 € E(n) and let A\;, A2 > 0 be such that
A1 + A2 = 1. Since 7); are Borel probability measures, 77 := A171 + X272 is a Borel probability measure
as well. Moreover, for any Borel set B € %(Q) we have that

eoti(B) = 7j(eg Z Aimileg Z Aieotni (B Z Amo(B) = mo(B).  (3.33)

So, 7 € Ppy(I'). Since ;1 € E(n), there exists a unique Borel measurable family of probabilities
{m «},cq on I which disintegrates 71 as in (3.31)) and there exists A1 C 2, with mg(A;) = 0, such that

supp(m ) C Tz], x € Q\ A;. (3.34)
In the same way, 72(dy) = [q72,2( d7) dmo(x) can be disintegrated and one has that
supp(ne,.) CTz] x € Q\ Ag, (3.35)

where A, is such that mg(As) = 0. Hence, 7) can be disintegrated in the following way:

{n(d'y) = Jq (Mm,x + )\2772,m> (dv)dﬂio(fc% (3:36)
supp(Mmiz + Aemez) C T z] € )\ (A1 U Ag),
where mo(A; U Ag) = 0. This completes the proof. O

Lemma 3.6. The map E : Pp,,(I') == Puy, (I') has closed graph.
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Proof. Let n;, n € Pp, (') be such that n; is narrowly convergent to 7. Let 7); € E(n;) be such that 7); is
narrowly convergent to 7. We have to prove that 77 € E(n). Since 7); narrowly converges to 7, we have
that 7) € Py, (I') and there exists a unique Borel measurable family of probabilities {7}, on I' such
that 7)(dy) = [q7x(dy) dmo(z) and supp(7),) C T[z] for mg-a.e. « € Q. Hence, 7j € E(n) if and only
if supp(n,) C I'"[z] for mp-a.e z € 2. Let Qo C 2 be an myp-null set such that

supp(f,) C T[z] Vo € 2\ Q.

Letz € O\ Qg and let ¥ € supp(7),). Since 7; narrowly converges to 7, then, by Proposition one
has that
37; € supp(n;) suchthat lim 7; = 7.
1—00
Let 7;(0) = x;, with z; € Q. Since 7; € E(n;) and §; € supp(7);), we have that 7; is an optimal
trajectory for J,,[-], i.e.,
I [Yi) < Iily] Yy € Tlay). (3.37)

As n; narrowly converges to 7, applying Lemma [3.4] we conclude that ¥ € I'"[z]. Since x is any point
in Q \ 9, we have shown that ) € E(n). O

We denote by I' ¢ the set of trajectories v € I' such that  satisfies (3.21)), i.e.,
T ={yel: |l < K} (3.38)

where K is the constant given by (3:22)). By the definition of E(n) in (3:32) and Lemma3.3] we deduce
that
E(n) - Pmo (FK) Vn S Pmo (F) (339)

Remark 3.4. In general T fails to be complete as a metric space. Then, by Theorem P (T) is not
a compact set. On the other hand, if I is replaced by I'x then P, (I'x) is a compact convex subset of
P (T). Indeed, the convexity of P, (I'x ) follows by the same argument used in the proof of Lemma
As for compactness, let {7} C Pp,, (I'x). Since I' is a compact set, {7y} is tight. So, by Theorem
2.1} one finds a subsequence, that we denote again by 7, which narrowly converges to some probability
measure 7) € Py, ().

We will restrict domain of interest to P, (I'x), where I'¢ is given by (3.38). Hereafter, we denote by

E the restriction £, .
mg (Tk)

Conclusion

By Remark and Remark P, (I'ic) is a nonempty compact convex set. Moreover, by Lemma

E(n) is nonempty convex set for any 7 € Py, (i) and, by Lemma[3.6] the set-valued map E has closed

graph. Then, the assumptions of Kakutani’s Theorem are satisfied and so there exists 7 € P, (I'x) such

that 7 € E(7).

4 Mild solution of the constrained MFG problem

In this section we define mild solutions of the constrained MFG problem in Q. Moreover, under the
assumptions of Section[3.2] we prove the existence of such solutions. Then, we give a uniqueness result
under a classical monotonicity assumption on F' and G.

Definition 4.1. We say that (u,m) € C([0,T] x Q) x C([0,T]; P(Q)) is a mild solution of the con-
strained MFG problem in ) if there exists a constrained MFG equilibrium 1 € Py, (T") such that

(i) m(t) = eidin forallt € [0,T);
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(ii) w is given by

T
wte) = wt { [ LOEAO) + FOE.mE)] ds+GO@mT)}, @D
y(t) ==

for (t,x) € [0,T] x Q.
A direct consequence of Theorem [3.1]is the following result.

Corollary 4.1. Let 2 be a bounded open subset of R"™ with C 2 boundary and let mo € P(Q). Suppose
that (L1)-(L3) hold true. Let F' : Q x P(2) — Rand G : Q x P(Q) — R be continuous. There exists

at least one mild solution (u, m) of the constrained MFG problem in ).
Before proving our uniqueness result, we recall the following definitions.

Definition 4.2. We say that F : Q x P(Q) — R is monotone if

/ (F(zm1) — F(z, ma))d(my — ms)(x) > 0, 42)

Q

for any my, mg € P(Q).
We say that F' is strictly monotone if

/Q (F(w,ma) — F(z, ma))d(my — ms)(z) > 0, 43)

for any my,my € P(Q) and [5(F(z,m1) — F(x,m2))d(m1 — ma)(x) = 0 if and only if F(x,m1) =
F(x,mg) forall x € Q

Example 4.1. Assume that ' : 0 x P(Q) — R is of the form
Faam) = [ 70 (0xm)w)ole —v) do @4
where ¢ : R® — R is a smooth even kernel with compact support and f : Q@ x R — R is a smooth

function such that z — f(z, 2) is strictly increasing for all = € €. Then F satisfies condition (#.3).
Indeed, for any my, ma € P(Q), we have that

/ [F(e,m1) — Fle,ma)] d (my —ms) ()
/ / (0, (&5 ma) @) — (o, (6% m2) (W))] Sz — y) dy d (ma — ma) ()
—/[f(y,w*ml)(y)) £y, (6% ma)(y /w— — ) () dy
Q
- /Q . (6% m)()) — £y (6% ma)())] (6% ma) (9) — (6% ma)(w)] dy.

Since z — f(z, z) is increasing, then one has that

/Q [f(y, (@*m1)(y)) = f(y, (9 xm2)(y))] [(¢* m1)(y) — (¢ x m2)(y)] dy = 0.
Moreover, if the term on the left-side above is equal to zero, then we obtain

[f(y, (9*ma)(y)) = f(y, (o xm2)(y))] [(o*m1)(y) — (pxma(y))] =0 ae yeQ.

As z — f(z,2) is strictly increasing, we deduce that ¢ x m1(y) = ¢ * ma(y) for any y € Q and so
F(-, ml) = F(', mg).
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Theorem 4.1. Suppose that F and G satisfy @.3). Let n1, n2 € P, (I') be constrained MFG equilibria
and let Jy, and Jy, be the associated functionals. Then Jy, is equal to Jy,. Consequently, if (w1, m1),
(ug, mga) are mild solutions of the constrained MFG problem in S, then uy = us.

Proof. Let n1, 12 € P, (') be constrained MFG equilibria, such that mq(t) = e fin; , ma(t) = eifine
and let uq, up be the value functions of .J,,, and J,,, respectively. Let zo € 2 and let y be an optimal
trajectory for u; at (0, zp). We get

T

w0.20) = [ [L69):59) + F(s).mi ()] ds+ GO (D). (7).
T

wa0.20) < [ [L6(9).59) + F(s).ma()] ds+ G (T). ma ().

Therefore,

GO(T), ma(1)) = GO(T), ma(T)) < ur(0,) — ua(0,70)
T T
- [ [E0@0ae) + Foeme)] ds+ [ [L66)56) + Fo).ma()] ds
0 0
T
= w(0,20)) ~ (0.20) + [ F3(5).ma(s)) = F(2(s),ma() d.

Recalling that supp(n;) C I [xzg], we integrate on I respect to d; to obtain

/F {G(V(T),ml(T)) ~G(T, mQ(T))}dm(fy) <

< [ 0400 = w300 am6) + [ [ [F66)mate)) - K (6)ms)] ds i),
Recalling the definition of e; and using the change of variables e;(y) = x in the above inequality, we get
er(y er(y
~ = ~ =
[ (GG () = GG ma(r) [ dm (3) = [ (6 ms (1) = Glasma)] my (7o),
eo(7) eo(7)

/1“ [ul(O,m) — ua( O,m)}dm( )= / {ul(O x) — uz(0, a:)} m1(0,dx),

65(’}’)

es(7)
/OT/F [F(:V.ES\);WQ(S))_ F(y () 1(8)) dm ds-/ / (x,ma(s F(a:,ml(s))} mi(s,dz)ds.

So, we deduce that

/Q [G(x, mi(T)) — Gz, mQ(T))} mi (T, dx) (4.5)

S/Q[ul((),m)—UQ(O,:E)] ml(O,dac)_F/OT/Q[F(q;,mQ(s))—F(x,ml(s))ml(s,dx) ds.

In a similar way, we obtain

/Q [G(x, ma(T)) — Gz, ml(T))} ma(T, dz) (4.6)

< /Q |:U2(0,l‘) - ul(O,az)] ma(0,dz) + /OT/Q {F(%ml(s)) — F(x,mz(s))] ma(s,dz)ds.
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Summing the inequalities (#.5) and (4.6)), we deduce that
/Q[G(a;, mi1(T)) — G(z,ma(T))] (m1 (T, dx) — mo(T, dx))
< / [ (0, 2) — (0, 2)] (m1 (0, dz) — ma (0, dar))

Ja
# [ [ [Fma(o) - Fe.mao)] om(s.do) — malo,ao)) s

Since m; (0, dz) = m2(0, dx) = my, by using the monotonicity assumption on G and F', we obtain that

0> /OT/Q [P ma(s)) — F(a.mi ()] (ma (s, d) — mas, o) ds >

/Q [G(x, mi(T)) — Gz, mz(T))} (ma(T, dz) — mo(T, dz)) > 0.

Therefore,
/Q [F(a:,mg(s)) - F(Lml(s))} (ma (s, dz) — ma(s,dz)) = 0 ae. s e [0,T],

and also

/Q (Ge,mi(T)) = Gz, ma(T))| (i (T, dz) — ma (T, dar)) = 0.

Thus, by the strict monotonicity of F' and G, we conclude that F'(z,m1) = F(x, m2) forall z € Q and
G(xz,m1) = G(x,my) for all z € Q. Consequently, we have that .J,, is equal to J,,,. O

Remark 4.1. Suppose that G satisfies (4.2)) and F satisfies the following condition

/Q[FVEWM)—1W$ﬂnﬂ d(my —mg)(z) > 0,

for any my, mo € P(Q) with m1 # mo. Then, proceeding as in the proof of Theorem one can show
that the mild solution (u, m) of the constrained MFG problem in €2 is unique.
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