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Bilinear control problems, introduction

Dynamical system:
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Bilinear control problems, introduction

Dynamical system:

y:f(yvu)
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Bilinear control problems, introduction

Dynamical system:

@ y € Y state of the system

@ u € U control
1y = Ay + uBy
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Bilinear control problems, introduction

Dynamical system:

Y= f(yv u)
@ y € Y state of the system
@ u € U control
y = Ay + uBy

@ Problem: local controllability along a trajectory
Let (y,u) be a trajectory of the control system § = f(y,u).
The control system is locally controllable along the trajectory
(y,u) if, for every € > 0, there exists v > 0 such that, for
every (a,b) € Y x Y with |a — g(0)| < v and |b—g(T)| < v,
there exists a trajectory (y,u) such that

y(0) =a, y(T) =",
lu(t) —a(t)| <e, te[0,T]
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Non linear equations
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Non linear equations

@ trajectory — linearized system
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Non linear equations

@ trajectory — linearized system
e controllability of linearized system — inversion theorem

K. Beauchard, 2008 = Nash - Moser Theorem
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Non linear equations

@ trajectory — linearized system
e controllability of linearized system — inversion theorem

K. Beauchard, 2008 = Nash - Moser Theorem

e linearized system — moment theory ( Ingham inequality )
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Beam bending, model

Euler-Bernoulli model, 1750.
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Beam bending, model

Euler-Bernoulli model, 1750.
Assumptions:
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Beam bending, model

Euler-Bernoulli model, 1750.
Assumptions:

@ linear elasticity of the material, Hooke's law
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Beam bending, model

Euler-Bernoulli model, 1750.
Assumptions:

@ linear elasticity of the material, Hooke's law

@ plane sections remain plane and perpendicular to the neutral
axis ( transverse vibrations ).
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Figure: A beam in bending I
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Beam bending, equation

If u(t,z) is the beam deflection, the equation for the bending is

O?u(t, r)
Dz

2U T 2
pa(z) U )—l—a[EI(x)

o "o ] = flt.2)

where p density per unit length, A(z) cross-sectional area, E
Young elastic modulus, I(x) cross-sectional area moment of inertia
(about “z axis"), f(t,z) total external force.
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Beam equation, previous results

e J. M. Ball, J. E. Marsdent, M, Slemrod, “Controllability for
distributed bilinear systems’, 1982 — the beam equation is
not controllable in HZ((0,1),R) x L?((0,1),R), with control
pin L2 ([0,+),R)

loc
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Beam equation, previous results

e J. M. Ball, J. E. Marsdent, M, Slemrod, “Controllability for
distributed bilinear systems’, 1982 — the beam equation is
not controllable in HZ((0,1),R) x L?((0,1),R), with control
pin L2 ([0,+0c),R)

e K. Beauchard, “Local controllability of one-dimentional beam
equation”, 2008 — local controllability in
H(i;a((o, 1),R) x H?(;)La(((), 1),R), with ¢ > 0 and control p in
H! (R{,R).

loc
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Beam equation with pinned ends, controllability

Control system

Utt + Uzzaa + P(E) (2)Uzz = 0, (t,z) € Ry x (0,1),
u(t,0) = u(t,1) = uzy(t,0) = ugy(¢,1) = 0.
(1)
wu(x) is the effect of an axial force.
G|S
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Beam equation with pinned ends, controllability

Control system

Utt + Ugxxx +p(t):u’($)uix - O) (t) l’) S ]R-‘r X (05 ]-)7
u(t,0) = u(t,1) = uzy(t,0) = ugy(¢,1) = 0.
(1)
wu(x) is the effect of an axial force.
We introduce the operator A defined by
D(A) := H*n HZ((0,1),R) Av = il
o O ) ) 9 Dt dx4.
G|S
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Beam equation with pinned ends, controllability

Control system

Ut + Upgze + () p(x)Uzy = 0, (t,z) € Ry x (0,1),
w(t,0) = u(t,1) = uge(t,0) = uz,(t,1) = 0.
(1)
wu(x) is the effect of an axial force.
We introduce the operator A defined by
' 4 9 Ao - d*v
D(A) := H* N Hy((0,1),R), V=g
whose eigenvalues and eigenvectors are
A =y = (kn)*, o = V2sin(krz),  Vk e N*
G|S
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Beam equation with pinned ends, controllability

Control system

{ Ut + Upgze + () p(x)Uzy = 0, (t,z) € Ry x (0,1),
w(t,0) = u(t,1) = uge(t,0) = uz,(t,1) = 0.
(1)

wu(x) is the effect of an axial force.
We introduce the operator A defined by

d*v

D(A) := H* N HZ((0,1),R),  Av:= T

whose eigenvalues and eigenvectors are
A =y = (kn)*, o = V2sin(krz),  Vk e N*

Y (t, z) = @ (z)e ¢ are solutions of (1) with control p=0. G|S
I
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Beam equation with pinned ends, controllability

The system
Ut + Upgzr + D) p()uze + f(t) =0, (t,z) € Ry x (0,1),
u(t,0) = u(t,1) = ugs(t,0) = uge (¢, 1) =0,
u(0,2) = ug(w), ur(0,) = u ()
(2)
can be transformed into the Cauchy problem
{ G = —Av = p(t)u(2)BY + F(b), 3)
¥(0) = tho
G|S
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Beam equation with pinned ends, controllability

The system
Ut + Upgzr + D) p()uze + f(t) =0, (t,z) € Ry x (0,1),
u(t,0) = u(t,1) = ugs(t,0) = uge (¢, 1) =0,
u(0,2) = ug(w), ur(0,) = u ()
(2)
can be transformed into the Cauchy problem
{ G = —Av = p(t)u(2)BY + F(b), 3)
¥(0) = tho

where the linear operators A e B are defined as follows

= Hy x H3((0,1),R),  D(B):= H§ x L*((0,1),R)

() (- 5
and F: (0,T) — HZ x L?((0,1),R). !
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Beam equation with pinned ends, controllability

By choosing v = (u,u), Yo = (uo,u1), and F = (0, —f) the
problems (2) e (3) are equivalent.
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Beam equation with pinned ends, controllability

By choosing v = (u,u), Yo = (uo,u1), and F = (0, —f) the
problems (2) e (3) are equivalent.

Let us consider as solution of the homogeneus problem

@El(ta'r) = (wl(tvx)a (¢1(7571‘))t)

and initial datum

Y(0,2) = ¢1(z) = (p1(2), Migr(z))
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Beam equation with pinned ends, controllability

Let T >0 and € H3((0,1),R) such that
c

5, VEEN. (4

de >0 such that |(pu(e1)zz, 9k)| >

There exists § > 0 and a C' map
r:vr— LQ((()?T)aR)a
Vr = {¥) € SNHy) x i) ((0,1),0); 185~ (T)l s, xary, <

such that, T(41(T)) = 0 and for all U; € Vr the solution of (3),
with ¥ = (u,u), Yo = (uo,u1), initial condition

Yo = ¢1 (5)

and control p = T'(Wy), satisfies (T) = V.

IB?
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Beam equation with pinned ends, controllability

Sketch of the proof:

@ proof of existence, uniqueness and
CY([0,T], H2 x L?((0,1),R)) regularity of the weak solution
of
w(o) = wo:
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Beam equation with pinned ends, controllability

Sketch of the proof:

@ proof of existence, uniqueness and
CY([0,T], H2 x L?((0,1),R)) regularity of the weak solution

f
° { & = —AY — p(t)u(x)By + F(t), (6)
w(O) = lbO;

@ definition of
Vp = {€ = (€', €%) € L x L*(0,1); 3(iM & +€%, 41 (1)) = 0}
and the othogonal projection onto Vi

Pr:L? x L*((0,T),R) — Vy.
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Beam equation with pinned ends, controllability

@ definition of the end point map

Or : L*((0,T),R) — Vy N HE x L*(0,1)
u— Pply(T)],

Cristina Urbani Controllability of the beam equation



Beam equation with pinned ends, controllability

@ definition of the end point map

Or : L*((0,T),R) — Vy N HE x L*(0,1)
u— Pply(T)],

e proof of C! regularity of O,
dOr(p) - g = Pp(V(T)) where ¥ is solution of the linearized

system,

{ t = —AV — p(t)u(x)BY — q(t)u(x)By,
W(t,0) = ¥(t,1) =0,¥(0,2) =0
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Beam equation with pinned ends, controllability

@ definition of the end point map

Or : L*((0,T),R) — Vy N HE x L*(0,1)
u— Pply(T)],

e proof of C! regularity of O,
dOr(p) - ¢ = Pr(¥(T)) where U is solution of the linearized
system,

= —AV — p(t)u(z)BY — q(t) () By,
\Il(t, 0) = U(t,1) = 0, ¥(0,z) = 0

@ proof of the existence of the map

dOr(0)™t: Vp N HE x L2(0,1) — L?((0,T),R)
) G|S

and its CY regularity (controllability of the linearized system
I

Cristina Urbani Controllability of the beam equation



Beam equation with pinned ends, controllability

@ definition of the end point map

Or : L*((0,T),R) — Vp N Ha x L*(0,1)
u— Pply(T)],

e proof of C! regularity of O,
dOr(p) - ¢ = Pr(¥(T)) where U is solution of the linearized
system,

{ = —AV — p(t)u(x)BY — q(t) () By,
W(t,0) = W(t,1) =0,¥(0,2) =0

@ proof of the existence of the map

dOr(0)™t: Vp N HE x L2(0,1) — L?((0,T),R)
) G|S

and its CY regularity (controllability of the linearized system
I

e moment problem — (Corollary of) Ingham inequality

Cristina Urbani Controllability of the beam equation



Beam equation with pinned ends, controllability

Moment problem to solve

T
—/ q(s)e*i(’\’fh)sds =dp_1(¥y) :=
0

@) a) (3@ @)\ o
@)1 @) @) W@ @mon@) ) ©

)\k+
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Beam equation with pinned ends, controllability

Moment problem to solve

T
—/ q(s)e*i(’\’fh)sds =dp_1(¥y) :=
0

(o W@y L W@ea)
@)1 @) @) W@ @mon@) ) ©

We need to show that given

Uy = (U}, 0%) € Ve N Hg x L*(0,1),

there exists
g € L*((0,T),R)

that satisfies the moment problem. G|S
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Beam equation with pinned ends, controllability

Corollary (of Ingham Theorem)

Let T > 0 and (wk)ken an increasing sequence in [0, 400) such
that wyg = 0, and

Wgt1 — W — +00 when k — +o00.

There exist a linear and continuous map

L:12(N,C) — L*((0,T),R),
d— L(d)

such that, for all d = (dy.)ken € I2(N, C), the function v := L(d)
solves

T
/ v(t)e“rtdt = dy, Vk € N.
0
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Beam equation with pinned ends, controllability

We should ensure that
e dy € R: ) )
<:U’($)(901):ca:7 ()01>
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Beam equation with pinned ends, controllability

We should ensure that
e dy € R: ) )
MU+ U4 .
dy = (iAW ‘P1>e—z>\1T cR
<:U’($)(901):ca:7 ()01>
] (dk)kEN S l2(N,(C)Z
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Beam equation with pinned ends, controllability

We should ensure that
e dy € R: ) )
<:U’($)(901):ca:7 ()01>

o (di)ken € I%(N,C):

Z|dk(‘1’f =
& (@), k(@) (U2(2), ok (@) > o]
- kz:: < (@1 @)eer @) T (@01 () as, 0@
-, (W), ou(@) LI (W2(x), o(x) |

1| {((@)p1(2)) 2z, or(2))

(T @sen@l ;5 :

(@)1 (2))ew; r(2))

L@, en@l :

Mg T8

IN
N}

>
Il
-

\<k5\1’}(z),wk(z)>lgw4 N (k0% (@), or (@) ]2

Il
vt

™
Il
i
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Beam equation with pinned ends, controllability

Recall: the space

is equipped with the norm

1811, = S K4, u) >
k=1
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Beam equation with pinned ends, controllability

Recall: the space

H(SO)(I,(C)
is equipped with the norm
_ s 2
16llg, = > k(o).
k=1

We can conclude the proof defining

D(Vy) =: O [Pry).
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Beam equation with pinned ends, controllability

Recall: the space

H(SO)(I,(C)
is equipped with the norm
_ s 2
16llg, = > k(o).
k=1

We can conclude the proof defining
D(Vy) =: O [Pry).

Therefore the solution of the control system with p = I'(¥¢)
satisfies

W(T) = Pr($(T)) + /1= [|Pro(D)|2,,, 2B(T) =

= Pr(Wg) + /1= |Pr¥y|3,, . 0(T) = ¥y .
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Beam equation with sliding ends, controllability

Let us consider the system

{ Ut + Uggaa +p(t):u(x)u:rx =0, (t,l‘) € R+ X (07 1)7
Uz (t,0) = ug(t, 1) = Ugae(t,0) = ugar(t, 1) = 0.
(7)
G|S
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Beam equation with sliding ends, controllability

Let us consider the system

{ Ut + Uggrr + D) p(x)ugy = 0, (t,z) € Ry x (0,1),
Uz (t,0) = ug(t, 1) = Ugae(t,0) = ugar(t, 1) = 0.
(7)
We introduce the operator A defined by
D(A) := H*n HZ((0,1),R) Av = '
«— 0 5 3 5 «— dx4 .
G|S
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Beam equation with sliding ends, controllability

Let us consider the system

{ Utt + Uzzze +p(t):u(x)u:rx =0, (t, l‘) € Ry x (07 1)7
Uz (t,0) = ug(t, 1) = Ugae(t,0) = ugar(t, 1) = 0.
(7)
We introduce the operator A defined by
D(A) := H*n HZ((0,1),R) Av = '
«— 0 5 3 5 «— dx4 .
whose eigenvalues and eigenvectors are
e = (km)t, or = V2cos(krz), VEk € N*.
G|S
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Beam equation with sliding ends, controllability

Let us consider the system

{ Ut + Uggrr + D) p(x)ugy = 0, (t,z) € Ry x (0,1),
Uz (t,0) = ug(t, 1) = Ugae(t,0) = ugar(t, 1) = 0.

(7)
We introduce the operator A defined by

d*v

D(4):= H'NH((0.1),R),  Avi= .

whose eigenvalues and eigenvectors are
e = (km)t, or = V2 cos(kmz), VEk € N*.
Again the system can be transformed into

{ O = — Ay — p(t)u(x) By + F(t), G|S
¥(0) = o |

Cristina Urbani Controllability of the beam equation



Beam equation with sliding ends, controllability

Let T >0 and € H3((0,1),R) such that
c

o VheN

de > 0 tale che |<M(<p1)zza (Pk>| >

There exists I' > 0 and a C' map
r:vr— LQ((()?T)aR)a

Vr = (U5 € SHG) x HE) ((0,1), 0 185~ (Tl g, iz, <

such that, T(41(T)) = 0 and for every U; € Vr the solution of
(7), with ¥ = (u,ut), o = (up,u1), initial condition

Yo = P1 F
and control p = I'(Vy), satisfies 1(T') = V. I

Cristina Urbani Controllability of the beam equation




Beam equation with sliding ends, controllability

If we compute explicitly

_1)ko(k2 9
(@) (1)we, or) = 1/ (1) [M] o) [2<k + 1)}

(K12 (212
e, sin((k + 1)wz)  sin((k — 1)7wz)
- (T ) @
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Beam equation with sliding ends, controllability

If we compute explicitly

_1)ko(k2 2
(@) (P1) e o) = 1'(1) [%] W) [?g —+1>13]

e, sin((k + 1)wz)  sin((k — 1)7wz)
- (T ) @

we have

Z\dk V2=

2

NE

< (U} (@), on(2)) A+ (W3 (2), pi(@)) ) iR
(m(@)e1(2))za, r(2)) ((@)p1(2))zz, or(2))

k

Il
-

gzi (OL@),oe@) LI (02(2), er(@)| |
= {(n@)er (@) ze, e (2)] (@)1 (@), or ()]
s2i (v} (m)cm z)) k47r22+ |<w;<x>;wk<m>>| k;’
k=1
_ 2§2 |<k4w3c<x>c,gok<x>>\2ﬂ4+ \<k2ﬂz2(w>c i (@))]?
k=1
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Beam equation with sliding ends, controllability

If we compute explicitly

_1)ko(k2 2
(@) (P1) e o) = 1'(1) [%] W) [?g —+1>13]

e, sin((k + 1)wz)  sin((k — 1)7wz)
- (T ) @

we have

Z\dk V2=

2

NE

< (U} (@), on(2)) A+ (W3 (2), pi(@)) ) iR
(m(@)e1(2))za, r(2)) ((@)p1(2))zz, or(2))

k

Il
-

gzi (OL@),oe@) LI (02(2), er(@)| |
= {(n@)er (@) ze, e (2)] (@)1 (@), or ()]
s2i (v} (m)cm z)) k47r22+ |<w;<x>;wk<m>>| k;’
k=1
_ 2§2 |<k4w3c<x>c,gok<x>>\2ﬂ4+ \<k2ﬂz2(w>c i (@))]?
k=1

Thanks for your attention!
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