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Coefficient inverse problem in the wave equation
In a smooth bounded domain Q C R", it writes for instance,

Btty(t’ .73) - Aacy(tvx) —|—p(.77)y(t,1‘) = f(tv '7;)7 (t,I) € (O7T) X Q’
y(t,x) = g(t,z), (t,z) € (0,T) x O
(y(ovx)aaty(ovx)) = (yo(x)»yl(x)), x € 0.

or with variable speed

Oy — V- (a(x)Vy) = f, in (0,7) x £,
Y=g, on (0,T) x 09,
(y(o)v 8ty(0)) = (y070)7 in Qv

e Given data : Source terms f, g; initial data : (y°,y');
e Unknown : the potential p = p(z) or the speed a = a(z);

o Additional measurement : the flux d,y(¢,z) on (0,T) x 9.
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Several comments

» The determination in Q2 of p or a from an additional measurement
are inverse problems for which uniqueness and stability are
well-known and proved using Carleman estimates.

» Classical reconstruction method : minimizing

J(q) = [19uyla] — duylplll,

generally not convex ~» may have several local minima.
Algorithms not guaranteed to converge to the global minimum.

» Klibanov, Beilina and co-authors have worked a lot on related
questions...
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The Weighted Energy Inversion Procedure

e Goal : propose an algorithm to compute the unknown coefficient,
satisfying :

» some convergence estimates with no a priori guess;
» easy implementation & numerical efficiency.

e Core idea of WEIP : build a convergent algorithm of reconstruction
taking advantage of

» the appropriate Carleman estimates to build the cost functional;

» the structure of the proof of stability to prove the convergence.
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Introduction Generalities Reconstruction Lipschitz stability

Determination of the potential in the wave equation
Oy — Ay +py = f, (0,7) x Q,
y=g, (0,T) x 992
((0),9y(0)) = (4°, "),

Is it possible to retrieve the potential p = p(x), z €  from
measurement of the flux 0,y(t,xz) on (0,T) x 09 ?

> Uniqueness : Given p1 # p2, can we guarantee 9, y[p1] # dvy[p2]?
> Stability : If 9,y[p1] ~ d,y[p2], can we guarantee that p; ~ ps ?

» Reconstruction : Given 9, y[p], can we compute p?
e Known results : Uniqueness (Klibanov ’92) and stability (Yamamoto
’99, Imanuvilov Yamamoto ’'01), using Carleman estimates.

e Main question : Reconstruction ; how to compute the potential from
the boundary measurement ?
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Introduction Generalities Reconstruction Lipschitz stability

Natural idea for reconstruction

Given a continuous measurement .7 [p] = d,y[pl| (o 1)xo0
» Discretize the wave equation
Ouyn — ApYn + pryn = fn = f,
Ynl(o,1)x00 = 9n = 9,
(yn: Oeyn) (t = 0) = (v, i) = (v%,y").
» Solve the following discrete inverse problem : Find a
potential p;, so that the corresponding discrete solution
yn|pn] approximates at best the measurement :

nynlpnll (0.1)x00 (6 @) = A [p](t, )
i.e. pp, = Argmin, {|Onynlan] — 4 [pl]]..

Question: Do we getp, ~p?
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Introduction Generalities Reconstruction Lipschitz stability

First goal :
Analyze the convergence of the discrete inverse problems.
presented in Benasque 2011.
Remarks :

» Natural question for all inverse problems in infinite dimensions :
Finding a source term, a conductivity...

» Depends a priori on the numerical scheme employed.

Main difficulty :

» Different dynamics for the wave equation and its discrete
approximations, cf Ervedoza - Zuazua '11 :
~~ Numerical artefacts : High-frequency spurious waves,
generated by the schemes.
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Introduction Generalities Reconstruction Lipschitz stability

Second goal :

Propose a globally convergent algorithm for reconstruction.
presented in Benasque 2013.

Remarks :

» Reconstruction of the potential, with a single boundary
measurement (during a time 7' large enough) ;

» Using the observation .Z[p] = J,y[p], a classical method for
solving this inverse problem consists in minimizing

J(q) = 10 (Buyla) — A [P)) 1221 x (0.1))
~~ not convex ~ local minima;

» Our algorithm will be based on Carleman estimate and the
proof scheme of the stability result.
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Introduction Generalities Reconstruction Lipschitz stability

Third goal :

Propose a numerically efficient algorithm.

Remarks :
Minimizing a strictly convex and coercive quadratic functional based
on a Carleman estimate means dealing with ¢25¢™" for large

parameters s and ...
Idea : Our more recent algorithm will be based on
» a single parameter Carleman estimate,
» a preconditioning of the cost functional (conjugate variable),

» and the splitting of the observations by cut-off.
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Introduction Generalities Reconstruction Lipschitz stability

Stability Result (Yamamoto 99, LB-Puel '01)

Let zp € RV \ Q and let I'y and T satisfy g0
{x e d, (x —x9) -v(x) >0} Ty ; T> %1618{\7" — o}

Let the potential p, the initial data 3° and the solution y[p] s.t.

1Pl o) < m, ggg{lyo(ff)l} >~ >0, ylpl € HY(0,T;L%(2))

Then, one can prove uniqueness and local Lipschitz stability of
the inverse problem for the wave equation : Vg € LZ, (1),

1
C lp — (JHLz(Q) < |0vylp] — auy[Q]HHI((O,T);LZ(FO)) :
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Introduction Generalities Reconstruction Lipschitz stability

Carleman Estimate (Imanuvilov '02, LB-Puel °01)

Assuming {z € 09, (z — x0) - v(x) > 0} C Ty, there exists sy > 0,
A>0 and M = M(sg, A\, T, 3,2z9) > 0 such that :

T T
s/ /625@(|8tw|2+|Vu*2)dmdt+53/ /625@|w2d$dt
—TJQ -TJQ

T T
< ]W/ / %52 | Opw—Ayw)|? dwdt—l—]ﬂs/ / e |0, w|? dodt
J=T JQ -1 JT'g

forall s > sg, w € L2(—T,T; H}(Q)) and ¢ satisfying

Opw — Ayw € L2(Q x (=T, 7)), B € (0,1),Cy large enough,
d,w € L*(—T,T; L*(Ty)), W(z,t) = |z — 0|2 — B2 + Co,
IU(iT) = (?tu?(iT) =0inQ ) W(T,t) _ e)x’zﬁ)(:x:,t).

~ but also Zhang, Klibanov,...
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Towards a (re)constructive approach
It is easy to check that Z = 0, (y[p] — y[q]) satisfies

ouZ — AN Z +q(x)Z = (q—p)owpl, (t,x) € (0,T) x Q,
Z(t,z) =0, (t,z) € (0,T) x 00
(2(0,2),0.200,2)) = (0.4 p"), zED

Main idea : source term (¢ — p)0,y|[p| less relevant than initial
data (¢ — p)y", thanks to the Carleman estimate, whereas

0,7 = 00yylp] — Odyylg] on (0,T) x Ty is known.

~~ Hence, we try to fit Z using this information,
and apply the following new Carleman estimate.
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Algorithm Idea and Algo  First numerics New Algorithm

A new Carleman estimate (LB, de Buhan, Ervedoza '13)
Assuming g € LZ, (), Ly = 0u — Ay + q(2),

{r €0Q, (t —x9)-v(z) >0} C Ty, suple—mxo <pT
e

dso >0, A >0and M = M(so, A, T, 3,29,m) > 0 such that

// 259 (|0w]? + |Vw|® + s*|w|?) dzdt + 91/2/ 25200 9,0(0)|? da:

M// e**?|L, w|2dxdt+Ms// e |9,w|? dodt,
1)

for all s > sg and w € L?*(—T,T; H} (2)) satisfying

Lyw e L*(Q x (=T,T))
d,w € L*((0,T) x Tg),
w(0,z) =0, Vx € Q.
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Algorithm

Initialization : ¢° = 0 or any initial guess.
lteration : Given ¢*,
1 - Compute w[q"] the solution of

Ofw — Aw + ¢*w = f, in Q x (0,7),
w=9g, on 90 x (0,7),
w(0) = wo, OGw(0) =wi, inQ,

and set ;% = 0, (0,w[¢"] — d,w[p]) on Ty x (0, T).
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Algorithm

Initialization : ¢° = 0 or any initial guess.

lteration : Given ¢*,

1 - Compute w[q"] the solution of
2w — Aw + ¢Fw = f, in Q x (0,7),
w=g, on 99 x (0,7,
’UJ(O) = Wo, 8tw(0) = Wxq, in Qa

and set ;/* = 9, <8V’w[qk] — 0,,’11}[])]) onTy x (0,7).
2 - Introduce the functional

T T
J(I)c(z) = / / t5’28%0|Lq’fz|2 + 8/ / |0,z — 1i*|?,
0 Q 0 To

on the space 7% = {z € L2(0,T; H}(Q)), 2(t =0) = 0,
Lyze L*(Qx(0,7)),0,z € L*(I'g x (0,T))}.
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Algorithm Idea and Algo  First numerics New Algorithm

Theorem

Assume the geometric and time conditions. Then, for all

s> 0 andk € N, the functional Jk is continuous, strictly convex
and coercive on T* endowed with a suitable weighted norm.
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Algorithm Idea and Algo  First numerics New Algorithm

Theorem

Assume the geometric and time conditions. Then, for all

s> 0 andk € N, the functional Jk is continuous, strictly convex
and coercive on T* endowed with a suitable weighted norm.

3 - Let Z* be the unique minimizer of the functional J§, and
then set

~ ALY
Fri—ghy 2 (0)
w

where wy is the initial condition of (1).

o (qk-I-l o qk)wo — 6tZk(0),
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Algorithm Idea and Algo  First numerics New Algorithm

Theorem

Assume the geometric and time conditions. Then, for all

s> 0 andk € N, the functional Jk is continuous, strictly convex
and coercive on T* endowed with a suitable weighted norm.

3 - Let Z* be the unique minimizer of the functional J§, and
then set

~ ALY
Fri—ghy 2 (0)
w

where wy is the initial condition of (1).

o (qk-I-l o qk)wo — 6tZk(0),

4 - Finally, set

N q, if [g| <m,
=T ), where To(o) ={ .

sign(g)m, if |g| > m.
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Algorithm Idea and Algo  First numerics New Algorithm

Algorithm’s convergence (LB, de Buhan & Ervedoza 13))

Theorem
Assuming the geometric and time conditions (among others),
there exists a constant M > 0 such thatVs > so(m) and k € N,

M
e?sap(O) k+1 2 dx < / 62890(0) qk -Q 2 do.
[0 @ de < I [ @0t - Q)

In particular, when s is large enough, the algorithm converges.

Remark : This algorithm converges to the global minimum from
any initial guess.
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Algorithm Idea and Algo  First numerics New Algorithm

Numerical Simulations

» Q=0,1,20=-01,Tg={z=1},g=0,3=0.99, T = 1.5,

A=0.1,s=1;
—— - - - - - - - - - - - - - - - ++ Iy
Zo 0 1

» Discretization with the finite-difference method : N +1 = 1,
(Apyn); = y”lfzh#, vje{l, - ,N}
» Penalization of high-frequencies with an extra regularization
T r1
term in the cost funct. : / / e2s¢
JOJO

the discrete Carleman estimates, to have uniformity with respect
to the discretization parameter h. Constraint : sh small enough.

ho,f 0z, dt, coming from

~» 1D convergence result (LB & Ervedoza '13)
~» 2D case (LB & Ervedoza & Osses ’15)
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Algorithm Idea and Algo  First numerics New Algorithm

» Without noise, for p(z) = sin(27x), one has

o

e

e

W,

» Noise parameter o = 10%

"
5
o] T
e
4
"
o
P,
20 —

FIGURVE — Without (left) and with (right) regularization term.
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Algorithm Idea and Algo  First numerics New Algorithm

» s and A should be large to ensure the convergence of the
algorithm. But for A\ =1 and s = 3,

max(exp(2s¢))/ min(exp(2sg)) = 101101

» This first version of our theoretical algorithm is totally
useless in practice. We made several improvements to be
able to implement it numerically...

~ leading to a new numerically efficient algorithm.
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New Algorithm

The algorithm is modified according to the following items...
» Single parameter Carleman estimate;
» Preconditioning of the cost functional ;
» Splitting of the observations by cut-off;

... and the convergence result remains the same.
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A single parameter Carleman estimate
(Lavrentiev Romanov Shishatskii ’86)
Assuming the geometric condition on Iy, L, = 0y — A, + g(x),

q € L, (Q), sup,cq oz — x| < BT and o(t,z) = [z — x0|* — t7,
then 3sp > 0and M = M (s, T, 3, z9,m) > 0 such that

T
31/2/ 250 9,10(0)|? deM// e**¢| Lw|? dadt
Q 0/Q

initial energy source

T -
+ Ms // e*? |0,w|? dodt + Ms® // e**?|2|* dxdt
0JT J J{e<0}

observation
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Algorithm Idea and Algo  First numerics New Algorithm

Preconditioning the new cost functional

We remove some exponential factors by introducing the
conjugate variable y = ¢¥z in the new functional

T . n
/ /I kyl2+5/ 0y — 7 pF P + 57 // lyl?,
To J{p<0}

which is minimized on the same set 7" as before and where the
conjugate operator is .%; , = ¢ (97 — A + q)e™*¢.

Nevertheless, there is still an exponential factor in the measurements.
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Algorithm Idea and Algo  First numerics New Algorithm

Dealing finally with the observations

We split the observations in several parts and consider intervals in
which the weight function does not significantly change. To do that :

N
i =niQut,  YreR, Y n(r) =n(r),
Jj=1

where the n; are the following cut-off functions (¢ = infg |z — 0|?) :

T
n

3 72 m
ol T o

Y; minimizer of f’“[uf] = Y= Z;V:l Y; minimizer of J*[*].
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Algorithm Idea and Algo  First numerics New Algorithm

Discretization of the problem

] 0=-03To={x=1}, =099, T =1.3, s = 100,
2, up(zr) = 2+ sin(zw) and uy = 0.

C).—.

0 1

To

I'o

» To avoid the inverse crime, we use # schemes and # meshes in
the direct and inverse problems :

» direct problem : finite differences in space h = 0.00025,
implicit theta scheme in time 7 = 0.00033;

» inverse problem : finite differences in space h = 0.05,
explicit Euler scheme in time 7 = 0.05, thatis CFL = 1.
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Algorithm Idea and Algo  First numerics New Algorithm

lllustration of the convergence of the algorithm

(c) ¢* (d) ¢
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Algorithm Idea and Algo  First numerics New Algorithm
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Idea and Algo  First numerics New Algorithm

Algorithm

1 1

(b) p heaviside

(c) p(z) = sin(3Z;



Algorithm Idea and Algo  First numerics New Algorithm

.
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Algorithm Idea and Algo  First numerics New Algorithm

Wrong choices of the parameters

(a) Wrong choice of m (b) uo vanishes at z = 0.5

(€) No viscous term (dT=09<1
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Algorithm Idea and Algo  First numerics New Algorithm

With noise on the measurement of the flux

s = 10 and the noise is multiplicative : 1%, 5%, 10%.

Taking s too large seems to amplify the effects of the noise...
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Algorithm Idea and Algo  First numerics New Algorithm

Numerical results in 2D
Q=1[0,1]%, 20 = (-0.3,-0.3)and Ty = {zx = 1} U {y = 1}

Exact potentials (top) vs Numerical potentials (bottom).
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Algorithm Idea and Algo  First numerics New Algorithm

(b) 3D view

(¢) Numerical (d) 3D view
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Algorithm Idea and Algo  First numerics New Algorithm

(¢) Numerical (d) 3D view
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Outline

Reconstruction of the speed
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Recovery of the main coefficient

Wave equation with variable speed :

Oy — V- (a(x)Vy) = f, in(0,T) x Q,
y=9, on (0,T) x 0%,
y(0) =yo, Owy(0) =0, inQ,
e Given data : Source terms f, g, initial data : (3°,0),
boundary value a = a on 9f2.

e Unknown : the speed a = a(z), inside .
e Additional measurement : 9,y(t,z) on (0,T) x 9.

Goal : Find the variable speed a = a(x).
~» Application in medical imaging.
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Setting and assumptions

X0 . . e
Geometric and time conditions :

Jzo € Q, such that
ToD{z €9, (x— =) v(xz) >0},

SUPyeq € — 2ol

T> /B

» Regularity assumption on the solution y]a]
» Initial orientation condition : |Vwg () - (x — x¢)| > 79 > 01in Q.

> Vao,a1.60,a = {a € C’l(ﬁ), 0<ap<ac<a,
a+3Va- (z—1x0) > By >0aeinQ, a=aondQ}.

~» Ongoing work.
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L invocucion Agoritim Speod

ldea

The speed reconstruction algorithm is based on the fact that if
y[a], y[a*], are the solution of the wave equation, then

2 = 9 (yla*] - yla]

solves
022k — V- (a¥V2F) = g, in (0,7) x Q,
2k =0, on (0,T) x 99,
28(0,-) =25, 0,28(0,-) =0, inQ,

where

§" =V ((d" —a)Viyla)), ==V ((a"—a)Vuw),
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The algorithm is constructed on the minimization of
T a1t / / e*?|922 — V - (a*V2)|? dedt

3
+ / / e**?|0,z — p|? dodt + = // *?|2|? dadt
2Jo Jr 2 JJe

in order to approximate 2% = n(y)z*, that satisfies :
> 25(0,-) = n(#(0,-))z5 = V- ((a* — a) Vo) ;
» 8 = n(p)2* vanishes in Q;
> 0,2% = ¥ in (0,T) x T.
Finally, we will need to study the first order differential equation

that encapsulate a* — a.

* k Kk
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Thank you for your attention.

*
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Thank you for your attention.
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