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u = u(t, x) population density
t time
x biological age/size/(trait)

∂tu + ∂x
(
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∫
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)
= −d(t, x , u,

∫
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u)

u(0, x) = ū(x)

Balance Law with Boundary
NonLocal flow
NonLocal source
NonLocal boundary data



RMColombo

Introduction: Conservation Laws – Keywords

∂tu + divx f (t, x , u) = g(t, x , u)

x ∈ RN u ∈ Rn

N = 1, n ≥ 1 N ≥ 1, n = 1

Norm: ‖ · ‖L1
x regularity: x → u(t, x) L1, L∞, BV

t regularity: t → u(t) L1 – Lipschitz

uo dependence: uo → u(t) L1 – Lipschitz
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I NonLocal Conservation Laws:
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I (Christoforou: JHDE, 2007)

I Granular Materials
I Vehicular Traffic
I Crowd Dynamics
I Numerical Methods
I Degasperis–Procesi, Camassa–Holm & Ostrovsky–Hunter
I Measure Valued Conservation Laws

I Structured Population

I ≈ 2000 items in MathSciNet (190 books)
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I NonLocal Conservation Laws:
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I Granular Materials
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Structured Population on Graphs

(in collaboration with M.Garavello)
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Role of the Graph

The standard setting:

0 x
Juvenile – Adult:

0 x

J A

(Carrillo, Cuadrado & Perthame: Math.Biosci., 2007)

(Ackleh & Deng: SIAM Appl.Math., 2009)

(Ackleh & Ma: Numer.Funct.Anal.Opt., 2013)
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Juvenile – Adult:
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∂tui + ∂x
(
gi (t, x) ui

)
= di (t, x) ui

gi (t, 0) ui (t, 0+) = Bi
(
t, u1(t), . . . , un(t)

)

ui (0, x) = ūi (x)

t ∈ R+ time gi growth
x ∈ R+ age −di death

ui ∈ R+ density Bi birth/change
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(
gi (t, x) ui

)
= di (t, x) ui

gi (t, 0) ui (t, 0+) = Bi
(
t, u1(t), . . . , un(t)

)

ui (0, x) = ūi (x)

Bi (t, u1, . . . , un) = αi

(
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)

+βi

(∫

I1

w1(x) u1(x) dx , . . . ,

∫
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ui lives on [0, x̄i ]
ui is fertile for x ∈ Ii
wi fertility of ui

αi transmission
βi natality
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Theorem (Colombo & Garavello: MBE, 2015)

If gi ∈ C1, inf gi>0, supt

[
TV

(
gi (t)

)
+ TV

(
∂xgi (t)

)]
< +∞

di ∈ (C1 ∩ L∞), supt TV
(
di (t, ·)

)
< +∞

αi , βi ,wi ∈ C0,1, αi (t, 0) = 0, βi (0) = 0, infx wi > 0

Then: Existence of a solution
Uniqueness of the solution
Continuous dependence from the initial data
Stability with respect to αi , βi , wi
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∥∥u′
i (t)− u′′

i (t)
∥∥
L1
≤K(t)

n∑

j=1

[∥∥∥ū′
j − ū′′

j

∥∥∥
L1

+ t
∥∥∥ū′

j − ū′′
j

∥∥∥
L∞

]

+H(t)
n∑

j=1

[∥∥∥α′
j − α′′

j

∥∥∥
C0

+
∥∥∥β′

j − β′′
j

∥∥∥
C0

+
∥∥∥w ′

j − w ′′
j

∥∥∥
C0

]



RMColombo
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0

M

F

M males F females

(N. Keyfitz: VI Berkeley Symp. Math. Stat. Prob., 1972)
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∂tM + ∂aM = −κµM
∂tF + ∂aF = −(1− κ)µF

M(t, 0) + F (t, 0) = νmin

{
ϑ

∫ m2

m1

M(t, a)da , (1− ϑ)

∫ f2

f1

F (t, a)da

}

ηM(t, 0) = (1− η) F (t, 0)

η relative natality in [0, 1]
κ relative mortality in [0, 1]
ϑ coupling habits in [0, 1]

µ mortality in R+

ν natality in R+

κ = 0 no Male dies
κ = 1 no Female dies

η = 0 no Female is born
η = 1 no Male is born

∫
F

∫
M

(1− ϑ)
∫
F

ϑ
∫
M
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κ = 0.600 η = 0.485 ϑ = 0.7067

Age pyramid - “slowly” growing
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Example: Age & Sex Structured Population

κ = 0.600 η = 0.300 ϑ = 0.7067

Lower η ⇒ too many M are born ⇒ extinction
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Example: Age & Sex Structured Population

κ = 0.400 η = 0.485 ϑ = 0.7067

Lower κ ⇒ too many F die ⇒ extinction
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κ = 0.600 η = 0.485 ϑ = 0.5000

Lower ϑ ⇒ extinction
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Example: Age & Sex Structured Population

Optimal Mating Ratio: ϑ(t) =

∫ f2
f1

F (t, a) da
∫ m2

m1
M(t, a) da +

∫ f2
f1

F (t, a) da

Optimal Fertility Rate:
ν

1∫ m2

m1
M(t, a)da

+
1

∫ f2
f1

F (t, a)da

(Colombo & Garavello: MBE, 2015)
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Control

⇐⇒
Management of a Biological Resource

(in collaboration with M. Garavello)
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Management of a Biological Resource

0 ā

S

R

J





∂tJ + ∂a
(
gJ(t, a) J

)
= dJ(t, a) J

∂tS + ∂a
(
gS(t, a) S

)
= dS(t, a) S

∂tR + ∂a
(
gR(t, a) R

)
= dR(t, a) R

gJ(t, 0) J(t, 0) =
∫

w(α) R(t, α)dα
gS(t, ā) S(t, ā) = gJ(t, ā) J(t, ā)
gR(t, ā) R(t, ā) = (1− ) gJ(t, ā) J(t, ā)

J Juveniles a ∈ [0, ā]
S Sold a ∈ [ā,+∞[
R Reproduction a ∈ [ā, amax]
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Profit = [income from S ]− [costs of J,S ,R]
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Find η to maximize the profit

Stability estimates ⇒ existence of an optimal η
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Find η to maximize the profit

Stability estimates ⇒ existence of an optimal η

The Profit is Differentiable w.r.t η!
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0 ā
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R

J
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(
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S

R

J





∂tJ + ∂a
(
gJ(t, a) J

)
= dJ(t, a) J

∂tS + ∂a
(
gS(t, a) S

)
= dS(t, a) S

∂tR + ∂a
(
gR(t, a) R

)
= dR(t, a) R

gJ(t, 0) J(t, 0) =
∫

w(α) R(t, α)dα
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S(t, āi+) =
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gJ(t, ā) J(t, ā)
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CJ =
∫∫

CJ

(
t, a, J(t, a)

)
da dt

CS =
∫∫

CS

(
t, a, S(t, a)

)
da dt

CR =
∫∫

CR

(
t, a,R(t, a)

)
da dt

I =
∫ ∑

i ϑi(t)Pi (t) S(t, āi−) dt
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How to find the
optimal control?
maximal profit?

Bang–Bang controls

Theorem (Colombo & Garavello: ESAIM – COCV, 2017)

For any ε > 0 there exists a bang–bang control (ηε, ϑε) such that

P(ηε, ϑε) ≥ supP(η, ϑ)− ε
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Theorem (Colombo & Garavello: Nonlinear An. RWA, 2017)

If η(t) =
∑

i ηi χ[τi−1,τi [
and ϑ(t) =

∑
i ϑi χ[τi−1,τi [

, then

P is a polynomial in η1, η2, . . . , ϑ1, ϑ2, . . .

(+ bounds on the degree)
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Management of a Biological Resource – Example
gJ(t, a) = 1.00 dJ(t, a) = 1.50 cJ(t, a) = 0.25 Jo(a) = 1.00
gS(t, a) = 1.00 dS(t, a) = 0.50 cS(t, a) = 0.00 So(a) = 0.00
gr (t, a) = 1.00 dR(t, a) = 0.75 cR(t, a) = 0.00 Ro(a) = 0.00

ā = 1.00 ā1 = 1.50 N = 1
p(a) = 0.00 p1(t) = 8.00 w(a) = 120.00χ

[1.00, 4.00]
(a)

η= η1 χ
[0,1]

+ η2 χ
[1,2]

P =−19.97 + 23.10 η1
+28.18 η2 − 28.18 η1 η2
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Management of a Biological Resource – Example
ā = 1.00 dJ(t, a) = 0.50 cJ(t, a) = 0.25 p(a) = 1.00 Jo(a) = 1.00

N = 1 dS(t, a) = 1.00 cS(t, a) = 0.25 p1(t) = 8.20 So(a) = 0.00
ā1 = 1.50 dR(t, a) = 1.50 cR(t, a) = 0.25 w(a) = 10.00 Ro(a) = 0.00

η = η1 χ
[0,0.5]

+ η2 χ
[0.5,1]

+ η1 χ
[1,1.5]

+ η2 χ
[1.5,2]

P(η1, η2) = 3.65 + 0.46 η1 − 0.88 η2 + 1.11 η1 η2 − 1.06 η1
2 + 0.46 η2

2
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