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v”,s! @ Feedback Control of Nonlinear Systems

N [SoNTAG 98]

Given a coupled nonlinear system:

x = Fx(x,w,u),

w = Fyu(x,w,u),

together with a reference solution (X, W, (i) obtained with an open loop
control.

Goal: Stabilization of (X, W, @i) by Riccati feedback.

Motivation: The open loop control @i is not robust against
perturbations and uncertainties.

Strategy: Linearization around (X, W, @1) leads to linear system

(M, A, B,C).
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@ Linear Quadratic Regulator Approach

1 [e.e]
Minimize Tow = [ lly = vall®+ Alul ot
0
subject to M%x(t) = Ax(t) + Bu(t),

y(t) = Cx(t).
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@ Linear Quadratic Regulator Approach

1 o0
Minimize O = [y vall?+ Nul ct
0
subject to M%x(t) = Ax(t) + Bu(t),
y(t) = Cx(2).

Riccati Based Feedback Approach e.g.,[ LocATELLI '01]

m Feedback: K = BTXM,

where X is the solution of the generalized algebraic Riccati equation
CTC+ ATXM + MTXA - MTXBBTXM = 0.

m Optimal control: u(t) = —Cx(t).
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@ Linear Quadratic Regulator Approach

Application Examples

Convection-Diffusion Models: Concentration / Heat Equation
0t + v - VI — aAd =0,
Ov+ (v-V)v —nAv +Vp =0,
V-v=0.
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Linear Quadratic Regulator Approach
Application Examples
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Convection-Diffusion Models: Concentration / Heat Equation
09+ v -V — alAd =0,
Orv+ (v-V)v —nAv 4+ Vp =0,
V.v=0
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& ® Stefan Problem

Phase Change Model: Stefan Problem

T +v-VT —aAT =0, on Qs U,
[ks(VT)s — ki(VT)]= L Vi, on [int,
Otv + (v-V)v —nAv + Vp=0, on Q,
V.-v=0, on €,
p-n—ndpv=u-n, on [,.
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® stefan Problem

Fin
Q
Fint Fout
Qs
[ cool
T +v-VT —aAT =0, on Qs U,
[ks(VT)s — ki(VT)| = L Vin, on Fint,
Ov+ (v-V)v —nAv +Vp=0, on Q,
V.v=0, on
p-n—ndpv=u-n, on .
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® stefan Problem

Difficulties

m discontinuity of the temperature gradient along the interface
L resolve interface with mesh edges, mesh movement
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® stefan Problem

Mesh Movement via Harmonic Extension

AVmesh — 07 on Qs U Q/,

Vimesh — Vint * Mint = 0, on [int.
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® stefan Problem

Stefan Problem with Mesh Movement

8tT—|-(V— mesh) VT —aAT =0, on Qs Uy,
[ks(v T)S o kl(vT)l] =L- Vinta on rint7
AViesh = 0, on Qs U Q,
Vmesh o Vint s Mint = 07 on rint7
Otv + (v — Vineer) - Vv —nAv + Vp=0, on €,
V.-v=0, on Q,
p-n—nd,v=u-n, on [,.
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& ® Stefan Problem

Stefan Problem with Mesh Movement

OtT +(v—Viesh) VT —aAT =0, on Qs Uy,
[ S(vT)s - k/(VT)/] = L- Vi, on [int,

AVinesh = O, on Qs Uy,
Vinesn — (1 16(VT)s ~ k(Y T)]) Mo =0. o Fie,
Otv + ((v — Vineer) - Vv —nAv + Vp=0, on €,
V-v=0, on €,
p-n—nd,v=u-n, on .
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® stefan Problem

Difficulties

m discontinuity of the temperature gradient along the interface
L resolve interface with mesh edges, mesh movement

m linearization of the system
L use reference trajectory o
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® stefan Problem

For linearization use known reference trajectories: T, Vipesh, V

Linearized Stefan Problem

8T +[(v = Vinesn) - VT|- aAT =10, on Qs UQ,
AVmesh — 07 on Qs U Q[,
1
Vinesh — (Z[kS(VT)s — ki(V T)l]) Mg =0, on [int,
6tv+((v_ Vmesh)'v)v_"]AV+VP:0, on Q/,
V.v= 0, on Q/,
p-n—nl,v=u-n, on [y.
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@@ The Riccati Equations

M—x(t) = Ax(t) + Bu(t),
y(t) = Cx(1).
Algebraic Riccati equation:

0=C"C+A"™XM + MTXA - M"XBBTXM.
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& @ The Riccati Equations

M%x(t) = Ax(t) + Bu(t),
y(t) = Cx(t).
Algebraic Riccati equation:
0=C"C+ATXM + M"XA - M"XBB"XM.
M(2) Sx(t) = AX(8) + B(D)u(),
y(t) = C(t)x(t).
autonomous Differential Riccati equation (DRE):

~M"XM =C"C + A TXM + MTX A — MTXBBTXM.

Bjorn Baran: baran@mpi-magdeburg.mpg.de Feedback Control, Moving Interfaces, and Non-Autonomous Riccati Equations 8/16



& @ The Riccati Equations

Autonomous Case

./\/ld

Ex(t) = Ax(t) + Bu(t),

y(t) = Cx(2).
Algebraic Riccati equation:
0=C"C+ATXM + M"XA - M"XBB"XM.
M(2) Sx(t) = AX(8) + B(D)u(),
y(t) = C(t)x(2).
Non-autonomous Differential Riccati equation (DRE):

~MTXM =CTC+ (M + A)TXM + MTX(M + A) — MTXBBTXM.
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@@ The Riccati Equations

An autonomous generalized DRE
~MTXM =CTC+ ATXM + MTXA — MTXBBTXM
can be solved with, e.g.,

m BDF and Rosenbrock methods, [Mena, 2007], [Lang et al., 2015]
m splitting methods,

[Stillfjord, 2015]
m peer methods.

[Lang, 2017]
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@@ The Riccati Equations

An autonomous generalized DRE
~MTXM =CTC+ ATXM + MTXA — MTXBBTXM

can be solved with, e.g.,

m BDF and Rosenbrock methods, [Mena, 2007], [Lang et al., 2015]
m splitting methods, [Stillfjord, 2015]
m peer methods. [Lang, 2017]

For non-autonomous generalized DREs
~MTXM =CTC+ (M + A)TXM + MTX(M 4+ A) = MTXBBTXM,

the methods above lead to large requirements of memory and
computational time.
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& @ Time Invariant Subspace

Autonomous DRE: ~X=C"C+ ATX + XA - XBBTX.

[ANDERSON, MOORE, LINEAR OPTIMAL CONTROL ’71]

Let (A, B) be stabilizable, (C,.A) be observable, and X(0) > 0.
X > 0 is the solution of

CTC+ATX + XA - XBBTX = 0.
For A= A— BBTX, P > 0 is the solution of
—-BBT + AP+ PA=0.
The DRE has the unique solution

- 7 7 ~ " 1 .
X(t) =X+ etA" (e“‘Pet“‘lT + (X(0) = X)) — P) etA
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@ Time Invariant Subspace

 CTC+AX+XA-XBB'X =0,
A=A-BB'X, -BB"+ATP+PA=0.
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@ Time Invariant Subspace

 CTC+AX+XA-XBB'X =0,
A=A-BB'X, -BB"+ATP+PA=0.

v i in tA -1
X(t) =X + et (etAPetAT +(X(0) — X)L — P) oA

l

not time dependent
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@ Time Invariant Subspace

 CTC+AX+XA-XBB'X =0,
A=A-BB'X, -BB"+ATP+PA=0.

— 0, for t = o0
T
T T n
X(t) = %+ et (et 4 (x(0) ~ X) P - P) et

l

not time dependent
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@ Time Invariant Subspace

 CTC+AX+XA-XBB'X =0,
A=A—BB"X, —BBT + AP +PA=0.

— 0, for t = o0
T
e L
X(t) = X + et (etAPetAT +(X(0) — X)L — P) et

l

not time dependent

approximate with, e.g., extended Krylov subspace

’Czk—l(AT, (AT)—k+1CT)
= range([(AT)7FFicT,....CT,ATCT,... (AT)k1CT))
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@ Time Invariant Subspace

Let V, be an orthonormal basis of Kpx_1(AT, (AT)7FF1CT).
A =VYAV,, B.:=V'B, C :=CV,.
Projected DRE:

~X, =CTC + ATX, + X, A, — X,B,B]X,,
X~ VX VT
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@ Time Invariant Subspace

Let V, be an orthonormal basis of Kok _1(AT, (AT)~*+1CT).
A =VIAV, B, :=V'B, C :=CV,.
Projected DRE:
X, =CCr + ATX, + X, A, — X, BB X,

X~ VX VT

Can this approach be extended to non-autonomous DREs?
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& ® Conclusions

m Numerical solution of the Stefan Problem with mesh movement and
finite elements.

m Steering of the interface position with open loop control and
computation of reference trajectories.

m Linearization of the Stefan Problem around a given working trajectory.

m Extension of the linear-quadratic regulator approach for
convection-diffusion(-reaction) and Navier-Stokes models to Stefan
problems.
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& ® Conclusions

m Numerical solution of the Stefan Problem with mesh movement and
finite elements.

m Steering of the interface position with open loop control and
computation of reference trajectories.

m Linearization of the Stefan Problem around a given working trajectory.

m Extension of the linear-quadratic regulator approach for
convection-diffusion(-reaction) and Navier-Stokes models to Stefan
problems.

m The Stefan problem results in a complicated Riccati equation.

m It has a differential-algebraic structure and is non-autonomous.
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@ oOutlook

m The goal is to apply the linear-quadratic regulator approach for the
Stefan problem.

m The first step is a simplified model without Navier—Stokes equations.

m The existing solvers for solving the Riccati equation (like BDF,
Rosenbrock method, and Newton-ADI) can be adjusted to the
problem.

m Further investigation of projection-based approach.
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@ Open Loop Control

Cost Functional and Desired Interface Position for Open Loop Control

T (x,u) = ||F(E) — fa(E)||* + /H ()| dt.

t=E=1.00
1

S

<

o

©

[o14]

(]

O

‘=

[

£ 0.167
0
0 1

X1
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& @ Open Loop Control

0.18 - f —— controlled graph
------ uncontrolled graph
- - - desired graph

—— control

0.175

0.17

interface graph f
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@ Riccati Equation

M(t) - | x(@) | = Alt) x(t) | + B(t)u(t),
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+ B(t)u(t),

= | @ | @ o
Q
~
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mesh

v

Vmesh
P

<

= | @ | @ o
Q
~

+ B(t)u(t),

~MTXM =CTC+ (M + A)TXM + MTX(M 4+ A) = MTXBBTXM.
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