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satellite since
o P p/g
(e, ey) = plan équatoril
e(cos(Q + w), sin(Q + w))
(hw: hy)
tan(4)(cos(Q2), sin(2))

L=Q+w+w

Figure: Orbital parameters

Remark
In 2D :

e h=20 becausei =0

o [ =w+w



Context

Optimal transfer problem:
let tr > 0, Tpax > 0 and find
a € L>([0, t], [0, Tmax]); ¢ € L :R — R such that:
tr
min —m(tf) = —mg + ,6’/ a
o, 0

P= - Egasin(qﬁ)

m\ p W

é = ;\/Ea(sin(L) cos(¢) + (cos(L) + %) 5in(¢))

é = ;\/Ea< — cos(L) cos(¢) + (sin(L) + W) sin(¢))

m= —[fa
. I |/V2
i— B
PP
X(O) = ('D07 €ox, €0y, Mo, LO)7 X(tr’) = (P1> €1x, €1y, —, _)

with W =1+ e, cos(L) + e, sin(L)



Classic shooting method

Pontryagin’s principle

mln/ fo(s x(s), u(s))ds + g(tr, x(tf))

x(t) = £(t, x(t), u(t))
(0) € Mo, x(tr) € My

° X(t) = & t7x(t)),)\(t),)\0,u(t))

MD) = (e x(0), A1), u(e)) 0]
o H(t,x(t), \(t), \°, u(t)) = m€a§>2<H(t x(t), \(t), A%, v), Yt € [0, tf]
. A0) L Too)Mo

)\(tf) — )\O%(tf7X(tf)) 1 Tx(T)Ml

o H(tr, x(te), A(tr), A, u(te)) = =A% (tr, x(tr))
with
H(t,x, A\, A%, u) = (N f(t, x, u)) + \°FO(t, x, u)



Classic shooting method

We introduce the state x = (P, e, e,, m, L) and the adjoint-state
A= (Ap,Ae,, Ae,, Am, AL) and after the application of the Pontryagin's
Principle we get:

50 = ), 30),a(0), (1)

50 = 2= 30, (0), (1)
H(x(t), A(t),a(t), ¢(t)) = H((t),Mt), o, 8), Yo € [0, Trax], Vo € R
H()?(tf),/\(tf),a{(tf),é(tf)) = 0, free time tf
Xtr) = 0, free L(tf)
An(te) =1 = 0, free m(tf)



Classic shooting method

Introducing the function ¢ as the function of commutation we obtain

bang-bang control such that:

0, if d(x,\,4) <0
a = € [0, Thax], if (X, ), 0) =0
Tmax, if (%, \,6) >0
cos(¢) = A, xsin(L) — A,  cos(L)
() = Xpor 4 Ae( cos(l) cos( le =)
+ e, (sin(L) + s'n(LW+ e_y)

Denote

Z(0) — Z(tr) via YVt € [0, t],2(t) = (



Classic shooting method

We get a 2 point boundary-value problem in which the unknown variables
necessary to get the optimal trajectory are :

X = ()‘P(O)v )\eX(O), )‘ey(o)a )‘m(o)v >\L(O)7 tl, t27 tf)

where t;, t, are the two times of commutation.
Using a shooting method (written in FORTRAN) with two bigs routines:

e one which lets us to integrate the dynamical system
o the other which is a Newton method for finding a zero of a function

and with the assumptions : Only 2 commutations and transfer in less
than one lap

e as if the time tr was bounded

e most of orbit transfers are made thanks 2 impulses



Classic shooting method

Principle of the shooting method:

1.
2.

we choose initialization for \(0), t1, t», tf
t t t
z(0) — z(t) — z(t) —  z(tr)
a=Tmax a=0 a=Tmax

we compute the function whose we want a zero :

®(t2)
H(tf)

we search a zero of F (Newton method)




Classic shooting method

The shooting method is very fast and converges precisely but :
e Due to Newton's method, we need a precise initialization
e |t is not easy to find a good initialization

e Not exactly the same results as in an article of Derek Lawden
called “Impulsive transfer between elliptical orbits”



Classic shooting method

Ideas for a new shooting method :

e the trajectory on the transfer’s ellipse seems more stable

e we can use the Lawden'’s results to find the optimal transfer ellipse
and then initialize a new shooting method

Remark

The trajectory makes us think to the Turnpike property because it's made
of three pieces (in the case of 2 impulses)
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Optimal control problem (OCP7)
For T > 0 fixed, find ur € L>(0, T,R™) such that

min/o °(x(t), u(t)) de

(
x(t) = f(x(t), u(t))
R(x(0),x(T)) =0

Static optimal control problem

min FO(x, u
(x,u)ER"XRM ( ’ )

f(x,u)=0

Turnpike Property :

The solution of an optimal control problem in large time should spend
most of its time near a steady-state (solution of the static optimal
control problem)
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1%t |dea: Consider the Lawden’s Problem
Advantages :

e solution easy to find (using AMPL+IpOpt)

e gives the same results that Lawden describes
Cons :

e not the same variables as our problem

o it doesn't give all the state and adjoint state

We need to find a good static problem to find good initializations



Resolution inspired of Turnpike property

2" |dea : New Optimal transfer problem

let Lf > 0 free T > 0,
find o € L*°([Lo, L] = [0, Trmax]); ¢ € L°(R — R) tel que:

myig—m(Lf) =—mg+ 0 " P Vl;z
P = ullm T\Easm(qﬁ) -
o= e (S0 oso) + (sl + o) sinte))
e = Mim%a( — cos(L) cos(¢) + (sin(L) + W) sln(¢))
=5 E e

X(O) = (POa €o0x, €0y, mO); X(Lf) - (Pla €1x, €1y, 7)
where P’ = ‘;,—L



Resolution inspired of Turnpike property

Computing the associated static problem we have the following difficulty

o all (P, &6, M) with a =0 and ¢ € L®(R,R) are solutions.
e we lose the choice of the possibly best transfert orbit

Idea: consider the previous optimal control problem with a control
a = 10, + @20, with a1, as € L([Lo, Lf], [0, Tmax])
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Let us write the optimal control static problem :

max m
a,02,¢1,¢2,L1,L2,P,ex,e,,m2

P—P(): L 2P alsln(¢1)

me Wg.
e — €ox :Mﬁ% sin(Ly)ay cos(¢y) + (cos(Ll) + %)al sin(¢1))
e, — €y = ﬁ% — cos(Ly)ay cos(¢y) + (sin(Ll) + %)al sin(¢1))
m-—my = — P° v’t3/2 aq
Pi—P= ﬁWLfOQ sin(¢2)
el — & = ﬁ% sin(La)az cos(¢n) + (cos(Lg) + 7‘305“‘2,)1““)042 sin(@))
el — & = V’T/—‘jz — cos(Ly)az cos(¢o) + (sin(Lg) + %)az sin(¢2))

m —m=—3/%f%a,



Resolution inspired of Turnpike property

From this problem we can have (by resolution with AMPL+IpOpt):

the intermediate state (P, e., e,, m)

the final mass my

the longitude of the two impulses L; and L,

the intermediate state adjoint (AMPL can give us the Lagrange
multipliers for the 8 equations)



Resolution inspired of Turnpike property

So this time : x = (P, ey, ey, m) and A = (Ap, A, Ae,s Am)
By application of Pontryagin's principle we get :

e o and ¢

e the extremal dynamic system

e transversality conditions

Always denote z = (i) We can now write the new shooting method:

Unknown variables are :

X = (P(Le/2), ex(Le/2), e(Le/2), m(Ls/2)...

Ap(Lr/2), A (Lt /2), Ne, (Lr/2), Am(Le /2.
Lo, Ly, Lo, Lf)



Resolution inspired of Turnpike property

Principle of the new shooting method:
1. we choose initialization for X

2. z(Lp) \t/ Z(L1)\<—,_/Z(%)\—/>_/Z(L2) \—/)_/ z(L¢)

a=Tmax a=0 a=0 a=Tmax
3. we compute the function whose we want a zero :
P(Lo) — Py

4. we search a zero of F
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