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OUTLINE

SU(2) symmetric PEPS on the square lattice
Why ? Construction / Classification scheme

Some remarkable PEPS

J1 — J5 model on the square lattice. PEPS
description of the QCP

Perspectives



TENSOR CLASSIFICATION



PEPS & SYMMETRIES : STRATEGY

Symmetry matters ! Symmetry ??

Strategy : systematic building of SU(2) invariant and linearly independent
tensors organized in classes C with identical physical S and virtual V'
degrees of freedom and identical IRREP of the lattice point group

State design State optimization
i - A(9) -
> NiAY 2 NiA S XA
1eC 1€C,C’ =y
natural route to spin controlled symmetry breaking (lattice/spin Optimized ansatze for

liquids manifolds nematics, chiral spin liquids...) frustrated Heisenberg model



TENSOR CLASSIFICATION

SY MM ETRLES
. ; S
Discrete symmetries
R l ”
Ry« Translation invariance
o Point group (Ul d A /i

©C dld st

SU(2)-Spin rotational invariance

A, encodes a projector P

Vet — §
(u,l,d,7) —> |s) = |5, 5, = s)




TENSOR CLASSIFICATION
PRINCIPLE

irtual spi : :

e -
‘5e 9 ‘ (u’l’d’ /)’*) — |S> — |‘Sf7 SZ = S> Se==/ Dol 1§/
D=5+24+1

finding all projectors P,
<~

enumerate all D* orthogonal spin-S wave

functions that can be constructed out of
the (2V;)®*basis states

) = Z As(on, ag, as, aq)|ar, ag, as, aq)

1,002,063 ,004

orthogonality

Z [AS (0517 o, (3, &4)]*33/ (ala a2, (3, 054) = 588/5143

a1,002,3,004



TENSOR CLASSIFICATION
PRINCIPLE

SU(2) invariance Bipartite lattice
global singlet 7T rotation around Y-axis

on one sublattice

bond singlet becomes
|S> Wt 25:1 ‘Uoﬂ’a>

contracting NN virtual spins
virtual singlets




TENSOR CLASSIFICATION
CONSERVED QUANTITIES

e SU(2): total spin and z-component  Composite spin
V =V

Szz(sl—l—SQ—l—S3—|-S4)2 D:Z(QV;;—I—D
S% =87+ 55+ 55+ 5% i

il
Sh 2@5@0
D=5+2+1

e Point group :Rﬂ/g rotation (A,B,E) and Aw reflection (1,2)

. Occupation numbers {7; } such as an T

Bample @ @® ©9P SO D
©6 €96 O

{4,0},S =2 {3,1},8 =3/2 {2,2},5 =1 {1,3},S=1/2 {0,4},5=0

== N s e e = {2,2},5=0
LA S50




TENSOR CLASSIFICATION
IN PRACTICE

Fix V =@V,
Generate the D* basis states with D = Z(QVi + 1)

1

Ov.o..p.60 =0S° + 0,5, + pR+ A +vN

Find all D*eigenvalues and eigenvectors

Problems

« we want analytical expressions of tensors (Mathematica)

. fore.g. D = 7,too large Hilbert space D* = 2401



TENSOR CLASSIFICATION
IN PRACTICE

Ov.0. .60 = 0S* + 0,5, + pR + A + v/N
Key points

« Numerical diagonalization (eigenvalues and eigenvectors) possible

e The analytical form of the eigenvalues is known

Recipe

Numerical diagonalization

Exact eigenvalues and degeneracies

Eigenvector masks (discard 0 components)

Exact target eigenvalue A + eigenvector mask (subspace £ ), find kerg (O — \.1d)
Check degeneracy

Ol st



TENSOR CLASSIFICATION
EXAMPLE

S =2, noce. = {47 0} SE= 3/2, ilyge, = {3, 1}
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V T @ 0 ..
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TENSOR CLASSIFICATION

® 0

BE= Pl
S

Tensor

T:(0,0,2,1)
Ty (0,1,0,2)
T:(0,2,0,1)
T1(0,2,1,0)
Ty (1,0,0,2)

T:(1,0,2,0)

Nl

T1(2,0,1,0)

T:(2,1,0,0)

NG

22

1
22
22

1
22

EXAMPLE

S =2, noce. = {47 0} SE= 3/2, ilyge, = {3, 1}
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Ry i 1 1 1 Ry 1 1 i 1 1 1 1 1 0 0 0 0 0 0 0 0
R 1 1 1 1 1 R 1 i 1 1 -1 -1 -1 -1 @ 7 7 % —2 « —1 —1 —
Landau Al Al Al Al Al Landau Al Al Al Al Bl Bl - Bl B1 E E E E E E E E
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TENSOR CLASSIFICATION

AWFULL

EXAMPLE
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TENSOR CLASSIFICATION
USER MANUAL

Classification completed upto D = 6 (D = 7 also accessible)

L 190 10000 ;000000 ;9060600
2 2 2 2 2
s e G U
o) aerL A R
e LT i
160 100 SR et
4 ; 2@2@2
B i 130600
: ® 2 H0S0S
° 30 1600
2 2
2 1P1
> 000
More than 20000 5 08
tensor expressions ! S
i s
200

o

2

Symmetry tables and tensor expressions available as supplementary materials
M.M., R. Orus, D. Poilblanc, Phys. Rev. B 94, 205124 (2016)



GAUGE EQUIVALENT TENSORS

Aj
>$< - M A,
/,,O/_OZ;;—M /0"/ M .

Tensors with different PG symmetries may lead
to the same TN state after contraction



2 W g WV

A:[B1] E

A1 [Bl] E(a’b) A2 [Bz]

Al Bl gla=e) A,[B,)

Al B{®b)] pla—e) 4,[B,)

/ ~ L\

Noce. = {1,2,1}  Ale=9[Ble=9] pla=f gla=a)ple=)] Al [pleb)] pla=o) 4, 1By]

Noce. = {1,1,2}

Noce. = {1,1,2}
Noce. = {2,1,1}
1835
Noce. = {]-, 3}
Noce. = {2,2}
Nocc. = {3, 1}
I50
Noce. = {1,3}
Noce. = {2,2}
Nocc. = {3, 1}

AP B B9 Aa[By]

APPBY) B0 Ag[By
A1[By] E(=9) AP [B{*Y)] Al pleb)] pla=e) 4, 1B)]

AV [BIY] BT Ay[By] AV [BIY] BT Ay [By]
Aga_c)[BSI_C)] Agd,e) E(a_e) Aéa,b)[Béa,b)] Béc,d) Aga,b)[B§a,b)] B§C) E(a_e) AQ[BQ] B2
Aga,b) [B§a,b)] E(a_d) Aga,b) [Béa,b)] Aga—c) [Bga—c)] E(a_e) Aga,b) [Béa,b)]

Ai[B.] E
Al AP (B E B, Bi[Ag] E(@Y)
Ai[B1] E©P A5[B,) AP [BLY] Blamd Al [BiP)]



REMARKABLE PEPS



REMARKABLE PEPS

SikINESHESE EVIEINMIINEFEGIE R FAICEESHFATHES

-

Ay

1

DO | —

I

DO | —

Generalization

2k

Ay

i
2

DN | &

!
2

DO |

DN = DN

S
v
D

ek
k

v==
2

15— e L

k integer




REMARKABLE PEPS
SPIN-1/2 RVB STATE




REMARKABLE PEPS
FERMIONIC SPIN-1/2 RVB STATE

1

R S




REMARKABLE PEPS
GENERALIZED SPIN-S RVB STATE

Ay[B1] 7 S
S@O*S@O V=560

D=25+2
e S@0

Noce. = {17 3}




REMARKABLE PEPS
LONG RANGE SPIN-1/2 RVB STATE

G NG 9
G ‘

o *—G >
Singlet bond distribution controlled
by the ratio )\, /\;

5 D O Nocec. — {37 1}



REMARKABLE PEPS
SPINS-S RESONATING AKLT LOOP

Aq 1 S =1

1 1 QGQQG

5@0 V==-60

7
Pl 906 9@
- 00

5@0 nocc.:{272} : O Q 0 O Q
Generalization Q 0 0 Q Q
3 G




GENERIC SPIN LIQUIDS

V\S 1/2 1 3/2 2
1 0/0/0/0/0 0/1/0/0/1 0/0/0/0/0  1/0/0/0/0
Linearly combine (real coefficients) tensors with :
1a0 2/2/1/1/3 2/2/0/1/2 1/1/0/0/1  1/0/0/0/0
1 0/0/0/0/0 0/1/1/0/2 0/0/0/0/0  2/1/0/1/1
« same physical and virtual degrees of freedom N

0/0/0/0/0 6/9/4/3/13  0/0/0/0/0  6/3/0/1/3

®
e Same IRREP Of C4V 16 0/0/0/0/0 3/5/3/1/8  0/0/0/0/0  5/3/1/3/4
2 0/0/0/0/0 0/2/1/0/3  0/0/0/0/0  3/1/1/2/2

NI
NI

o

le0@0a0 21/21/12/12/33 12/10/3/6/13  3/3/0/0/3  1/0/0/0/0

loieo 10/10/8/8/18  12/13/5/6/18  6/6/2/2/8  6/3/0/1/3

AA(?’) 10080 0/0/0/0/0  11/14/9/6/23  0/0/0/0/0  10/7/3/6/10
E (/

191 4/4/3/3)7 5/5/3/4/8  5/5/3/3/8  5/4/2/2/6
i E C 300 1/1/1/1/2 2/3/1/1/4  3/3/2/2/5  3/2/2/2/4
2 0/0/0/0/0 0/2/2/0/4  0/0/0/0/0  4/2/1/3/3

Lp0@0a0a0 44/44/28/28/72 20/17/6/10/23  4/4/0/0/4  1/0/0/0/0

Class with D tensors lola0o0 28/28/20/20/48 25/24/11/14/35 12/12/4/4/16  6/3/0/1/3
10:D: 0/0/0/0/0  33/39/24/21/63 0/0/0/0/0 21/15/3/6/18

1806060 0/0/0/0/0  27/31/22/18/53 0/0/0/0/0 17/13/6/10/19

D e 1 dimensional family of Completely loloo0 11/11/8/8/19  13/13/8/9/21 11/11/7/7/18 10/8/4/5/12

t ° ° I. .d h. h t t. " d 191 0/0/0/0/0  9/13/13/9/26  0/0/0/0/0 19/15/7/11/22
symme rlc spln IqUI s w IC (po en Ia y) o %EBO@&O 2/2/2/2/4 6/6/2/3/8 10/10/6/6/16  4/4/5/4/9
not break any symmetry, neither SU(2) or point Se3 OO T 000 15077007

200 0/0/0/0/0 1/4/5/2/9 0/0/0/0/0  10/7/3/6/10

[ ]
group symmetries |
3 0/0/0/0/0 0/3/2/0/5 0/0/0/0/0  5/2/2/4/4




PLAYING WITH SYMMETRIES

Another strategy : explicitly break some symmetries by combining tensors
belonging to different classes and/or making complex linear combinations

Z )\Z-A(i) « Real combinations of e.g. 4,/B; horizontal/vertical

ieC.C bonds become inequivalent. Lattice nematics

o Partially break SU(2) down to U(1) by combining tensors with different S, but
with \; = f(|S.|). Spin nematics

« Using complex tensors (£') or making complex linear combination of real
tensors. Time reversal symmetry breaking



J1 —Jo MODEL ON THE
SQUARE LATTICE



J—J: MODEL ON
THE SQUARE LATTICE
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SU(2)-SYMMETRIC PEPS

Variational optimization

> AAY

el

Key feature Uniform A, ansatz leads to a small number
of variational parameters to optimize

V D D4 SU(2) tensors

1 )
- &0 3 81 2
2
1
5@0@0 4 256 8
1
1@5 D 625 4
1@1@0 5! 625 10
A
1@1@1@0 7 2401 30
P A N



OPTIMIZATION

Conjugate gradient minimization

Small number of parameters allow for a brute force appraoch
Requires efficient computation of the variational energy

IPEPS Corner Transfer Matrix method and RG algorithm

J.Jordan, R. Orus, G. Vidal, F. Verstraete, J.l. Cirac, PRL 101, 250602 (2006)
T. Nishino, K. Okunishi, JPSP 65, 891-894 (1996)

R. Orus, G. Vidal, PRB 80, 094403 (2009)
R. Orus, PRB 85, 205117 (2012)




ENERGY

Remarkable consistency

Unique tensor depending on a
small number of parameters

047 ——— miaan 1 -047
- (a) b)
o0, J=05] ®
7777777777 e . L
) S ooome " [ [+ PEPS yoainfty
o 048 | [ |*PEPSD=92x2| —|-0.48
."5)
S o 1/240 (D=3)
S 1/2+0+0 (D=4)
2 i e 41412 (D=5)
Yoo49l- o o 1/2+1/2+0 (D=5) 1-0.49
+° | 124172417240
- e (D=7)
(00 © "
t  repsp-9zxe extrap. 1L qe‘
L 4 & DMRG extrap.
- i 1 1 1 | 1 1 1 | 1 1 1 | 1 | i 1 1 1 | 1 1 1 | 1 1 1 | 1 | _
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CORRELATIONS

Linear divergence of correlation lengths Qualitative change for D=7
with environment dimension
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CONCLUSIONS

« Simple classification scheme of all rank-5 SU(2)-spin rotational symmetric tensors
(S,V) and C4v IRREP

« Remarkable PEPS (AKLT, RVB, Loops) are naturally recovered

« Playing with local bricks with controlled symmetry properties to design interesting
guantum states

> AAY 2 hd 3 A A0

A S /
ieC 1€C,C icC
natural route to spin controlled symmetry breaking (lattice/spin Optimized ansatze for
liquids manifolds nematics, chiral spin liquids...) frustrated Heisenberg model

« Description of non trivial states (QCP) with PEPS

 Direct extension to other point groups / lattices (triangular, kagome...)



