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Overview

e Homological perturbation theory: perturbing chain complexes.

e In this talk: interpreting the Batalin-Vilkovisky effective action
via the homological perturbation lemma.

e Motivation: quantum L, algebras and their minimal models.
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Batalin-Vilkovisky space of fields

Definition

A dg odd symplectic vector space V is a dg vector space (V, Q);
together with a bilinear form w that is ghost degree —1,
antisymmetric, non-degenerate and satisfies w(Q ® 1 +1® Q) = 0.

space of functionals

Definition
The space of functions F(V) on V is

F(V) = Sym*(V*)[[A] -
with a Batalin-Vilkovisky operator (¢ : coordinates on V)

1 0o O2F
F-__E [¢'], Jij _~L
AF - 5 iJ( 1) W o)’
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We have F(V), A and the associated {—, —}. Define
Siee = w(Q—,—) € F(V) = Q" = {54, —}
a quadratic functional S and a differential {Spee, —} on F(V).

Definition
A quantum L, algebra is given by degree 0 element S,y € F(V) s.t.

1
Ae(sfree_'_sint)/h =0 <~ hASint +{Sfreeu Sint}+§{sint7 Sint} =0

i.e. the quantum master equation holds.

Generalization of L, algebra on V: operations /8 : V¥" — V are

(/ﬁ)transpose _ {5.[17-&-1,g]7 _} SV (V*)®n.

int
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in physics, the cohomology H of V w.r.t Q are the physical fields
e We want to find an effective action e/ € F(H). H inherits
wy from V. = we have A’ on F(H).

e We choose a Hodge decomposition of V' compatible with w

homotopy k
—

p
V=HolmQaoC * (H, differential = 0)

MY~ 1

Q

where Qk + k@ = ip — 1, i, p are chain maps etc.
o extend to F(V) to get a so-called special deformation retract

(( FVASe D) 2 (FH)0

e This is the setting for the homological perturbation lemma.
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Theorem (HPL, due to Brown; Shih)

For data (a special deformation retract)

KC ('F(V)7{5freea_}) (i) (‘F(H)7E:0)

i

and a small perturbation § of differential s.t. ({Stree, —} +9)> =0,

there is a perturbed special deformation retract

o FW), (St -} +0) 2 (FH).E)

I/

where e.g. P’ = P(1 —6K)™L.

We use 0; = hA and 0, = hA + {Sine, —} as perturbations.
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perturbing by §; = hA:

Theorem
For F € F(V)

Pi(F) = / FeSiree/N
ccv

This implies that
W := hlog Pi(e”=/")

satisfies the quantum master
equation on the homology H.

W is called the effective action.
Gives a minimal model of the
ql. algebra S;.

perturbing by 0, = AA + { Sy, }:

Theorem
For F € F(V)

Py(F) = eW/n / Fo(StveetSiat) /1
C

i.e. it's the normalized path
integral. The perturbed
differential on F(H) is

Ey = A + {W, -} .

P, intertwines two twisted BV
operators
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Homotopies

HPL implies that et/ and I Py(e%n/") = "/" are homotopic.

Theorem

Define eA()/h = (1 — t)eSn/" + teW/". Then the hamiltonian flow ®,
of the function
_he- O/ gSm/h

interpolates between S;,, and W.
More precisely,

(¢;1)*(e(sfree+5int)/hd% V) = e(sfree"'A(t))/hd% V.

For t = 1, the right hand side is e(StreetW)/h (3 \/
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Odd symplectic category — a sketch
We want to define morphisms of quantum L., algebras.

Definition (Severa)
The quantum odd symplectic category QOSC is the “category” where
objects are odd symplectic manifolds.

The space of morphism§ is given by
QOSC(V4, V,) := Dens2(V; x V,), which carries a BV structure.
Composition is given by integration.

e The space of morphisms carries a natural BV operator, due to
Khudaverdian.

e Solution to a quantum master equation on V <= closed
1 . 1
element e>/"d2V in QOSC(pt, V) = Densz (V).
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Definition

Morphism of quantum L., algebras A morphism between two
quantum L, algebras (V4, S1) — (W2, S;) is a morphism

X e QOSC(Vl, Vg) s.t.

Sy/h
pt =—— V;
esﬂXA lX

Vs

In other words, X is a semidensity on V4 x V5 such that

Vi

In our case, X = dcxHy,,- Since X is closed, so is the effective action.
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Conclusion

e BV effective action on odd symplectic vector spaces can be
computed via the homological perturbation lemma.

e HPL also gives homotopy between the original and effective
action.

e Viewing S, as a quantum L, algebra, this gives a
decomposition theorem.

e (WIP) This constructs a morphism in the quantum odd
symplectic category.

Thank you for your attention!
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Homological perturbation lemma

Consider a special deformation retract

W (Vid) T (Wee) (1)

I

Let § be a perturbation of d (i.e. (d + §)? = 0) which is small in the

sense that
o

(1=06n)7" = (5h)
i=0
is a well defined linear map V — V.
Then

/

v (O (Vod) 2 (w.e)

I'/

is a special deformation retract.
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Homological perturbation lemma

Denote A := (1 —dh)~14 and

d :=d+9,

e = e+ p(1—06h)"16i = e+ ps(1 — ho) 1,
pli=p+p(l—dh)6h=p(1l—3dh)7",
i":==i+h(1—36h)""0i = (1— hd) i,

h = h+h(1—5h)"'6h= h(1—6h)7",
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