Grassmannian Geometry

of Scattering Amplitudes

LECTURE 3

Jaroslav Trnka
Center for Quantum Mathematics and Physics (QMAP)

University of California, Davis

Qspace summer school, Benasque, September 2018



Building blocks: 5pt amphtudes

* In N=4 5YM
2
1 4 _ 541+ o + p3)0* (230 + [3117 + [12])
v =
112][23][31]
3
2 o - 5L
A2 _ 0*(p1 + p2 + p3)0° (AT + Aalz + As73)
) =
I 4(< (12)(23)(31)
3 Note for ()fermion  To extract1™ helicity

54(@) =0 take 77



Building blocks: 5pt amphtudes

* In N=4 5YM
2
| AW 0*(p1 + p2 + p3)d*([23]m + [31]72 + [12]73)
=
112][23][31]
3
2 5 - 5C
A2 _ 0*(p1 + p2 + p3)0° (AT + Aalz + As73)
S
1 4c< (12)(23) (31}
3 Note for () fermion o extract1 helicity

5*(Q) = Q* take 7
B(AQ) = AP (WP Q)*



Building blocks: 5pt amphtudes
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Gluing three pomnt amphitudes

+ Let us build a diagram

Multiply four three
point amplitudes

= AV 1P P) x AP 2PP) x AV (3PP,) x AP (4P, Py)
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Gluing three pomnt amphitudes

+ Let us build a diagram

Multiply four three
point amplitudes

= AV 1P Py x AP 2P,P) x AV (3P3P,) x AP (4P, P3)
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Gluing three pomnt amphitudes

+ Let us build a diagram

Multiply four three
point amplitudes

= AV 1P Py x AP 2P,P) x AV (3P3P,) x AP (4P, P3)

Some work with delta functions
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On-shell diagrams

+ Draw arbitrary graph with three point vertices

On-shell diagrams given by products of 3pt amplitudes
+ Parametrized by n, k = B



Permutations




Permutations

+ Graphical way to represent permutations

%X (1,2,3,4,5,6) = (5,3,2,6,1.4)

e S a4 e a1 6

+ This picture actually represents a scattering process in
1+1 dimensions



Permutations

+ These pictures are not unique: they satisfy Yang-Baxter
move: anywhere in the diagram

I 3 1 DERS
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1L 7 3 1 2P

+ Unfortunately, this picture can not apply to 3+1
dimensions where the fundamental vertices are 3pt



New look at permutations

+ Can we represent permutation using 3pt vertices?

Two ditferent non-trivial permutations

2 2

3 3
(1,2,3) — (2,3,1) (1,2,3) — (3,1, 2)



New look at permutations

+ Glue these vertices into diagrams

1 2

For any permutation
6 3 there is a diagram



New look at permutations

+ Glue these vertices into diagrams: plabic graph

For any permutation
there is a diagram

(1,2,3,4,5,6) — (5,4,6,1,2,3)



ldentity moves

+ Are these diagrams unique for a given permutation?

+ No! There are identity moves - do not change permutation

A~ T KK

merge-expand square move

* We already saw it in the context of on-shell diagrams



ldentity moves

+ Example: related by a sequence of identity moves

1 % 1 2



ldentity moves

+ Example: related by a sequence of identity moves

(1,2,3,4,5,6) — (5,4,6,1,2,3)

+ If permutations are the same the diagrams are related by
identity moves



Yang-Baxter moves

+ Let us replace

A

X
XX



Yang-Baxter moves

+ And check the Yang-Baxter:
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Reduced information

+ Reduced diagrams: plabic graphs which represent
permutations

+ They include diagrams which were relevant for tree-
level amplitudes (but so far it is just pictures)

+ The information to fully reconstruct the tree-level
amplitudes is given by a set of permutations

permutation —* reduced on-shell diagram



Positive Grassmannian




Positive matrices

+ Same diagrams came up in a very different context

+ Build matrices with positive maximal minors

T
sy A e

+ Positive Grassmannian: mod out by GL(k)



Face variables

+ Draw a graph with two types of three point vertices

+ Associate variables with the face of diagram

with the property

[1f=-1
J




Perfect ortentation

+ Add arrows:

Perfect orientation

White vertex: one in, two out

Black vertex: two in, one out

+ Not unique, always exists at least one

+ Two (k) incoming, two (n-k) outgoing



Boundary measurement

+ Define elements of (k x n) matrix Productof all face
variables to the

= Z 1[(_f])M right of the path

. . ‘/:/ I
1nc0m1ng \

if b incoming
Caa = 1
Cab — 0

sum over all

allowed paths

+ Example: c11 =c2 =1 ci2=c1 =0
Clale i Cldy = na iCoRE = HnCotlsnis



Entries of matrix

Apply on our example

=-Ll[
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34 34
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Positive matrx

<+ The matrix is

el ( LS il gl =) > /2
0 1 —fofifsfs —Jofrfa eliminaies

+ There always exists choice of signs for f; such that

CEG+(]€,77/) fo <0
* For our case:
=0
miz = 1 ma3 = —fof3 /4 G’
mis = —fofifafs maa=—fa(l— fo) > °°
B _f0f1f4 mMsq4 — fOflfof f4 <0

All minors positive



F.dge variables

+ There is another set of variables which are redundant
but have nice interpretation

Ci7 = — Z H «; edges along path

paths 1+—J
c11 = 1, c12 = 0, co1 = 0, Cog = 1
C13 = —Q 50603, c14 = —oy(asagor + ag)au
C23 = — Qg3 C24 = —Q0gAT0Y

+ We have to fix one o ;in each vertex



F.dge variables

+ There is another set of variables which are redundant
but have nice interpretation

Ci7 = — Z H «; edges along path

paths 1+—J

O 1 0 —ajazasoag —ajoaosogorr — 0 g o
-\ 0 1 —asasag — QO g QLT

+ We have to fix one o ;in each vertex

Setting v to zero means erasing the edge in the vertex



Cluster variables

<+ Face variables are cluster X-variables

+ Identity moves: cluster transformations on face
variables - compositions of cluster mutations

They preserve positivity



Cell in the Positive Grassmannian

+ Cellin G4 (k,n): specified by a set of non-vanishing
Plucker coordinates

+ Corresponds to configuration of points in P*~*

+ Positivity = convexity of the configuration



FExample of configuration

+ G(3,6) example

C4 = QA34C3 Cs = A25C2 + A35C3

Ce = A16C1 + 2C5 = A16C1 + 2A25C5 + 2A35Cs

1 0 O 0 0 a6
C = O 1 O 0 ass <d95
O 0 1 a3q4 a3s zass



Example of stratification

+ Boundaries: deformed special configurations

2 9

1 3 1 3 1 2 1 2

6 4 6 5 4 6 5 4 6540
5

+ In the C-matrix send some positive variables to zero

+ Positivity: linear relations between consecutive points



Relation to permutations

+ The configuration of points gives the link to permutations

+ Point i v o()if ic(i+1,i+2,...0())

o(1)=6, 2C (34,5) — o(2)
4, 4cC(5,6,1,2) = o(4)
— 1, 6 C (1,2,3) — o(6)

1C (2,34,5,6) —
3C(4) = o(3) =
5C (6,1) — o(5)

W o O



Boundary operator

+ There is a notion of the boundary operator and stratification




Boundary operator

+ Making the configuration more special
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Boundary operator

+ Erasing an edge in the plabic graph




Stratification of the positive
Grassmannian

+ Example of G(2,4):

4
AT



Summary of positive Grassmannian

Reduced graphs (mod identity moves)

.

Permutations

$

Configuration of vectors with linear dependencies

:

Cells of Positive Grassmannian



Thank you for attention!



