QuANTUM FIELD THEORY

Problem Set

A) Evaluate the first and second functional derivatives with respect to ¢(z) of the follow-
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ing functionals.

B) In class I showed that the generating functional of multiparticle propagators is given

by
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By taking the fourth-order functional derivative of this with respect to J’s at four different
points, and setting .JJ equal to zero at the end, obtain
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How do you interpret the fact that individual terms are summed up?
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orthonormal triad of vectors. Use the completeness relation for them to calculate the

propagator D;;(x,y) = (0T A] (z) AT (y)[0).

C) The polarization vectors e;"/, A = 1,2, for the photon, along with e

Problem 1
a) The general formula for the Chern-Simons form in 2n + 1 dimensions is given by
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where F!E,S,) = s F,+(s*—s)[A4,, A,]. Obtain ws(A) by direct calculation from this formula.

b) The five-dimensional Chern-Simons form can be written as w5 (A4) = K¢, where
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¢) Verify by directly taking the derivative that
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Verify further that ws(A9)—ws(A) gives the nonabelian anomaly for a chiral Dirac fermion,
for infinitesimal transformations, g ~ 1 + 6.

Problem 2
The winding number for the map S* — G for a Lie group G is given by
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a) Verify that Q[g192] = Q[g1] + Qlg2].
b) Consider the configuration

g(x) = cosb(r) + it - & sinO(r) (8)

where 71, 7, taus are the Pauli matrices. Here we take G = SU(2). Calculate Q[g] for this
case and show that
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¢) Why should sin () vanish at r = 0?
Problem 3
For the standard model, the Wess-Zumino action in terms of the pseudoscalar meson
fields is given by
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a) By restricting the gauge fields to be just the electromagnetic fields, given by
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b) Further expanding the fields U in terms of the mesons to linear order, show that we
recover the effective vertex for 7° — 2 decay.

Problem 4
The Wess-Zumino-Witten action for a 2-dimensional theory is given by
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where M takes values in a group G, k is an integer and

I[M] = — / BB T (M0, MM 8, MM 9, M) (14)
127 M3
with M? = M3,
a) Show that the Euclidean version of this theory obeys the Polyakov-Wiegmann identity
k
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where z = 21 — iz, Z = x1 + iZ2.
b) In 1 + 1 dimensions (i.e. after a Wick rotation), this theory has a current operator
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For the case of G = SU(2), we can do a mode expansion of this as
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The components J2, a = 1,2,3, n = 0,+1,42,--- can be shown to obey the so-called
Kac-Moody algebra
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m,n are integers. From these rules, notice that J_,,, n > 0 behave a bit like creation
operators and J,,, n > 0 behave like annihilation operators. So we define a vacuum state
which obeys J¢|0) = 0, n > 0. Calculate the two-point function (0|.J¢(z)J?(w)|0).

Problem 5
The quantization of the two-dimensional sphere as a phase space leads to the states
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a) Show that these obey the correct commutation rules

b) Show that J; and J_ are adjoints of each other using the given inner product.

¢) Show that the the standard representation of angular momentum is obtained, and
identify the j-value of this set of states.

Problem 6

a) Obtain the three-dimensional Chern-Simons form from the general integral formula
for won 1.

b) From w3, obtain the expression for the nonabelian anomaly for two spacetime dimen-
sions.

¢) On a three-manifold with no boundary, consider the Chern-Simons theory defined by
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Show that gauge invariance of e** requires that & should be an integer.

d) Also consider a set of gauge transformations, say for SU (2), in two dimensions defined
by g(z,A), 0 < A < 1, g(x,0) = g(z,1) = 1. This is a loop of gauge transformations
from the identity back to the identity. We also define a two parameter family of gauge
potentials in two dimensions (i = 1, 2) by

Ai(z, X\, 0) = (g Ai(z) g = 9igg™ o+ (1 — 0)A; (22)

where 0 < ¢ < 1. For the boundary values of the square 0 < \, 0 < 1, the field is either A;
or its gauge transform, so that the boundary of the square can be viewed as a point as far



gauge invariant quantities are concerned. For simplicity, we take 4; = 0. Integrate the
canonical structure over the this square, i.e., evaluate
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Show that this is always 27 times an integer if & is an integer. (The integral of the canoni-
cal structure over any closed two-surface in the phase space should be 27 times an inte-
ger for consistent quantization. This is the generalization of the famous Dirac quantiza-
tion condition for monopoles.)




