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Topology in condensed matter physics
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Magnetic monopoles and Dirac's
guantization condition
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Magnetic monopoles and Dirac's
guantization condition

V-B= Zgi(;(f%)(r 1) AT and A~ are related by
p a gauge transformation
1 0
B, = A sinf
sing g e sind)
B %,
Ajp_ — A¢ + a_¢f+—((97 QS)
1 — cos6 T
At =g for 6 < —+40 0 290
¢ ' AT = A
rsing ) 2 ¢ ¢+3gbrsin¢9
—1 — cos ™
o p— fOI‘ 9 > - 5
A¢ I rsin 6 2

g_y 1 (0,0, €97) — (0, ¢, e+ 09 gior)

Dirac 1931



Magnetic monopoles and Dirac's
guantization condition

Suppose ¥o(r)is the wavefunction of
a charge in a region without fields
and suppose it has a nodal line with
vvinding number

n = dS——%VS dr

When an electromagnenc field is
turned on the wavetunction becomes

() = g (r)e’ne o X
Change in phase around a circuit is
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From Berry curvature to topological invariants
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From Berry curvature to topological invariants

Berry phase Berry curvature
v(C) = //B dS S <d<I>R d<I>R>
1 = 2111
// B1dQ2dQ)s Q2 | dQs
The integral of the Berry curvature over a
closed manifold is a topological invariant
called the Chern number.
Example: Quantum HaII effect *Thouless, Kohmoto, Nightingale, den Nijs

Phys. Rev. Lett. 49, 405 (1982)
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Edge states In one-dimensional systems

Su-Schrieffer-Heeger model H = tyn11(ch,Cosio + €)1 15Cno)
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Su Schrieffer Heeger, Phys. Rev. Lett. 42, 1698 (1979)



Edge states In one-dimensional systems

Su-Schrieffer-Heeger model
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Asboth, Oroszlany, Palyi, A short
course on topological insulators, 2016.



Edge states In one-dimensional systems
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Edge states In one-dimensional systems
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Fully dimerized limit
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Edge states in one-dimensional systems
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Edge states In one-dimensional systems

The notion of bulk-boundary correspondence allows one to make
predictions about the boundary of a system (e.g. the existence of
edge states) based on knowledge of a bulk topological invariant.

In the SSH model, one finds that the number (O or 1) of left-edge states
equals the winding number of h(k), i.e. u=v.

Fully dimerized limit

1. No edge states A A A rard

t1:1,t2:O h(k):(a'x

VNN NN

2. /ero-energy edge states

th = 07 lo = 1 h(k) — O COS k + Oy Sl K Asboth, Oroszlany, Palyi, A short

course on topological insulators, 2016.



Polarization in one-dimensional systems

Consider two types of centrosymmetric one-dimensional systems

1. Dimerized lattice TR T ® ©° ® O

2. lonic lattice ® © © © o o o o

Geometric phase formula for the macroscopic polarization

e OCC |
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Parity operator II takes P — —P

Centrosymmetric systems must have P =0 mod ¢

or
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Polarization in one-dimensional systems

Consider two types of centrosymmetric one-dimensional systems

1. Dimerized lattice TR T TR ® O distinct

topological
2. lonic lattice ® ©6 6 © o o o o phases

Geometric phase formula for the macroscopic polarization
e ocCC |
Pelec — —% ;/Z<Unk‘Vkunk>dk’ mod e

P:Pelec+§ZZntn

1. Dimerized lattice P = Z + Z = g mode = P =0 mode
. . e e e
2. lonic lattice Pliee = 5 + 5 = 0O mode = P=-mode



Thouless charge pumping
Spatially periodic time-dependent potential with time-period T
v(r,t+T)=v(r,t)  v(r+at) =ov(rt)

Pumped charge per period is a topological invariant

e T

n

Thouless Phys. Rev. B 27, 6083 (1983); Niu Thouless J. Phys. A: Math. Gen. 17, 2453 (1984)



Thouless charge pumping

Rice-Mele-Hubbard model
H =" |enchotno + tunsa(c

no
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Driving protocol
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Thouless charge pumping

k-space Hamiltonian h(k) = (k|H|k) = h(k) - &

0.5 075 1
time t/T

Asboth, Oroszlany, Palyi, A short
course on topological insulators, 2016.



Thouless charge pumping

Rice-Mele-Hubbard model
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Two-dimensional topological insulators

Integer quantum Hall effect
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Thouless Kohmoto Nightingale den Nijs 1982; Avron Seiler Simon 1983;
Niu Thouless Wu 1985; Avron Osadchy Seiler 2003.

Quantum spin Hall effect

Spinless 1D chain Spinful 1D chain
1 < : '
[ - 2_7TZ C dk | Vk log[P(k) —|_ 15] 2=1+1 4=2+2
P(k) = Pt[(ui(k)|O[u;(k))] o —
R R Quantum Hall Quantum spin Hall
Time-reversal op Ol|u) = i(1 ® §¥)|u)" ‘ ——

Kane Mele 2005 Qi Zhang, Physics Today 2010



Two-dimensional topological insulators

Integer quantum Hall effect
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Thouless Kohmoto Nightingale den Nijs 1982; Avron Seiler Simon 1983;
Niu Thouless Wu 1985; Avron Osadchy Seiler 2003.

Quantum spin Hall effect

1
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summary

One-dimensional systems present several topological invariants

Examples demonstrate the connections between Berry curvature,
symmetry and topological invariants

Bulk-boundary correspondence: Bulk topological invariants are
connected to properties at the boundary

Many-body interactions can induce transitions between distinct
topological phases



