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td 1RDM BBGYK RDMFT td RDMFT

Density operator techniques

The time-dependent Hamiltonian

N N
Hy () =) hi(t)+) W
i=1 i<j

BBGYK-hierarchy

Instead of the full N-particle density operator, it is often
convenient to consider simple quantities, namely, the n-body
reduced density matrices

ihdyp) = [A(t), P11+ 2Try [Wio, 7]

ihd,y, = [Hip, V2] + 3Tr3[Wys + Wys, 5]
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td 1RDM K RDMFT td RDMFT

Gilbert theorem (1975)

Gilbert theorem guarantees that the ground-state energy of a
fermionic system can be obtained by minimizing some energy
functional on 7;:

. A 1 (@, x)y (2,2 )
En] =<+ Efdwdac n |r)z/;~(’| ) + &l 1]

Some advantages of RDMFT:
@ The kinetic-energy functional is exact.

@ The correlation-energy errors are at least an order of
magnitude smaller than B3LYP.

@ Superconductivity, temperature-dependent...
Some disadvantages:
@ Inefficient compared to DFT.

@ While DFT resorts to a large zoo of density functionals, only
about a dozen of 1-RDM-functionals have been proposed so far.
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td 1RDM OMFT  td RDMFT

Time-dependent RDMFT

P10 =) miBleiO)Xei(t)
i
i19;P1(8) = [h(), 1(5)] + 2Tr2[ Wi, 72 [1]],
The current ground-state reconstructions in RDMFT are very
restrictive, for they only contain the so-called two-index (direct

and exchange) Coulomb integrals (Requist 2011).
As a result, by and large,

9y (t) = 2Im( ;| Tra [Wio, 7271 1]lep;) = 0.
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Marginal problem QMP  Pure QN Structural simplification

Quantum marginal problem

From the many-fermion wave function to the n-particle
reduced density matrices:

W) — P
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Marginal problem QMP Pure QMP Structural simplification Two news

Quantum marginal problem

From the many-fermion wave function to the n-particle
reduced density matrices:

W) — P

7= () v e

From the 1-particle reduced density matrix to the wave
function:
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Marginal problem QMP Pure QMP Structural simplification Two news

Pure quantum marginal problem

Pauli exclusion principle (Coleman 1963)

This is the is the ensemble N-representability problem. The
matrix y; = NTrN_l[Z,- ai|\Ifi><\I/i|] satisfies:

0<79,<1 and Try;=N.

The eigenvalues of 7, obey 0 <n; <1, with (17 > 1, >---).
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Pure quantum marginal problem

Pauli exclusion principle (Coleman 1963)

This is the is the ensemble N-representability problem. The
matrix y; = NTrN_l[Z,- ai|\Ifi><\I’i|] satisfies:

0<79,<1 and Try;=N.

The eigenvalues of 7, obey 0 <n; <1, with (17 > 1, >---).

Generalized Pauli exclusion principle (Klyachko 2008)

For pure states there is also a finite set of linear constraints:
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Marginal problem QMP Pure QMP Structu plification Two

Generalized Pauli constraints for 3 electrons

N=3,d=8

2—(np+ny+ng+ny)>0
2—(np+nz+ng+ns)>0
2— (111+1’12+7’15+716)20
2—(ny+n3+ng+ng) >0
1- (7/11+1’12—1/l3)20
1—(n2+n5— 7)20
1—(1’11+1’16— 7)20
1—(n2+n4— 6)20
1—(ny+ng4—ns)>0
1—(1’13+Tl4— 7)20
1—(ny+ng)=>0
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Marginal problem Pure QMP  Struc

Example: Borland-Dennis setting N = 3,d = 6

Borland-Dennis setting

Consider a system of three electrons and a six-dimensional
one-particle Hilbert space. Apart from the Pauli’s inequalities:

1/11§1 leSl n3S1

ny+n, <2
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Example: Borland-Dennis setting N =3,d =6

Borland-Dennis setting

Consider a system of three electrons and a six-dimensional
one-particle Hilbert space. Apart from the Pauli’s inequalities:

ng +n;=1 ns+n,=1 ny+nz=1
6 1 5 2 4 3

Ng+ny+n, <2
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Marginal problem QMP  Pure QMP  Structural simplification Two news

Structural simplification

Pinning
When pinning holds D(if) = k¢ + k11| + -+ kg11y = 0, any
compatible wave function fullfills

(Kol + Ky 7y +---+x471)|P)=0

and remarkably simplifies:

|D) = Z Cin, il Pty == P )y

{il,...,iN}

v
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Structural simplification

Pinning
When pinning holds D(if) = k¢ + k11| + -+ kg11y = 0, any
compatible wave function fullfills

(Kol +xq7 +---+1x477)|P)=0
and remarkably simplifies:

|D) = Z Cin, il Pty == P )y

{i],...,iN}EI[)

for the configurations satisfying:

(Kol + Kyl ++++Kahig)li, -+ @i, ) = 0.

v
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Structural simplification

N-particle 1-particle
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Structural simplification

N-particle 1-particle

Fp

PRA 96, 052312 (2017)

I- ”PD\IJHZ < 2D(ﬁ)) PCCP 19, 12655 (2017)
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Marginal problem P Structural simplification  Two news

First news: pinning is robust!

Assume that |\V,) is the ground state of a Hamiltonian H,and
assume also that
D(itg) = 0

(the state is pinned to that boundary).
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First news: pinning is robust!

Assume that |\V,) is the ground state of a Hamiltonian H,and
assume also that
D(itg) = 0

(the state is pinned to that boundary).
In Rayleigh-Schrodinger perturbation theory for the ground
state of the perturbed Hamiltonian H(A) = H + AV we have

JaD(ity)|  _
oA =0

Therefore, for pinned systems,

CLBR and Miguel A. L. Marques (to be published).
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Marginal problem QMP  Pure QMP Structural simplification Two news

Second news: quasipinnig!

Some ground states are quasipinned!

D(if) = 0 Much smalller than the distance to the HF point.
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Second news: quasipinnig!

Some ground states are quasipinned!

D(if) = 0 Much smalller than the distance to the HF point.

e Harmonium H = 221 1Pl 221 171 +3 Zz<] ij

C. Schilling, D, Gross and M. Christandl, PRL 110, 040404 (2013)
F. Tennie, V. Vedral and C. Schilling, PRA 95, 022336 (2017)
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@ Hubbard model, Lithium isoelectronic series, molecules...

CLBR, J.M. Gracia-Bondia and M. Springborg, PRA 88, 022508 (2013
R. Chakraborty and D. Mazziotti, PRA 89, 042505 (2014

C. Schilling, PRA 92, 155149 (2015

R. Chakraborty and D. Mazziotti, JCP 148, 054106 (2018

—_ = = =

Carlos L. Benavides-Riveros Benasque, 29 August 2018



Marginal problem QMP  Pure QMP Structural simplification Two news

Second news: quasipinnig!

Some ground states are quasipinned!

D(if) = 0 Much smalller than the distance to the HF point.

e Harmonium H = 221 1Pl 221 171 +3 Zz<] ij

C. Schilling, D, Gross and M. Christandl, PRL 110, 040404 (2013)
F. Tennie, V. Vedral and C. Schilling, PRA 95, 022336 (2017)

@ Hubbard model, Lithium isoelectronic series, molecules...

CLBR, J.M. Gracia-Bondia and M. Springborg, PRA 88, 022508 (2013
R. Chakraborty and D. Mazziotti, PRA 89, 042505 (2014

C. Schilling, PRA 92, 155149 (2015

R. Chakraborty and D. Mazziotti, JCP 148, 054106 (2018

@ In the context of 2RDM and 1RDM theories
l. Theophilou et alt. JCP 142, 154108 (2015)

D. Mazziotti, PRA 94, 032516 (2016)
A. E. DePrince Ill, JCP 145, 164109 (2016)

—_ = = =

Carlos L. Benavides-Riveros Benasque, 29 August 2018



Marginal problem QMP  Pure QMP Structural simplification Two news

Second news: quasipinnig!

Some ground states are quasipinned!

D(if) = 0 Much smalller than the distance to the HF point.

e Harmonium H = 221 1Pl 221 171 +3 Zz<] ij

C. Schilling, D, Gross and M. Christandl, PRL 110, 040404 (2013)
F. Tennie, V. Vedral and C. Schilling, PRA 95, 022336 (2017)

@ Hubbard model, Lithium isoelectronic series, molecules...

CLBR, J.M. Gracia-Bondia and M. Springborg, PRA 88, 022508 (2013
R. Chakraborty and D. Mazziotti, PRA 89, 042505 (2014

C. Schilling, PRA 92, 155149 (2015

R. Chakraborty and D. Mazziotti, JCP 148, 054106 (2018

@ In the context of 2RDM and 1RDM theories
l. Theophilou et alt. JCP 142, 154108 (2015)

D. Mazziotti, PRA 94, 032516 (2016)
A. E. DePrince Ill, JCP 145, 164109 (2016)

—_ = = =

Up-to-date review: CLBR, Chemical Modelling 14, 71 (2018).
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td NON

Time evolution of the natural occupation numbers

For the three-electron system, the rank six approximation is

|Ppp | )
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td NON

Time evolution of the natural occupation numbers

The Borland-Dennis state is

[Ppp (77, 3 El) = Viize'®|p1 0o 93)
— V156" 3|01 P135) + Ve “0| P2 aps)
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td NON
Time evolution of the natural occupation numbers

The Borland-Dennis state is

[Pp [, @, E]) = Vitze' o1 p203)
— V1565511 p1s5) + e 6P pagps)

Time-evolution of the natural occupation numbers
din; = —4 Z\/”i”]‘ sin(&; — &)

j#i

pi(@)pj(x)  @i(@)pri(z’)

Pri@) () 7@ )prifar)| V& IATA
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td NON
Time evolution of the natural occupation numbers

Time-evolution of the relative phases

From the statlonary of the action
A[Dgp] JO (Ppp(7)]idy — H(T)|Ppp(T))dT:

d

—&[Ppp]

atél = ani
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td NON
Time evolution of the natural occupation numbers

Time-evolution of the relative phases

From the statlonary of the action
A[Dgp] JO (Ppp(7)]idy — H(T)|Ppp(T))dT:

d

—&[Ppp]

atél = ani

Similar equations for four-electron systems.
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Conclusions
Take-home messages

@ Pure 1-body reduced density matrix satisfies the
generalized Pauli principle.

@ (quasi)pinning is physically relevant: fermionic ground
states are much simpler than expected!

@ (quasi)pinning is robust!

@ we have found an equation for the time evolution of the
natural occupation numbers for three-electron systems.
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