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Kaleidoscopes … and 
the reflection groups 

generated thereby





Kaleidoscopes are the systems of  mirrors where one 
does not know where one mirror ends and another 
begins.

San Francisco
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Attention! Next two sentences constitute a formula-less 
crash course on Bethe Ansatz
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Kaleidoscopes are the systems of  mirrors where one 
does not know where one mirror ends and another 
begins. Tightly linked to Bethe Ansatz solvability. No 
sharp transitions -> no tails in Fourier transform -> 
can hope to have a solution with a finite number of  
plane waves = Bethe Ansatz
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Kaleidoscopes are the systems of  mirrors where one 
does not know where one mirror ends and another 
begins. Tightly linked to Bethe Ansatz solvability. No 
sharp transitions -> no tails in Fourier transform -> 
can hope to have a solution with a finite number of  
plane waves = Bethe Ansatz. Kaleidoscopes are   
classified using  
the reflection  
groups.

San Francisco

“Inside kaleidoscope”
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Reflection groups generate solvable wave problems with 
δ-functional slabs along the mirrors of  the group 
[Gutkin (1982); Emsiz-Opdam-Stokman (2006)]. 

Those, in turn, may, potentially, generate integrable 
problems with pair-wise δ-interacting particles 
[Girardeau, Lieb-Lineger, McGuire, Yang, Gaudin, … 
(1960s - early 1970s)]. 
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Difficulty: number of  mirrors typically far exceeds the 
number of  particle pairs 



Reflection groups generate solvable wave problems with 
δ-functional slabs along the mirrors of  the group 
[Gutkin (1982); Emsiz-Opdam-Stokman (2006)]. 

Those, in turn, may, potentially, generate integrable 
problems with pair-wise δ-interacting particles 
[Girardeau, Lieb-Lineger, McGuire, Yang, Gaudin, … 
(1960s - early 1970s)]. 

Difficulty: number of  mirrors typically far exceeds the 
number of  particle pairs  

Must have a way to disable mirrors! 



Ideas with hard-core 
particles: hiding 

mirrors behind hard-
core walls



d hard-cores on a half-line 

    
inter-particle contact 

particle-wall contact 

left-mid and mid-right 
contacts in a  
consecutive triplet 

contacts in two  
unrelated consecutive doublets

d-dimensional billiard 

     
α  = arctan[                      ] 

m1 m2
xi = yi/√mi￢

α

m2(m1+m2+m3)
m1m3

m1 m2∞



Hard-core particle systems generate simplex-shaped 
billiards. 

In particular, alcoves (i.e. a system of  generating 
mirrors) of  all reflection group with a non-forking 

Coxeter diagram can be built. They, in turn, 
generate integrable hard-core particle 

systems… 



Hard-core particle systems generate simplex-shaped 
billiards. 

In particular, alcoves (i.e. a system of  generating 
mirrors) of  all reflection group with a non-forking 

Coxeter diagram can be built. They, in turn, 
generate integrable hard-core particle 

systems… 

..10 of  them



A proof  of  principle

F4
~



433 3

Single solution:  
m0=∞, m1=6m, m2=2m, m3=m, m4=3m, m5=∞

6m 2m 3mm

F4
~

~
Building a particle system  

from the F4 Coxeter diagram 

m0-m1 m1-m2 m3-m4m2-m3 m4-m5



Results 

Ground state energy:  

                              E1,1,2,3   =               

Ground state wavefunction: 
          consists of  1152 plane  
             waves  (the same for  
            any other eigenstate) 
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Quantum Galilean Cannon as an entanglement amplifier 

AN



A light ray sent through a center of  a face of  a  
Platonic solid, perpendicular thereto, will leave through 
either a center of  another face or through a vertex.

A practically important property of 
the Platonic solids 



That is: 
“Special point in, special point out”



AN

“Special point in, special point out”

Example: Galilean Cannon

m
m/3

m/6
m/10



A scheme for an entanglement amplifier

80,000 realizations

The same wavelength as for  
a single particle of  a total mass  

of  the system with the same velocity  
as the out-velocity
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Implementation note: 

  - quasi-1D atom guide 
  - two species or two internal states 
  - attractive intra-specie interaction  
          -> NLS solitons as particles 
  - alternating order of  species 
  - hard-core inter-soliton (hence inter-specie) repulsion 
  - E.g. Li7, at 855 G, mixture of  (mF = −1)–(mF = 0): 
         a-1,-1 ≈ −0.5 aB, a0,0 ≲ −10 aB, a-1,0 ≈ +1.0 aB 
  - massive particles of  different mass are emulated by 
     the solitons of  different length  
  - Need: Ekinetic, total << μ  (within reach) 

repulsive





Integrability = maximal light-to-
heavy energy transfer and protected 
channels in phase space to protect 

entanglement 



Another idea: slow-down of  relaxation

I2(m)
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(m/M)n = 
    (1-cos(π/n))/cos(π/n)



Integrability = slowdown of  
relaxation
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(2017) 
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Ideas with δ-
interacting particles: 
suppressing mirrors 
with nodal surfaces



Integrability-induced prohibition of  dissociation of  dimers 
on a barrier: a spatially compact readout for chip 

interferometers  

I2(4)



x1

x2

Real world, particles:

two bosons  
and a barrier(a) (b)

δbarrier

δbarrier

δinteraction



x1

x2

C2

Ideal world, solvable :

δbarrier

δbarrier

δinteractionδinteraction



x1

x2

Ideal & real:

node for bosonic, spatially odd states 😀
 😀

δbarrier

δbarrier

δinteractionδinteraction



x1

x2

Ideal & real:

Prohibition of  
chemistry, of  

dissociation in  
particular

δbarrier

δbarrier

δinteractionδinteraction
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Suggested application: compact readout in chip-based 
interferometers. 

Can use the monomer production as a measure of  
relative phase between the interferometer arms, no 

need for spatial separation between the output beams 
after recombination.

(a) (b)



[1] Juan Polo Gomez, Anna Minguzzi, Maxim Olshanii, Traces of  integrability in 
scattering of  one-dimensional dimers on a barrier, New J. Phys. 21, 023008 
(2019)

https://arxiv.org/search/?searchtype=author&query=Gomez%2C+J+P
https://arxiv.org/search/?searchtype=author&query=Minguzzi%2C+A
https://arxiv.org/search/?searchtype=author&query=Olshanii%2C+M


All this is very recent, and it suspected to be a pair of  a 
bigger whole.  

Work in progress: “asymmetric Bethe ansatz” 

Inspired by this work and [Yanxia Liu, Fan Qi,  Yunbo 
Zhang,  and Shu Chen, arXiv:1903.08449] 

(integrability of  two hard cores with a 3:1 mass ratio, 
with δ-interactions, in a box)



Can keep unphysical interactions if  
the wavefunction has a node at their 

location 

Integrability = prohibition of  
chemistry



Summary and outlook



Summary

“Mathematics catalogues everything that is not self-
contradictory; within that vast inventory, physics is an 
island of structures rich enough to contain their own 
beholders.” 
― Greg Egan, Oceanic

Reflection 
groups

- entanglement 
amplifier 

- “integrability peaks” 
in mass mixtures 

- interferometer output 
readout via monomer 
production

https://www.goodreads.com/author/show/32699.Greg_Egan
https://www.goodreads.com/work/quotes/7253536
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Cheap Macroscopic Quantum 
Coherence with the GPE 

Breathers 
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Small field 
fluctuations feeding 
the soliton relative 

distance fluctuations 



Start from a single BEC soliton, at a coupling g0

+ small noise

N



+ small noise

N

tg0

g = 4 × g0

Quench the coupling 4-fold,  g0  ➽  g = 4× g0



Quench the coupling 4-fold,  g0  ➽  g = 4× g0

tg0

g = 4 × g0

get a “breather”



Quench the coupling 4-fold,  g0  ➽  g = 4× g0

3N/4

N/4

distance governed by the  
initial small noise



Quantum fluctuations 
feeding the soliton 
relative distance 

quantum fluctuations 

T ≲ μ 



Exact separable action-angle Hamiltonian,  
through the Inverse Scattering Transform

Ĥ =
N1p2

1

2m
−

mg2
0

24ℏ2
N3

1 + ∫
+∞

−∞
dp

n(p)p2

2m

# atoms in soliton
one-atom momentum  

in soliton  

momentum density  
of  the unbound atoms  

Canonical pairs: 

(N1, Φ1); (p1, q1 ≡ x1, comN1); (n(p), ϕ(p))

Faddeev & Takhtadjan,  
Hamilton Approach to the Soliton Theory  



Lower part of  the spectrum

pure soliton 

soliton + one free atom 

quantum 
 frozen

μ ≡
mg2

0

8ℏ2
N2

1

T

          n(p) ∝ e−μ/T



Back to a single soliton,  g0; now assume T ≲ μ 

N



Back to a single soliton,  g0; now assume T ≲ μ 

+ quantum noise

N



+ quantum noise

N

tg0

g = 4 × g0

Quench the coupling 4-fold,  g0  ➽  g = 4× g0



Quench the coupling 4-fold,  g0  ➽  g = 4× g0



Quench the coupling 4-fold,  g0  ➽  g = 4× g0

3N/4

N/4

distance governed by the  
initial quantum noise



Quench the coupling 4-fold,  g0  ➽  g = 4× g0

3N/4

N/4

governed by the  
initial quantum noise

cold quantum unbounded 
macroscopic degree of  freedom 



What enables the effect?



Q: What enables the effect?

A: Existence of  solitons



From 1-soliton to 2-
soliton sheet



g = [9/4 … 25/4]× g0

g0
1 soliton+ 

fluctuations

2 solitons+ 
fluctuations

1 soliton+ 
fluctuations

2 solitons+ 
fluctuations

Remark: CoM motion is 
completely decoupled

pure 
soliton

Satsuma & Yajima,Supplement of  the Progress  
of  Theoretical Physics, No. 55, 1974



g = 4× g0

g0
1 soliton+ 

fluctuations

2 solitons+ 
fluctuations

1 soliton+ 
fluctuations

pure 
soliton2 solitons+ 

fluctuations

Remark: CoM motion is 
completely decoupled

pure 
2-soliton

Satsuma & Yajima,Supplement of  the Progress  
of  Theoretical Physics, No. 55, 1974



microscopic quantum fluctuations at  g0  become  
macroscopic quantum fluctuations at   g = 4 × g0 



Predictions
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Δv

Bethe Ansatz for N . 20: h(�v)2i = 0.072
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Bogoliubov propagation starting from a

white quantum noise on the mother soliton:
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✓
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N = 0.0136905

✓
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Bogoliubov propagation starting from the
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Extrapolation from Bethe Ansatz for N = 20:

⌧ = 3.6 s

Bogoliubov propagation starting from a

white quantum noise: ⌧ = 8.3 s

Bogoliubov propagation starting from the

Bogoliubov noise on mother soliton: ⌧ = 12.8 s
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Dissociation of  one-dimensional matter-wave breathers due to quantum 
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Summary

A factor of  4 coupling quench from a soliton 

⬇ 
Quantum macroscopic unbounded degree of  

freedom: the relative distance between daughter solitons 
in a breather 

Observable in ambient mean-filed conditions 
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Recent developments 
with sphere-inversion 

and electrostatics: 
loving mirrors, 

changing the question 



What Is Mathematics? Richard 
Courant & Herbert Robbins, 

edited by Ian Stewart









Dmitry Yampolsky, discovered 
numerically that sequential 
circle inversions lie on another 
circle. Yuri Styrkas (Princeton 
HS), proved this property 





Dmitry Yampolsky, discovered 
numerically that sequential 
circle inversions lie on another 
circle. Yuri Styrkas, proved this 
property 

Steven Jackson explained it in 
5 min: “2D circle inversions are 
stereographic projections of  
3D reflections”. The rest 
follows, including lifting to 4D



ℛ
4D

3D

"

O

⃗n

⃗p 1

⃗p 2

⃗p ′�1

R

⃗p ′�2

3D

2D



ℛ
4D

3D

"

O

⃗n

⃗p 1

⃗p 2

⃗p ′�1

R

⃗p ′�2



Building solvable electrostatic problems



⃗p 1 ⃗p 2

R

r1 r2

⃗O

R = | ⃗p 1 − ⃗O | | ⃗p 2 − ⃗O |

⃗p 1 ⟷ ⃗p 2

 sphere inversion



⃗p 1 ⃗p 2

R

r1 r2

⃗O

R = | ⃗p 1 − ⃗O | | ⃗p 2 − ⃗O |

⃗p 1 ⟷ ⃗p 2

 sphere inversion

Important property:

r2
1

| ⃗p 1 − ⃗O |
=

r2
2

| ⃗p 2 − ⃗O |



⃗p 1 ⃗p 2

R

r1 r2

⃗O

R = | ⃗p 1 − ⃗O | | ⃗p 2 − ⃗O |

⃗p 1 ⟷ ⃗p 2

 sphere inversion

q2 = −
| ⃗p 2 − ⃗O |

| ⃗p 1 − ⃗O |
q1

q2q1

ϕ = 0



Imagine an empty cavity surrounded by a 
grounded conductor.  



Imagine an empty cavity surrounded by a 
grounded conductor.  

Assume that its walls are formed by segments 
of  spherical surfaces.  
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Imagine an empty cavity surrounded by a 
grounded conductor.  

Assume that its walls are formed by segments 
of  spherical surfaces.  

The field induced by a point  
charge placed inside the cavity can be 
constructed using a method of  images if  the 
following three conditions are satisfied: 



I. The set of  image charge locations produced via 
sequential application of  the inversions with respect to 
any of  the spheres involved is finite; 

II. The values of  the image charges can be 
unambiguously assigned; 

III. No image charges are produced inside the cavity.

The field induced by a point  
charge placed inside the cavity can be 
constructed using a method of  images if  the 
following three conditions are satisfied: 



Consider a set of  spheres each of  which being a 4D 
stereographic projection of  a grand hyper-circle on a 
surface of  a 4D hypersphere 
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It can be explicitly shown that if  two points on the 
hypersphere are related by a reflection via a 4D mirror, 
then their stereographic images will be related  by a 
sphere inversion 
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Consider several mirrors; assume they generate a finite 
reflection group. 

Conducting cavity of  interest = stereographic image of  
the cross-section of  the principle chamber of  the group 
and the stereographic sphere. 
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It can be shown (see my talk last Thursday) that in this 
case the conditions I-II-III are met



A worked example, D4



(a) (b)



In general
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19 three-parametric families


