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Synthetic Quantum Matter
Bottom-up  engineering

trapped ions,  superconducting qubits,  quantum dots,  NV centers,   etc.

mailto:matteo.rizzi@fz-juelich.de


matteo.rizzi@fz-juelich.de
Flat band systemsAtomtronics 

Benasque 2019

Synthetic Quantum Matter

I. Bloch, et al. RMP 80, 885 (2008)

Bottom-up  engineering

L. Tarruell, et al., Nature 483, 302 (2012)

Ramanathan et al., PRL 106, 130401 (2011);
A. Fetter, RMP 81, 647 (2009)

J. Dalibard, et al., RMP 83, 1523 (2011)
N. Goldman, et al., RPP 77, 126401 (2014)

trapped ions,  superconducting qubits,  quantum dots,  NV centers,   etc.

Hamiltonian  engineering
cold atomic gases,  photonic systems, …

C.Chin,et al.,RMP 82,1225 (2010) 
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Synthetic Quantum Matter

I. Bloch, et al. RMP 80, 885 (2008)

Bottom-up  engineering

L. Tarruell, et al., Nature 483, 302 (2012)

Ramanathan et al., PRL 106, 130401 (2011);
A. Fetter, RMP 81, 647 (2009)

J. Dalibard, et al., RMP 83, 1523 (2011)
N. Goldman, et al., RPP 77, 126401 (2014)

trapped ions,  superconducting qubits,  quantum dots,  NV centers,   etc.

Hamiltonian  engineering
cold atomic gases,  photonic systems, …

M. Schreiber, et al.,  
Science 349, 842 (2015)

J. Billy, et al.,  
Nature 453, 891 (2008)
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General Picture
Geometrical  
constraints

Background 
gauge fields+

Frustration, large degeneracy,  
single-particle topological character,  

flat-band dispersion
+

Interactions btw. constituents

Fractional topological phases 
here fermions 

range q => fraction 1/(q+1)

Collective transport properties:  
pair-transport in bosons, etc.

see works by Tovmasyan, Peotta, Huber, Törma (& others)  
for enhanced fermionic pairing, too
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From standard to flat bands
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>
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From standard to flat bands

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="LHu4T2eZ7s1DzHhVjORuyM8467c="></latexit>
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From standard to flat bands
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<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>
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Flat topological bands

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>
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<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>
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spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>
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Flat topological bands

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

Symmetry Protected Topological (SPT) Order

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

<latexit sha1_base64="kMUN5F43O0MZVb8BLCVhEbddCIo="></latexit>

<latexit sha1_base64="cDguNCxzWFSBaTJ6Boz0bGdQQQk="></latexit>

         measured in cold gases 
via Ramsey interferometry

M. Atala,  et al., Nat. Phys. 9, 795 (2013)e.g., S. Ryu, et al., NJP 12, 065010 (2010),   D. Xiao, et al., RMP 82, 1959 (2010)

<latexit sha1_base64="zSJguy71tjsBtqUCptw4sNmbsu0="></latexit>

<latexit sha1_base64="D+00OiGt9Op/EKO+W7bF4LS0kvQ="></latexit>

<latexit sha1_base64="ReiDQ2uU0/rAW91gET+61nEXW1o="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>
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SPT - Trivial transition

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>
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<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>
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by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>
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flat bands,  with topological character!
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<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>

Class BDI of AZ table
Altland, Zirnbauer, PRB 55, 1142 (1997)

<latexit sha1_base64="CX60aVgPgCghvqna9w4TanDBPKg=">AAADYnicfVJbixMxFM62Xtbx1rqP+hAsQlfYMlMFRRCKi8uyTyvY3YWmljNp2sZJMkOSWSnZ/B1/ja8KvvtDTLvjalv1QODLOd93LslJC8GNjePvW7X6tes3bm7fim7fuXvvfqP54MTkpaasT3OR67MUDBNcsb7lVrCzQjOQqWCnaba/iJ+eM214rt7becGGEqaKTzgFG1yjRm//FSYYE8OnEkbPMJFgZxSEO/Sj+MPT9l62+z v4Gu+tEtrZ7qjRijvx0vAmSCrQQpUdj5q1iIxzWkqmLBVgzCCJCzt0oC2ngvmIlIYVQDOYskGACiQzQ7cc1eMnwTPGk1yHoyxeev9UOJDGzGUamItGzXps4fxXbJHRrNR3qVy9l4LJtQ7t5OXQcVWUlil62eCkFNjmePHeeMw1o1bMAwCqeZgR0xlooDb8ShQRxT7RXEpQY0cyZv0gGToy5qYQMDd2Lpi7aCVEg5qGt/Gr/FTDX/hELMm4lVysCwqdf/SD7kaFwMVVDXwl727I4Xz633q/cniM15RHbw8OvCMzsO5qgY6892F7kvVd2QQn3U4Sd5J3z1u9N9UebaOH6DFqowS9QD10iI5RH1H0GX1BX9G32o96VG/Wdy6pta1Ks4NWrP7oJ0ybGXQ=</latexit>

<latexit sha1_base64="x0IaFcfxkP82+puTz6eFWpOj5Zc=">AAADYnicfVJbixMxFM62Xtbxsq37qA/BInQVy0wRFEEoisuyTytsdxeaWs6kaRubZIYkszJk83f8Nb4q+O4PMe3W1WnVA4Ev53zfuSQnzQU3No6/b9Xq167fuLl9K7p95+69nUbz/onJCk1Zn2Yi02cpGCa4Yn3LrWBnuWYgU8FO0/nbRfz0nGnDM3Vsy5wNJUwVn3AKNrhGjd7xK0wwJoZPJYwSTCTYGQXhDvwo/vCk/Wy+9z v4Gj+tEtrzvVGjFXfipeFNkKxAC63saNSsRWSc0UIyZakAYwZJnNuhA205FcxHpDAsBzqHKRsEqEAyM3TLUT1+HDxjPMl0OMripfdPhQNpTCnTwFw0atZjC+e/YouMplLfpbJ6LwSTax3aycuh4yovLFP0ssFJIbDN8OK98ZhrRq0oAwCqeZgR0xlooDb8ShQRxT7RTEpQY0fmzPpBMnRkzE0uoDS2FMxdtBKiQU3D2/gqP9XwFz4RSzJuJRfrglxnH/2gu1EhcPGqBr6SdzfkcD79b71fOTzGa8rDd/v73pEZWHe1QIfe+7A9yfqubIKTbieJO8n7563em9UebaMH6BFqowS9QD10gI5QH1H0GX1BX9G32o96VG/Wdy+pta2VZhdVrP7wJ245GX8=</latexit>
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SPT - Trivial transition

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

isolated Dirac cone 
[no Fermion doubling]

Creutz, Horváth, PRD 50, 2297 (1994)
Creutz, PRL 83, 2636 (1999)

<latexit sha1_base64="WJZU1GXkB2LH6PPKtZZR4BgY/OI=">AAADXnicfVJRa9RAEN5etNbT2lZfBF8Wg+DTkRyCgogFsUifKnht5RLKZDN3t97uJuxuKmGbX+Gr/jDf/ClurlG8nDqw8GXm+2YmH5OVghsbRd+3BsGNm9u3dm4P79zdvbe3f3D/1BSVZjhhhSj0eQYGBVc4sdwKPC81gswEnmXLN2397BK14YX6YOsSUwlzxWecgfWpj5K+onP/7MV+GI2iVdBNEHcgJF2cXBwMXid5wSqJyj IBxkzjqLSpA205E9gMk8pgCWwJc5x6qECiSd1q44Y+8Zmczgrtn7J0lf1T4UAaU8vMMyXYhenX2uS/am1HszbfZXL9uxIoexva2YvUcVVWFhW7XnBWCWoL2tpGc66RWVF7AExz/4+ULUADs97c4TBR+JkVUoLKXbJE20zj1CU5N6WA2thaoLsK40SDmntvmnV+puEv/ESsyDSMr/qCUhefmul4Y4Ln0m4G/S0fb8jhcv7feb96NJT2lMdvj44alyzAuqT1noFwx02/P+eNc4mWlPcriF2l9cCfXNw/sE1wOh7F0Sh+/yw8fNkd3w55RB6TpyQmz8kheUdOyIQwIskX8pV8G/wItoPdYO+aOtjqNA/IWgQPfwI6FBru</latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>
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SPT - Trivial transition

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

isolated Dirac cone 
[no Fermion doubling]

Creutz, Horváth, PRD 50, 2297 (1994)
Creutz, PRL 83, 2636 (1999)

<latexit sha1_base64="WJZU1GXkB2LH6PPKtZZR4BgY/OI=">AAADXnicfVJRa9RAEN5etNbT2lZfBF8Wg+DTkRyCgogFsUifKnht5RLKZDN3t97uJuxuKmGbX+Gr/jDf/ClurlG8nDqw8GXm+2YmH5OVghsbRd+3BsGNm9u3dm4P79zdvbe3f3D/1BSVZjhhhSj0eQYGBVc4sdwKPC81gswEnmXLN2397BK14YX6YOsSUwlzxWecgfWpj5K+onP/7MV+GI2iVdBNEHcgJF2cXBwMXid5wSqJyj IBxkzjqLSpA205E9gMk8pgCWwJc5x6qECiSd1q44Y+8Zmczgrtn7J0lf1T4UAaU8vMMyXYhenX2uS/am1HszbfZXL9uxIoexva2YvUcVVWFhW7XnBWCWoL2tpGc66RWVF7AExz/4+ULUADs97c4TBR+JkVUoLKXbJE20zj1CU5N6WA2thaoLsK40SDmntvmnV+puEv/ESsyDSMr/qCUhefmul4Y4Ln0m4G/S0fb8jhcv7feb96NJT2lMdvj44alyzAuqT1noFwx02/P+eNc4mWlPcriF2l9cCfXNw/sE1wOh7F0Sh+/yw8fNkd3w55RB6TpyQmz8kheUdOyIQwIskX8pV8G/wItoPdYO+aOtjqNA/IWgQPfwI6FBru</latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>

transition to trivial gap
<latexit sha1_base64="N7VCEnW/LpHqIg5iUaN5PAdxR1Y="></latexit>

<latexit sha1_base64="zbTPTqTjyyrsP1FEoxdft3+iVy0="></latexit>

<latexit sha1_base64="aagVvqqf2AJv3XH3U2fW7hbHdOw="></latexit>

no more edge states
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AIII SPT phase

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

[another scheme 
Velasco, Paredes,  

PRL 119, 115301 (2017)]

breaks T & C symmetry!Zeeman
<latexit sha1_base64="9L2oimtEyQN8Xa+FgudkV62o3LE="></latexit>

<latexit sha1_base64="f2QR0eTf2EmcCcOFaopNxihKg6w="></latexit>

Class AIII of AZ table
Altland, Zirnbauer, PRB 55, 1142 (1997)

<latexit sha1_base64="YMS/hoo/TE7nRdkNcjZcfdzFc5w="></latexit>

<latexit sha1_base64="SYbgxgkDJY2z2wzjFn4uFkKiVtk="></latexit>

J. Jünemann, et al. (MR), PRX 7, 031057 (2017)
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Aharanov-Bohm cages

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character! (SPT)

Vidal, Mosseri, & Doucot, PRL 81, 5888 (1998)

Basis of localized states         ,
a.k.a. Aharanov-Bohm cages

<latexit sha1_base64="FzoECsByLm7NDQ1+uXG81lz2hU4="></latexit>

S. Ryu and Y. Hatsugai, PRL 89, 077002 (2002)
P. Delplace, et al., PRB 84, 195452 (2011)

OBC: Mid-gap zero-energy edge states (   ,    ), 
[bulk-edge correspondence]

<latexit sha1_base64="+D1AmWKoVUY23SN8GRp9JE6f+a8="></latexit> <latexit sha1_base64="RUjrtxgKPla81N/NZGaoEiDfZ/4="></latexit>
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Aharanov-Bohm cages

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character! (SPT)

Vidal, Mosseri, & Doucot, PRL 81, 5888 (1998)

Basis of localized states         ,
a.k.a. Aharanov-Bohm cages

<latexit sha1_base64="FzoECsByLm7NDQ1+uXG81lz2hU4="></latexit>

S. Ryu and Y. Hatsugai, PRL 89, 077002 (2002)
P. Delplace, et al., PRB 84, 195452 (2011)

OBC: Mid-gap zero-energy edge states (   ,    ), 
[bulk-edge correspondence]

<latexit sha1_base64="+D1AmWKoVUY23SN8GRp9JE6f+a8="></latexit> <latexit sha1_base64="RUjrtxgKPla81N/NZGaoEiDfZ/4="></latexit>

Tovmasyan, van Nieuwenburg, & Huber, PRB 88, 220510(R) (2013)  
Takayoshi, Katsura, Watanabe, & Aoki, PRA 88, 063613 (2013)  

Huber & Altman, PRB 82, 184502 (2010)
Tovmasyan, Peotta, Törmä,̈ & Huber, PRB 94, 245149 (2016)  
Sticlet, Seabra, Pollmann, & Cayssol, PRB 89, 115430 (2014)

a workhorse for flat-band & SPT physics: Bragg techniques 
to measure edge states
in ultracold cold atoms

Goldman,Beugnon, Gerbier,  
PRL 108, 255303 (2012)
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�timb

timb
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on the basis of Aharanov-Bohm cages

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="FzoECsByLm7NDQ1+uXG81lz2hU4="></latexit>

<latexit sha1_base64="+D1AmWKoVUY23SN8GRp9JE6f+a8="></latexit>

<latexit sha1_base64="RUjrtxgKPla81N/NZGaoEiDfZ/4="></latexit>

Effective model
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on the basis of Aharanov-Bohm cages

• imbalance induced hopping
• n.n. interactions
• pair tunnelling
• density-assisted tunnelling

exotic Hubbard model 
[without dipolar atoms or other “strange” schemes]

Effective model
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J̃

on the basis of Aharanov-Bohm cages

• imbalance induced hopping
• n.n. interactions
• pair tunnelling
• density-assisted tunnelling

exotic Hubbard model 
[without dipolar atoms or other “strange” schemes]

Effective model

bulk-mediated [à la Fano-Anderson]  
edge-edge interactions

J. Jünemann, et al., PRX 7, 031057 (2017)
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Experimental schemes
An optical-lattice-based quantum simulator for 

relativistic field theories and topological insulators
A. Bermudez, et al., PRL 105, 190404 (2010);  

L. Mazza, et al., NJP 14 015007 (2012);  
MR, PoS - SISSA 193, 036 (2014)

A shaken lattice proposal  
for the Creutz ladder

J. Jünemann, et al., PRX 7, 031057 (2017)

Realization of a cross-linked chiral ladder  
by orbital-momentum coupling

J.H. Kang, J.H. Han, & Y. Shin, arXiv:1807.01444 & 1902.10304
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Half-filling          results

J. Jünemann, et al. (MR), PRX 7, 031057 (2017)

A. Bermudez, et al. (MR),  Ann. Phys. 339, 149 (2018)  
E. Tirrito, et al. (MR), PRB 99, 125106 (2019)
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Topological CDW
Can intrinsically interacting, gapped, SPT phases arise  

at                      for which non-interacting system is gapless?
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Open directions

• Up to now, BDI/AIII/spatial inversion SPT’s: other classes? 
Extension to higher-dim. flat-band topological systems?

• Bosonization (not shown) predicts a  
devil’s staircase at filling 1/(q+1) for int. range q
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e.g.,               for

• apparent absence of bulk-edge correspondence at zero energy: why?• apparent absence of bulk-edge correspondence at zero energy: why?

• experimental detection via mean chiral displacement or similar?
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General Picture
Geometrical  
constraints

Background 
gauge fields+

Frustration, large degeneracy,  
single-particle topological character,  

flat-band dispersion
+

Interactions btw. constituents

Fractional topological phases 
fermions  

range q => fraction 1/(q+1)

Collective transport properties:  
here pair-transport in bosons, etc.
see works by Tovmasyan, Peotta, Huber, Törma (& others)  

for enhanced fermionic pairing, too
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The Diamond-Chain Bose-Hubbard Model: geometric frustration against quantum fluctuations
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We explore the e↵ects of geometric frustration within a one-dimensional Bose-Hubbard model using a chain
of diamonds subject to a magnetic flux. The competition of tunnelling, self-interaction and magnetic flux
gives rise to the emergence of a pair-Luttinger liquid phase besides the more conventional Mott-insulator and
superfluid (Luttinger Liquid) phases. We compute the complete phase diagram of the model by identifying
characteristic properties of the pair-Luttinger liquid phase such as pair correlation functions and structure factors
and find that the pair-Luttinger liquid phase exists for a region even away from perfect frustration (half-flux).
We also study the bipartite entanglement properties of the chain. We discover that, while the scaling of the
block entropy pair-Luttinger liquid and of the single-particle superfluid leads to the same central charge, the
degeneracy of the low-lying entanglement spectrum levels reveal their fundamental di↵erence.

I. INTRODUCTION

The study of interacting models of quantum particles on ge-
ometrically frustrated lattices has recently received a renewed
interest [1–3]. The opportunity of creating boson-pairs super-
fluidity in optical lattices is significant due to its link to Cooper
pairs and subsequent applications in Josephon-junction arrays
(JJAs) [4]. These are of particular significance to advance-
ments in the realm of quantum computing [5]. Pair conden-
sation has been studied extensively for an attractive Bose-
Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In
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FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.

II. THE MODEL

We consider the Bose-Hubbard model for a quasi-one-
dimensional chain of diamonds as depicted in Fig. 1. This
chain includes the repetition of cells containing three sites that
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expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
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Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
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phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In

1
B

J

2
C

3
A

4
B

J

5
C

6
A

7
B

Jei� Jei� Jei�
. . . B

J

L � 2
C

L � 1
A

L
B

L � 3

J

J

J

J

J

J

1

(a)

(b)
(c)

FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
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We explore the e↵ects of geometric frustration within a one-dimensional Bose-Hubbard model using a chain
of diamonds subject to a magnetic flux. The competition of tunnelling, self-interaction and magnetic flux
gives rise to the emergence of a pair-Luttinger liquid phase besides the more conventional Mott-insulator and
superfluid (Luttinger Liquid) phases. We compute the complete phase diagram of the model by identifying
characteristic properties of the pair-Luttinger liquid phase such as pair correlation functions and structure factors
and find that the pair-Luttinger liquid phase exists for a region even away from perfect frustration (half-flux).
We also study the bipartite entanglement properties of the chain. We discover that, while the scaling of the
block entropy pair-Luttinger liquid and of the single-particle superfluid leads to the same central charge, the
degeneracy of the low-lying entanglement spectrum levels reveal their fundamental di↵erence.

I. INTRODUCTION

The study of interacting models of quantum particles on ge-
ometrically frustrated lattices has recently received a renewed
interest [1–3]. The opportunity of creating boson-pairs super-
fluidity in optical lattices is significant due to its link to Cooper
pairs and subsequent applications in Josephon-junction arrays
(JJAs) [4]. These are of particular significance to advance-
ments in the realm of quantum computing [5]. Pair conden-
sation has been studied extensively for an attractive Bose-
Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In
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FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.

II. THE MODEL

We consider the Bose-Hubbard model for a quasi-one-
dimensional chain of diamonds as depicted in Fig. 1. This
chain includes the repetition of cells containing three sites that
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I. INTRODUCTION

The study of interacting models of quantum particles on ge-
ometrically frustrated lattices has recently received a renewed
interest [1–3]. The opportunity of creating boson-pairs super-
fluidity in optical lattices is significant due to its link to Cooper
pairs and subsequent applications in Josephon-junction arrays
(JJAs) [4]. These are of particular significance to advance-
ments in the realm of quantum computing [5]. Pair conden-
sation has been studied extensively for an attractive Bose-
Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In
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FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.
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We consider the Bose-Hubbard model for a quasi-one-
dimensional chain of diamonds as depicted in Fig. 1. This
chain includes the repetition of cells containing three sites that
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for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
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We explore the e↵ects of geometric frustration within a one-dimensional Bose-Hubbard model using a chain
of diamonds subject to a magnetic flux. The competition of tunnelling, self-interaction and magnetic flux
gives rise to the emergence of a pair-Luttinger liquid phase besides the more conventional Mott-insulator and
superfluid (Luttinger Liquid) phases. We compute the complete phase diagram of the model by identifying
characteristic properties of the pair-Luttinger liquid phase such as pair correlation functions and structure factors
and find that the pair-Luttinger liquid phase exists for a region even away from perfect frustration (half-flux).
We also study the bipartite entanglement properties of the chain. We discover that, while the scaling of the
block entropy pair-Luttinger liquid and of the single-particle superfluid leads to the same central charge, the
degeneracy of the low-lying entanglement spectrum levels reveal their fundamental di↵erence.

I. INTRODUCTION

The study of interacting models of quantum particles on ge-
ometrically frustrated lattices has recently received a renewed
interest [1–3]. The opportunity of creating boson-pairs super-
fluidity in optical lattices is significant due to its link to Cooper
pairs and subsequent applications in Josephon-junction arrays
(JJAs) [4]. These are of particular significance to advance-
ments in the realm of quantum computing [5]. Pair conden-
sation has been studied extensively for an attractive Bose-
Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In

1
B

J

2
C

3
A

4
B

J

5
C

6
A

7
B

Jei� Jei� Jei�
. . . B

J

L � 2
C

L � 1
A

L
B

L � 3

J

J

J

J

J

J

1

(a)

1 2 3

...

i � 1

A

B

i
C
i + 1

...

N

1

(b)

B

C

A

B� J2�J2 J

1

�JJ

JJ

B

C

A

B�

1

�JJ

JJ

B

C

A

B�

J2�J2

J

1

�JJ

JJ

B

C

A

B�

J2�J2

J

1

�JJ

JJ

B

C

A

B�

J2�J2

J

1

�JJ

JJ

B

C

A

B�

J2�J2

J

1B

C

A

B J2�J2 J

1

B

C

A

B J2�J2 J

1

B

C

A

B J2�J2 J

1

B

C

A

B J2�J2 J

1

B

C

A

B J2�J2 J

1

(c)

FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.

II. THE MODEL

We consider the Bose-Hubbard model for a quasi-one-
dimensional chain of diamonds as depicted in Fig. 1. This
chain includes the repetition of cells containing three sites that
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In this paper we examine the Bose-Hubbard model on a
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flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In
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tation of the model in real space showing the number of sites
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contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.
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Experimental realisations
Josephson Junction Arrays

Gladchenko, et al., Nat. Ph. 5, 48 (2009)  

Photonic Waveguides

Mukherjee, et al.,  
arXiv:1805.03564

Kremer, et al.,  
arXiv:1805.05209

Cold atoms !?
• real space: superlattices or DMD 

or synthetic dimensions 
(e.g., angular momentum!)

• shaking of single links 
or laser-assisted tunneling

• tunable interactions

• … bosons / fermions …
Pelegrí, et al., arXiv:1807.08096 
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The Diamond-Chain Bose-Hubbard Model: geometric frustration against quantum fluctuations

Christine Cartwright1, Sarah Al-Assam2, Matteo Rizzi3, Gabriele De Chiara1
1Centre for Theoretical Atomic, Molecular and Optical Physics,
Queen’s University Belfast, Belfast BT7 1NN, United Kingdom

2 Department of Physics, University of Oxford, OX1 3PU, United Kingdom
3Institut fuer Physik, KOMET 337 Staudingerweg 7, 55128 Mainz, Germany

(Dated: July 31, 2017)

We explore the e↵ects of geometric frustration within a one-dimensional Bose-Hubbard model using a chain
of diamonds subject to a magnetic flux. The competition of tunnelling, self-interaction and magnetic flux
gives rise to the emergence of a pair-Luttinger liquid phase besides the more conventional Mott-insulator and
superfluid (Luttinger Liquid) phases. We compute the complete phase diagram of the model by identifying
characteristic properties of the pair-Luttinger liquid phase such as pair correlation functions and structure factors
and find that the pair-Luttinger liquid phase exists for a region even away from perfect frustration (half-flux).
We also study the bipartite entanglement properties of the chain. We discover that, while the scaling of the
block entropy pair-Luttinger liquid and of the single-particle superfluid leads to the same central charge, the
degeneracy of the low-lying entanglement spectrum levels reveal their fundamental di↵erence.

I. INTRODUCTION

The study of interacting models of quantum particles on ge-
ometrically frustrated lattices has recently received a renewed
interest [1–3]. The opportunity of creating boson-pairs super-
fluidity in optical lattices is significant due to its link to Cooper
pairs and subsequent applications in Josephon-junction arrays
(JJAs) [4]. These are of particular significance to advance-
ments in the realm of quantum computing [5]. Pair conden-
sation has been studied extensively for an attractive Bose-
Hubbard model with a 3-body repulsion [6, 7].

In this paper we examine the Bose-Hubbard model on a
one-dimensional (1D) lattice of diamonds (also referred to
as rhombi), where each diamond is subject to a magnetic
flux using numerical simulations employing the density ma-
trix renormalisation group [8–10]. When the flux is an odd
multiple of ⇡, the single particle band structure of the lattice
becomes flat. This geometry has been studied for the Fermi-
Hubbard model and in the large occupation limit (the quan-
tum rotor model) [11–13]. Flat bands have been examined
for a number of di↵erent quantum models, where recent work
includes [11, 14–16]. A number of geometries have been stud-
ied within the Bose-Hubbard model namely the zig-zag model
[17] and the ladder lattice [1].

Examining this chain with fractional filling results in a
number of interesting features and leads to incompressible
phases [18]. Within our study we focus on a commensurately
filled system, i.e. one particle per site. For this filling, we
expect to find the Mott-insulator (MI) phase when the on-site
repulsion dominates. The case of no frustration has been ex-
amined extensively and as the ratio of the tunnelling parame-
ter over the on-site repulsion increases the system enters into a
superfluid or Luttinger liquid (LL) phase. An interesting com-
petition occurs as the geometric frustration is increased with
an external magnetic field. The tunnelling of single particles
is restricted due to destructive interference leading to an in-
crease of their e↵ective mass. For perfect frustration, when
the magnetic flux is ⇡, single particle transport is absent and
only bosons-pairs can flow resulting in the more exotic Lut-
tinger liquid of pairs (pair-Luttinger liquid, PLL) [12, 13]. In
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FIG. 1: (Colour Online) One-dimensional lattice of a chain
of diamonds with N cells and L sites. Each cell contains three
sites labelled A, B,C. Solid (dashed) line connections indi-
cate a tunnelling amplitude �J (�Jei�). (a) is the a represen-
tation of the model in real space showing the number of sites
whereas (b) is a schematic diagram to illustrate the cells more
clearly.

contrast to the literature, we examine the system away from
perfect frustration and discover that it is possible to obtain
PLL even away from perfect frustration, which makes the ob-
servation of this state of matter more experimentally viable.

II. THE MODEL

We consider the Bose-Hubbard model for a quasi-one-
dimensional chain of diamonds as depicted in Fig. 1. This
chain includes the repetition of cells containing three sites that
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Q1: how robust is the PLL phase?
Q2: some Ising transition 

between PLL & LL ?

<latexit sha1_base64="RORQcdB2YCLOCdC22qpO+amE1JI="></latexit>

<latexit sha1_base64="8fuU7PzQ1dgOqGj+rRCmJLNsJj8="></latexit>

mailto:matteo.rizzi@fz-juelich.de
mailto:matteo.rizzi@fz-juelich.de


Rhombi-Chain Bose-Hubbard:  
frustration & interactions

matteo.rizzi@fz-juelich.de

PRB 98, 184508 (2018)

matteo.rizzi@fz-juelich.deAtomtronics 
Benasque 2019

The phase diagram

MI

LL

PLL

0 0.2 0.4 0.6 0.8 1

1
0.8
0.6
0.4
0.2
0 1

0.8
0.6
0.4
0.2
0

<latexit sha1_base64="7thdwuZfgDe/qRjSL3C02I50maM="></latexit>

Q1: how robust is the PLL phase?
Q2: some Ising transition 

between PLL & LL ?

<latexit sha1_base64="RORQcdB2YCLOCdC22qpO+amE1JI="></latexit>

unfortunately  
compatible with some 
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[or other fast decays…]
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higher filling 
helps a bit …
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Traditional observables
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Entanglement properties
...

A cut B cut C cut
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Vidal, et al., PRL 90, 227902 (2003)
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1.5
2 c=1.101

1.5 2 1.5 2
1.5
2 c=1.05

0 0.5 1 1.5 2 2.5 3
1.5
2 c=1.018

1.5
2 c=1.142

1.5 2 1.5 2
1.5
2 c=1.078

0 0.5 1 1.5 2 2.5 3
1.5
2

c=1.052

LL PLL

same CFT central charge
-6 -4 -2 0 2 4 6

0
2
4
6
8
10 6

4
3
1
1

-6 -4 -2 0 2 4

2

4

-4 -2 0 2 4 -4 -2 0 2 4 6

-6 -4 -2 0 2 4 6

1

2

3

=0
=0.9
=

11

-6 -4 -2 0 2 4 6

1

2

3

=0
=0.9
=

(a)

-6 -4 -2 0 2 4 6
0
2
4
6
8
10 6

4
3
1
1

(b)

-6 -4 -2 0 2 4

2

4

-4 -2 0 2 4 -4 -2 0 2 4 6

(c)

FIG. 11: (a): The entanglement spectrum as a function of the dispersion from uniform filling �N of the number of bosons for
the cut after C. As in the rest of the text, � = 0 denotes the unfrustrated case (�), � = ⇡ denotes the fully frustrated case (?) and
� = 0.9⇡ for intermediate frustration (⇤), simulated at J = 0.9U. A solid line is used to join the degenerate eigenvalues in both
cases. (b): Approximate parabolas for � = 0, � = 0.9⇡ and � = ⇡ (left to right) based on the length L = 226. In the right plot
di↵erent colours are used to highlight the di↵erence between the even and odd curves. In the third panel di↵erent colours denote
the possible curve fitting to even and odd. (c): The unfrustrated ES for a cut after C at L = 226 with the thermodynamic limit
approximation shown by the parabolas. The legend shows the degeneracy of each parabola.

on the nature of the PLL-LL transition (possibly once the PLL
region is also extended to simplify things); iii) deepen the un-
derstanding of the striking change in the entanglement spec-
trum, possibly by also explicitly enforcing the extensive num-
ber of Z2 symmetries41,52 in the numerics.
Moreover, it would be very interesting to examine the dynam-
ics of our interacting chain, in order to formulate experimental
detection strategies, now that platforms for artificial flat-band
systems are flourishing again21,55,56.
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BUT different entanglement spectrum

working tool:  
Tensor Networks

entanglement quantities are gaining experimental relevance …
e.g.,   Islam, et al., Nature 528, 77 (2015) — Dalmonte, et al., Nat. Ph., 14, 827 (2018)
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Open directions
• comparison of PLL robustness to Creutz-ladder flat bands: 

any relation to topological invariants? 
Ising model !? (we find no c=3/2 line)

 Tovmasyan, et al., PRB 88, 220510 (2013)  
Takayoshi, et al., PRA 88, 063613 (2013)

Jünemann, et al. (MR), PRX 7, 031057 (2017)  

• many-body dynamics in presence of extensive local symmetries: MBL-like?
Brenes, et al., PRL 120, 030601 (2018)

• exploration of  “square root TI” character:  
quantized pumping schemes?

Time evolution of energy bands
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Figure: Color indicates localization, red: localized on the right edge, blue:
localized on the left edge.
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• revival of 2D AB-cages: glassy phase at hand!?
MR, et al.,  PRB 73, 144511 (2006) 
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