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Conceptual Setup
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Prehistory (NIST, 1999)

• Form weakly interacting sodium BEC (approximately zero 
momentum initial motional state)

• Turn on off-resonant laser standing wave (optical lattice)

• Consider dynamics after various times (duration of single
standing wave laser pulse)

• Time-of-flight measurement (maps momentum distribution
onto spatial distribution)

Ovchinnikov, Müller, Doery, Vredenbregt, Helmerson, Rolston, Phillips
Physical Review Letters 83, 284 (1999)
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NIST Time of Flight Data

Ovchinnikov, Müller, Doery, Vredenbregt, Helmerson, Rolston, Phillips
Physical Review Letters 83, 284 (1999)
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• Describe potential as     
• Oscillations between      and 

(n=0, n=1 diffraction orders)           

Rabi Oscillations

/ cos(K x)
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Experiment

n=0

n=1

Single-atom model
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May Wish to Know Weak Optical Lattice Depths

• “Precise knowledge of atomic transition strengths is important in …
– development of ultraprecise atomic clocks,
– studies of fundamental symmetries,
– [studies of] degenerate quantum gases,
– quantum information,
– plasma physics, and
– astrophysics.”

Precision Measurement of Transition Matrix Elements via Light Shift Cancellation

C.D. Herold,* V.D. Vaidya, X. Li, S. L. Rolston, and J. V. Porto
Joint Quantum Institute, University of Maryland and NIST, College Park, Maryland 20742, USA

M.S. Safronova
Department of Physics and Astronomy, University of Delaware, Newark, Delaware 19716, USA

(Received 20 August 2012; published 14 December 2012)

We present a method for accurate determination of atomic transition matrix elements at the 10!3 level.

Measurements of the ac Stark (light) shift around ‘‘magic-zero’’ wavelengths, where the light shift

vanishes, provide precise constraints on the matrix elements. We make the first measurement of the

5s! 6p matrix elements in rubidium by measuring the light shift around the 421 and 423 nm zeros

through diffraction of a condensate off a sequence of standing wave pulses. In conjunction with existing

theoretical and experimental data, we find 0:3235ð9Þea0 and 0:5230ð8Þea0 for the 5s! 6p1=2 and

5s! 6p3=2 elements, respectively, an order of magnitude more accurate than the best theoretical values.

This technique can provide needed, accurate matrix elements for many atoms, including those used in

atomic clocks, tests of fundamental symmetries, and quantum information.

DOI: 10.1103/PhysRevLett.109.243003 PACS numbers: 32.70.Cs, 37.10.Jk, 67.85.Hj

Precise knowledge of atomic transition strengths is
important in many current areas of research, including the
development of ultraprecise atomic clocks [1–3], studies
of fundamental symmetries [4,5] and degenerate quantum
gases [6], quantum information [7,8], plasma physics [9],
and astrophysics [10,11]. For example, one of the largest
contributions to the uncertainty budget of atomic clocks is
the uncertainty in the blackbody radiation (BBR) shift
[2,12]. The BBR shift is calculated from the difference in
the electric-dipole polarizabilities between the clock states
[13], and its accuracy is currently limited by uncertainty
in atomic transition matrix elements. The dynamic correc-
tion to the BBR shift can also be determined accurately if
the relevant matrix elements are known [1]. Studies of
fundamental symmetries, such as atomic parity violation,
need transition matrix elements to evaluate parity-violating
amplitudes and vector transition polarizabilities [4,5].
Accurate atomic theory can also be indispensable to the
design and interpretation of experiments, where direct mea-
surement of all relevant parameters is infeasible. More
complicated atoms, such as Er [14], Dy [15], and Ho [16]
have recently become of interest, and development of new
theoretical methods must be supported by the existence of
high-precision experimental benchmarks.

Transition matrix elements can be difficult to measure
or calculate accurately. State-of-the-art theory predictions
are often limited to a few percent uncertainty, and the
presently available experimental techniques typically mea-
sure matrix elements accurately only for one or two of
the lowest transitions. To date, the most accurate determi-
nations of atomic transition matrix elements are through
excited state lifetime measurements or photoassociation
spectroscopy [17]. The former is limited by uncertainty
in branching ratios when multiple decay paths exist. As a

result, although the 6p lifetime of rubidium was measured
to 1%, no matrix elements were reported [18]. The latter
requires species with purely long-range molecular excited
states where molecular theory is sufficiently well known to
extract atomic properties. In principle, transition matrix
elements can be determined from the ac polarizability ! by
measuring the ac Stark (light) shift of an atom exposed
to light of known intensity. However, unlike dc Stark shift
measurements, where the applied electric field can be
determined geometrically [2], it is difficult to accurately
determine the optical intensity, limiting the efficacy of this
approach. (Lifetime measurements avoid this calibration
challenge by using a well known field, the vacuum.) For
atoms with spin-dependent vector light shifts and two long-
lived states, rf spectroscopy was used to accurately deter-
mine the ratio of two vector light shifts [19,20], which
when combined with theory constrained matrix elements
[21]. New techniques are needed to improve accuracy,
extend the range of measurable matrix elements, and pro-
vide benchmarks for theory.
In this Letter, we present a widely applicable method,

recently suggested in Ref. [22], for constraining matrix
elements at the 10!3 level through direct measurement of
light shifts near magic-zero wavelengths ("zero), where the
combined light shift from all transitions cancels [23].
These "zero wavelengths are distinct from the ‘‘magic’’
wavelengths used in optical clocks, where the light shift
is identical for two states [24]. We measure small light
shifts through diffraction off a standing wave, amplifying
the diffracted populations by constructively interfering the
effect of up to np ¼ 15 pulses, resulting in an n2p enhance-
ment in the diffracted fraction. We make the first experi-
mental determination of the rubidium 5s! 6p1=2 and
5s! 6p3=2 electric dipole matrix elements, to an accuracy

PRL 109, 243003 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

14 DECEMBER 2012

0031-9007=12=109(24)=243003(5) 243003-1 ! 2012 American Physical Society
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• Alternating 
Hamiltonians

• Applied for 
duration

• (half-Talbot
time)

Resonantly Timed Multiple Short Pulses
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Bloch Sphere Picture

• Multipulse sequence 
coherently adds effect of 
each pulse

• Blue shows evolution with 
lattice on

• Red shows evolution with 
lattice off
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Herold, Vaidya, Li, Rolston, Porto, Safronova
Physical Review Letters 109, 243003 (2012)
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Quadratic Population of First Diffraction Order
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• Assuming “small”        (and zero initial momentum), then       
grows approximately quadratically

• may be deduced by numerical fit

Herold, Vaidya, Li, Rolston, Porto, Safronova
Physical Review Letters 109, 243003 (2012)
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A Closer Analytic Treatment

• System spatially periodic, hence (Bloch’s theorem) partition 
momentum                        , where 

• Quasimomentum conserved; momentum states with 
different quasimomentum do not couple

• Time evolution within particular quasimomentum subspace
governed by Floquet operator

Beswick, Hughes, Gardiner
Physical Review A 99, 013614 (2019)
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Zero Temperature (Zero Quasimomentum Space)

• By symmetry, evolution remains in symmetric subspace; 
minimally      and

• Essentially a Rabi system with periodic phase changes to 
excited state; populations evolve as 

|0i
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Beswick, Hughes, Gardiner
Physical Review A 99, 013614 (2019)
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Limiting Behaviours
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Beswick, Hughes, Gardiner
Physical Review A 99, 013614 (2019)
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Universal Behaviour
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• Solid lines: analytical 
estimates
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• Solid markers: full numerics
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only

Beswick, Hughes, Gardiner
Physical Review A 99, 013614 (2019)
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Population Beyond First Diffraction Order
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Dynamics in Other Quasimomentum Spaces
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• Relevant for finite 
temperature response

• Consider rescaled Maxwell-
Boltzmann distribution

• Corresponds to temperature

Dk=0

(Ø) = 1

w
p

2º
exp

µ°Ø2

2w2
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Finite Temperature Response
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Dynamics when Quasimomentum = 1/2
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• Floquet operator 

• simplifies to

ˆF (Ø= 1/2) = ˆF (1/2)

Free
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Continuous Diffraction with Quasimomentum = 1/2 

• Simultaneous energy and quasimomentum conservation

• Resonant Raman Rabi coupling of two discrete states

H 2£2
Latt =

µ
1/4 °Veff/2

°Veff/2 1/4

∂
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Continuous Diffraction with Quasimomentum = 1/2 

• Simultaneous energy and quasimomentum conservation

• Resonant Raman Rabi coupling of two discrete states

H 2£2
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Population Beyond First Diffraction Order
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Universal Behaviour
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• Continuous time evolution in 
terms of                         (solid 
line analytics)

• Exact numerics for                 
to                 (markers)
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Other Quasimomentum Spaces
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• Off-resonant Rabi model

• Yields population dynamics 

H 2£2
Latt (Ø) =

µ
Ø2/2 °Veff/2

°Veff/2 (1°2Ø+Ø2)/2
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Zoom in on Zero Quasimomentum Space (Orange)
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Finite Temperatures

• Consider (displaced) Maxwell-Boltzmann distribution

• Population remaining in          band given by

• Can be determined from (for sufficiently narrow distribution) 
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arXiv:1903.04011
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Finite Temperature Analytics

• Steady state given by

• Possible to determine

• Collapses to zero-temperature case for         . Can in principle 
add         low-temperature corrections, although each such 
term individually diverges as            (long-time limit)

Beswick, Hughes, Gardiner
arXiv:1903.04011
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Finite Temperature and Decay to Steady State
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Dashed horizontal lines indicate steady state

Beswick, Hughes, Gardiner
arXiv:1903.04011

w = 0.00125,0.0125,0.125
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Veff = 0.1
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Veff = 0.1,0.2,0.5
<latexit sha1_base64="7ub0uL2OQqHY8rQcxm88F/mhuLE=">AAACGHicbVDLSgNBEJyNrxhfqx5zGQyCB1lmY0QvQsCLxwjmAUkIs5PeZMjsg5lZISw5+Bv+gFf9A2/i1Zs/4Hc4m+RgEgsaiqpuuru8WHClCfm2cmvrG5tb+e3Czu7e/oF9eNRQUSIZ1FkkItnyqALBQ6hrrgW0Ygk08AQ0vdFt5jcfQSoehQ96HEM3oIOQ+5xRbaSeXWz0OgHVQxmk4PuTG0wc95w4ZVOXPbtEHDIFXiXunJTQHLWe/dPpRywJINRMUKXaLol1N6VScyZgUugkCmLKRnQAbUNDGoDqptMnJvjUKH3sR9JUqPFU/TuR0kCpceCZzuxgtexl4n9eO9H+dTflYZxoCNlskZ8IrCOcJYL7XALTYmwIZZKbWzEbUkmZNrktbPFN6hzkxATjLsewShplx71wyH2lVK3MI8qjIjpBZ8hFV6iK7lAN1RFDT+gFvaI369l6tz6sz1lrzprPHKMFWF+/NzueuA==</latexit>
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Finite Temperature (Pulsed, Momentum Zeroed)
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Beswick, Hughes, Gardiner
Physical Review A 99, 013614 (2019)
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Veff = 0.01,0.02,0.05
<latexit sha1_base64="xN8A4MsKdS0Mq9CFPNDrFRicb0M=">AAACG3icbVBLSgNBEO2Jvxh/oy4FaQyCCwkzMaIbIeDGZQTzgWQYejo1SZOeD909Qhiy8xpewK3ewJ24deEFPIc9ySxM4oOueryqoqqfF3MmlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oNqu3H0FIFoUPahyDE5BByHxGidKSax633F5A1FAEKfj+5AZbFcs+16GahUvXLOs0BV4mdk7KKEfDNX96/YgmAYSKciJl17Zi5aREKEY5TEq9REJM6IgMoKtpSAKQTjr9xwSfaqWP/UjoFyo8Vf9OpCSQchx4ujO7WS7WMvG/WjdR/rWTsjBOFIR0tshPOFYRzkzBfSaAKj7WhFDB9K2YDokgVGnr5rb42ngGYqKNsRdtWCatasW+qFj3tXK9lltUREfoBJ0hG12hOrpDDdREFD2hF/SK3oxn4934MD5nrQUjnzlEczC+fgGlvZ9m</latexit>

Veff = 0.1,0.2,0.5
<latexit sha1_base64="7ub0uL2OQqHY8rQcxm88F/mhuLE=">AAACGHicbVDLSgNBEJyNrxhfqx5zGQyCB1lmY0QvQsCLxwjmAUkIs5PeZMjsg5lZISw5+Bv+gFf9A2/i1Zs/4Hc4m+RgEgsaiqpuuru8WHClCfm2cmvrG5tb+e3Czu7e/oF9eNRQUSIZ1FkkItnyqALBQ6hrrgW0Ygk08AQ0vdFt5jcfQSoehQ96HEM3oIOQ+5xRbaSeXWz0OgHVQxmk4PuTG0wc95w4ZVOXPbtEHDIFXiXunJTQHLWe/dPpRywJINRMUKXaLol1N6VScyZgUugkCmLKRnQAbUNDGoDqptMnJvjUKH3sR9JUqPFU/TuR0kCpceCZzuxgtexl4n9eO9H+dTflYZxoCNlskZ8IrCOcJYL7XALTYmwIZZKbWzEbUkmZNrktbPFN6hzkxATjLsewShplx71wyH2lVK3MI8qjIjpBZ8hFV6iK7lAN1RFDT+gFvaI369l6tz6sz1lrzprPHKMFWF+/NzueuA==</latexit>
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Finite Temperature (Continuous, Momentum Offset)
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w = 0.00125,0.0125,0.125
<latexit sha1_base64="07ksplGaDPtlNBNf/a7v3uke/D4=">AAACE3icdVDLSgMxFM3UV62vquDGTbAILmTI1DptF0LBjcsK9gHtUDJppg3NPEgyShn7Gf6AW/0Dd+LWD/AH/A4zbQUreuDmHs69l3tz3IgzqRD6MDJLyyura9n13Mbm1vZOfnevKcNYENogIQ9F28WSchbQhmKK03YkKPZdTlvu6DKtt26pkCwMbtQ4oo6PBwHzGMFKS738wd0FMhGyiuenOs+Sfnv5AjLtFGWoBbtiF1NSrCKrakNLT6QogDnqvfxntx+S2KeBIhxL2bFQpJwEC8UIp5NcN5Y0wmSEB7SjaYB9Kp1kev8EHmulD71Q6AgUnKo/JxLsSzn2Xd3pYzWUv2up+FetEyuv4iQsiGJFAzJb5MUcqhCmZsA+E5QoPtYEE8H0rZAMscBEacsWtnjacEbFRBvz/Xv4P2kWTevMRNelQq00tygLDsEROAEWKIMauAJ10AAE3INH8ASejQfjxXg13matGWM+sw8WYLx/AecKmzg=</latexit>

Veff = 0.01
<latexit sha1_base64="X56fyNMA8FLHZBxpwhftVE+wF4k=">AAACEHicbVDLSsNAFJ3UV62vaJdugkVwVRIt6EYouHFZwT6gDWEyvWmHTiZhZiKEkJ/wB9zqH7gTt/6BP+B3OGmzsK0Hhjmccy/3cPyYUals+9uobGxube9Ud2t7+weHR+bxSU9GiSDQJRGLxMDHEhjl0FVUMRjEAnDoM+j7s7vC7z+BkDTijyqNwQ3xhNOAEqy05Jn1njcKsZqKMIMgyG/tpu14ZkN/c1jrxClJA5XoeObPaByRJASuCMNSDh07Vm6GhaKEQV4bJRJiTGZ4AkNNOQ5Butk8fG6da2VsBZHQjytrrv7dyHAoZRr6erIIKle9QvzPGyYquHEzyuNEASeLQ0HCLBVZRRPWmAogiqWaYCKozmqRKRaYKN3X0pVAt01B5LoYZ7WGddK7bDpXTfuh1Wi3yoqq6BSdoQvkoGvURveog7qIoBS9oFf0Zjwb78aH8bkYrRjlTh0twfj6BZAJnP0=</latexit>

Veff = 0.1
<latexit sha1_base64="zEEk36mmu1UE8ePJ9ySQbtvRWHM=">AAACD3icbVDLSsNAFJ3UV62vWJduBovgKiRa0I1QcOOygm2FNoTJ9KYdOnkwMxFLyEf4A271D9yJWz/BH/A7nLRZ2NYDFw7n3Ms9HD/hTCrb/jYqa+sbm1vV7drO7t7+gXlY78o4FRQ6NOaxePCJBM4i6CimODwkAkjoc+j5k5vC7z2CkCyO7tU0ATcko4gFjBKlJc+sd71BSNRYhBkEQX5tW45nNmzLngGvEqckDVSi7Zk/g2FM0xAiRTmRsu/YiXIzIhSjHPLaIJWQEDohI+hrGpEQpJvNsuf4VCtDHMRCT6TwTP17kZFQymno680ip1z2CvE/r5+q4MrNWJSkCiI6fxSkHKsYF0XgIRNAFZ9qQqhgOiumYyIIVbquhS+BLpuByHUxznINq6R7bjkXln3XbLSaZUVVdIxO0Bly0CVqoVvURh1E0RN6Qa/ozXg23o0P43O+WjHKmyO0AOPrFxfCnMM=</latexit>

w = 0.00125
<latexit sha1_base64="QFv756psKCLU/IHcNUJdUYPrXas=">AAACBXicdVDLSgMxFM3UV62vqks3wSK4Kpl2StuFUHDjsoJ9YFtKJs20oZnMkGSUMnTtD7jVP3Anbv0Of8DvMNOOYEUPXDiccy/33uOGnCmN0IeVWVvf2NzKbud2dvf2D/KHR20VRJLQFgl4ILsuVpQzQVuaaU67oaTYdzntuNPLxO/cUalYIG70LKQDH48F8xjB2ki39xcQFRGyS5VhvpCwBEYqVZ2KnRCnXkPlOrRTqwBSNIf5z/4oIJFPhSYcK9WzUagHMZaaEU7nuX6kaIjJFI9pz1CBfaoG8eLiOTwzygh6gTQlNFyoPydi7Cs1813T6WM9Ub+9RPzL60Xaqw1iJsJIU0GWi7yIQx3A5H04YpISzWeGYCKZuRWSCZaYaBPSyhbPRMyonJtgvr+H/5N2qWiXi+jaKTScNKIsOAGn4BzYoAoa4Ao0QQsQIMAjeALP1oP1Yr1ab8vWjJXOHIMVWO9fkAGYEQ==</latexit>

Veff = 0.01,0.02,0.05
<latexit sha1_base64="xN8A4MsKdS0Mq9CFPNDrFRicb0M=">AAACG3icbVBLSgNBEO2Jvxh/oy4FaQyCCwkzMaIbIeDGZQTzgWQYejo1SZOeD909Qhiy8xpewK3ewJ24deEFPIc9ySxM4oOueryqoqqfF3MmlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oNqu3H0FIFoUPahyDE5BByHxGidKSax633F5A1FAEKfj+5AZbFcs+16GahUvXLOs0BV4mdk7KKEfDNX96/YgmAYSKciJl17Zi5aREKEY5TEq9REJM6IgMoKtpSAKQTjr9xwSfaqWP/UjoFyo8Vf9OpCSQchx4ujO7WS7WMvG/WjdR/rWTsjBOFIR0tshPOFYRzkzBfSaAKj7WhFDB9K2YDokgVGnr5rb42ngGYqKNsRdtWCatasW+qFj3tXK9lltUREfoBJ0hG12hOrpDDdREFD2hF/SK3oxn4934MD5nrQUjnzlEczC+fgGlvZ9m</latexit>

Veff = 0.1,0.2,0.5
<latexit sha1_base64="7ub0uL2OQqHY8rQcxm88F/mhuLE=">AAACGHicbVDLSgNBEJyNrxhfqx5zGQyCB1lmY0QvQsCLxwjmAUkIs5PeZMjsg5lZISw5+Bv+gFf9A2/i1Zs/4Hc4m+RgEgsaiqpuuru8WHClCfm2cmvrG5tb+e3Czu7e/oF9eNRQUSIZ1FkkItnyqALBQ6hrrgW0Ygk08AQ0vdFt5jcfQSoehQ96HEM3oIOQ+5xRbaSeXWz0OgHVQxmk4PuTG0wc95w4ZVOXPbtEHDIFXiXunJTQHLWe/dPpRywJINRMUKXaLol1N6VScyZgUugkCmLKRnQAbUNDGoDqptMnJvjUKH3sR9JUqPFU/TuR0kCpceCZzuxgtexl4n9eO9H+dTflYZxoCNlskZ8IrCOcJYL7XALTYmwIZZKbWzEbUkmZNrktbPFN6hzkxATjLsewShplx71wyH2lVK3MI8qjIjpBZ8hFV6iK7lAN1RFDT+gFvaI369l6tz6sz1lrzprPHKMFWF+/NzueuA==</latexit>

Dashed horizontal lines indicate steady state

Beswick, Hughes, Gardiner
arXiv:1903.04011
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Equivalence to Static Gas and Walking Lattice

• Consider, in lab frame

• If                     , then zero initial momentum in lab frame
equivalent to          initial momentum in comoving frame in 
which lattice appears to be static

˜H
Latt

=
ˆp2

2M
°V cos

°
K

£
ˆx + v¡t

§¢
<latexit sha1_base64="VuRP90TU1mceSXprlKaraQ3Hwf0="></latexit>

v¡ =flK /2M
<latexit sha1_base64="6tThKVMRy4k3HFEkrluT8D4wwgc=">AAACDnicdVDLSsNAFJ34rPXV6tLNYBFcxaSNtF0IBTeCCBXsA9oQJtNJO3QyCTOTSgn9B3/Arf6BO3HrL/gDfofTh2BFD1w4nHMv997jx4xKZVkfxsrq2vrGZmYru72zu7efyx80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPL6d+a0SEpBG/U+OYuCHqcxpQjJSWvFx+5HXjAb3oDnwk4PVZ8cbLFSzTmgFaZrHsnNtT4lQrVqkK7YVVAAvUvdxntxfhJCRcYYak7NhWrNwUCUUxI5NsN5EkRniI+qSjKUchkW46O30CT7TSg0EkdHEFZ+rPiRSFUo5DX3eGSA3kb28q/uV1EhVU3JTyOFGE4/miIGFQRXCaA+xRQbBiY00QFlTfCvEACYSVTmtpS6CzpkRMdDDf38P/SbNo2iXTunUKNWcRUQYcgWNwCmxQBjVwBeqgATC4B4/gCTwbD8aL8Wq8zVtXjMXMIViC8f4F7wmcHw==</latexit>

flK /2
<latexit sha1_base64="4VQTfg0uTE4vIIpz3KK0NyHIW7k=">AAACBHicdVDLSgMxFM34rPVVdekmWARXNdOOtN0V3AhuKtiHtEPJpJk2NJMZkoxQhm79Abf6B+7Erf/hD/gdZtoRrOiBC4dz7uXee7yIM6UR+rBWVtfWNzZzW/ntnd29/cLBYVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQy9Tv3VCoWils9jagb4JFgPiNYG+muP/awhNfn5UGhiEpoDohK5apzYafEqddQpQ7tzCqCDM1B4bM/DEkcUKEJx0r1bBRpN8FSM8LpLN+PFY0wmeAR7RkqcECVm8wPnsFTowyhH0pTQsO5+nMiwYFS08AznQHWY/XbS8W/vF6s/ZqbMBHFmgqyWOTHHOoQpt/DIZOUaD41BBPJzK2QjLHERJuMlrb4JmFG5cwE8/09/J+0yyW7UkI3TrHhZBHlwDE4AWfABlXQAFegCVqAgAA8gifwbD1YL9ar9bZoXbGymSOwBOv9C2QFmKI=</latexit>

Beswick, Hughes, Gardiner
arXiv:1903.04011
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Example: Switchable Walking Wave (Caesium)

• Walking wave controllable to near arbitrary precision via 
frequency difference between two acousto-optic modulators

• Such elements frequently in place for optical lattice 
experiments

AOM1

AOM2

EOM

From Ti:Sapphire

v¡ =∏£¢ f
<latexit sha1_base64="t9AKPIXy1apFhBEXs50kTOdW2Hc=">AAACH3icbVDJSgNBFOyJW4zbqEcvTYLgKcxoQC9CQA8eI5gFMiH0dN4kTXoWut8EwpC7v+EPeNU/8CZe8wN+h53lYKIFDUW9V9Tr8hMpNDrO1MptbG5t7+R3C3v7B4dH9vFJQ8ep4lDnsYxVy2capIigjgIltBIFLPQlNP3h3WzeHIHSIo6ecJxAJ2T9SASCMzRS1y6OupmXDMSE3lJPGl+PUQ9FCJp69yCR0aBrl5yyMwf9S9wlKZElal372+vFPA0hQi6Z1m3XSbCTMYWCS5gUvFRDwviQ9aFtaMRMWieb/2VCz43So0GszIuQztXfjoyFWo9D32yGDAd6fTYT/5u1UwxuOpmIkhQh4ougIJUUYzorhvaEAo5ybAjjSphbKR8wxTia+lZSAlO+ADUxxbjrNfwljcuye1V2HiulamVZUZ6ckSK5IC65JlXyQGqkTjh5Jq/kjbxbL9aH9Wl9LVZz1tJzSlZgTX8A87mjAg==</latexit>

f1 = 80 MHz
<latexit sha1_base64="8nu7AHoXkRTCSJ48Sq6Mw56TIjk=">AAACE3icbZDLSsNAFIYnXmu9RQU3bgaL4KpMVLAboeCmG6GCvUAbymQ6aYdOJmFmItaYx/AF3OobuBO3PoAv4HM4abOwrT8c+PnPOZzD50WcKY3Qt7W0vLK6tl7YKG5ube/s2nv7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o+us37qnUrFQ3OlxRN0ADwTzGcHaRD370O8lTgqvYAXBbuCFDwm8qT2mPbuEymgiuGic3JRArnrP/un2QxIHVGjCsVIdB0XaTbDUjHCaFruxohEmIzygHWMFDqhyk8n/KTwxSR/6oTQlNJykfzcSHCg1DjwzGWA9VPO9LPyv14m1X3ETJqJYU0Gmh/yYQx3CDAbsM0mJ5mNjMJHM/ArJEEtMtEE2c8U3wBmVGRhnHsOiaZ6VnfMyur0oVVGOqACOwDE4BQ64BFVQA3XQAAQ8gRfwCt6sZ+vd+rA+p6NLVr5zAGZkff0CsRSdhA==</latexit>

f2 = (40+¢ f ) MHz
<latexit sha1_base64="Rc1XoWyWE3GJ2wSs4CqdRr3IWOU=">AAACHnicbZDLSgMxFIYz9VbrrerSTbQIFaHM1IJuhIIuuhEq2At0SsmkZ9rQzIUkI9aha1/DF3Crb+BO3OoL+Bxm2i5s6w+Bn/+cwzn5nJAzqUzz20gtLa+srqXXMxubW9s72d29ugwiQaFGAx6IpkMkcOZDTTHFoRkKIJ7DoeEMrpJ64x6EZIF/p4YhtD3S85nLKFE66mQP3U5cHOFLnC+Zp/Y1cEWwe4JtzwkeYnxTeRx1sjmzYI6FF401NTk0VbWT/bG7AY088BXlRMqWZYaqHROhGOUwytiRhJDQAelBS1ufeCDb8fgrI3ysky52A6Gfr/A4/TsRE0/KoefoTo+ovpyvJeF/tVak3It2zPwwUuDTySI34lgFOOGCu0wAVXyoDaGC6Vsx7RNBqNL0Zra4mj0DkYCx5jEsmnqxYJ0VzNtSrmxOEaXRATpCeWShc1RGFVRFNUTRE3pBr+jNeDbejQ/jc9KaMqYz+2hGxtcv16qhNw==</latexit>

∏/4
<latexit sha1_base64="UVaR+I5b5WNi6Ze4mYFZhSoJJeE=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4qjNa0GXBjcsK9iHtUDKZO21okhmSjFCGbv0Bt/oH7sSt/+EP+B2m7Sxs64HA4ZxzuTcnSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVFJo05rHqBEQDZxKahhkOnUQBEQGHdjC6nfrtJ1CaxfLBjBPwBRlIFjFKjJUee9xGQ3JR65crbtWdAa8SLycVlKPRL//0wpimAqShnGjd9dzE+BlRhlEOk1Iv1ZAQOiID6FoqiQDtZ7ODJ/jMKiGOYmWfNHim/p3IiNB6LAKbFMQM9bI3Ff/zuqmJbvyMySQ1IOl8UZRybGI8/T0OmQJq+NgSQhWzt2I6JIpQYzta2BLZhhmoiS3GW65hlbQuq95V1b2vVepuXlERnaBTdI48dI3q6A41UBNRJNALekVvzrPz7nw4n/NowclnjtECnK9fpqyYxQ==</latexit>

∏/2
<latexit sha1_base64="vNJO8uoYChT47RhVTpqmye6l+b4=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4qjNV0GXBjcsK9iHtUDKZO21okhmSjFCGbv0Bt/oH7sSt/+EP+B2m7Sxs64HA4ZxzuTcnSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVFJo05rHqBEQDZxKahhkOnUQBEQGHdjC6nfrtJ1CaxfLBjBPwBRlIFjFKjJUee9xGQ3JR65crbtWdAa8SLycVlKPRL//0wpimAqShnGjd9dzE+BlRhlEOk1Iv1ZAQOiID6FoqiQDtZ7ODJ/jMKiGOYmWfNHim/p3IiNB6LAKbFMQM9bI3Ff/zuqmJbvyMySQ1IOl8UZRybGI8/T0OmQJq+NgSQhWzt2I6JIpQYzta2BLZhhmoiS3GW65hlbRqVe+y6t5fVepuXlERnaBTdI48dI3q6A41UBNRJNALekVvzrPz7nw4n/NowclnjtECnK9fo3yYww==</latexit>
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Conclusion

• This does not seem too difficult!
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