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General theory of homogenization
Composite materials
Hashin-Shtrikman bounds

Motivation - optimal design problems

PDE with b.c.
PM)yu=f inf,

where P (M) is a partial differential operator with coefficient M.
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Motivation - optimal design problems

PDE with b.c.
PM)yu=f inf,

where P (M) is a partial differential operator with coefficient M.
Examples: P(M)u = div (MVu), P(M)u = div (Me(u))
M describes properties of material that occupies €2, and we assume

M(x) = x(x)A+ (1 - x(x))B, x €,

for some constant A and B, and x € L>°(Q; {0, 1}) such that [, X = ¢a.
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Motivation - optimal design problems

PDE with b.c.
PM)yu=f inf,

where P (M) is a partial differential operator with coefficient M.
Examples: P(M)u = div (MVu), P(M)u = div (Me(u))
M describes properties of material that occupies €2, and we assume

M(x) = x(x)A+ (1 — x(x))B, x €,
for some constant A and B, and x € L>°(Q; {0, 1}) such that [, X = ¢a.

Nonlinear optimal control problem: J(x) := [ g(u) — min

Problem: solution does not exist!

Kresimir Burazin On composite elastic plate and Hashin-Shtrikman bounds



General theory of homogenization
Composite materials
Hashin-Shtrikman bounds

Motivation - optimal design problems cont.

Relaxation by the homogenization method (Tartar, Murat):

X — (0,M%) = li}ln(xn, X"A+ (1 —x")B)
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Motivation - optimal design problems cont.

Relaxation by the homogenization method (Tartar, Murat):
x — (6,M*) = lim(x", x"A+ (1 — x"")B)
n

right topologies for above limit: L weak * and H-topology
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Motivation - optimal design problems cont.

Relaxation by the homogenization method (Tartar, Murat):
x — (6,M*) = lim(x", x"A+ (1 — x"")B)
n

right topologies for above limit: L weak * and H-topology

- existence of a solution

- robust numerical methods (optimality criteria method)

Done for stationary diffusion equation and system of linearized elasticity.
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Kirchhoff-Love plate equation

Homogeneous Dirichlet boundary value problem:
divdiv(MVVu) = f in Q
u € HZ ().

@ P. G. Ciarlet, Mathematical Elasticity, volume II: Theory of Plates, Elsevier Science,
Amsterdam, 1997.
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Kirchhoff-Love plate equation

Homogeneous Dirichlet boundary value problem:

divdiv(MVVu) = f in Q
{ u € HZ ().

@ P. G. Ciarlet, Mathematical Elasticity, volume II: Theory of Plates, Elsevier Science,
Amsterdam, 1997.

Q C R? pounded domain (d = 2 ...plate)

f € H %(Q) external load

u € HZ(S2) vertical displacement of the plate

M € Mo (a, B;Q) := {N € L>®(Q; L(Sym, Sym)) : (VS €
Sym)N(x)S: S > aS: SandN~!(x)S: S > 4S: Sae x}
describes properties of material of the given plate
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Antoni¢, Balenovi¢, 1999.
Definition
A sequence of tensor functions (M™) in 9a(av, B; 2) H-converges to

M € My (a/, 35 Q) iffor any f € H2(Q) the sequence of solutions
(uy,) of problems

divdiv(M"VVu,) = f in Q
u, € H2(Q)

coverges weakly to a limit u in HZ(£2), while the sequence (M"V Vu,,)
converges to MV Vu weakly in the space L?(£2; Sym).
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Antoni¢, Balenovi¢, 1999.
Definition
A sequence of tensor functions (M™) in 9a(av, B; 2) H-converges to

M € My (a/, 35 Q) iffor any f € H2(Q) the sequence of solutions
(uy,) of problems

divdiv(M"VVu,) = f in Q
u, € H2(Q)

coverges weakly to a limit u in HZ(£2), while the sequence (M"V Vu,,)

converges to MV Vu weakly in the space L?(£2; Sym).

Theorem

Let (M™) be a sequence in My (v, B;§2). Then there is a subsequence
(M"*) and a tensor function M € My (v, B; §2) such that (M™ )
H-converges to M.
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Properties

@ K. Burazin, J. Jankov, M. Vrdoljak, Homogenization of elastic plate equation,
Mathematical Modelling and Analysis 23(2),190-204, 2018.

@ K. Burazin, J. Jankov, Small-amplitude homogenization of elastic plate equation,
Applicable Analysis, 2019, DOI: 10.1080/00036811.2019.1634255

@ V. V. Zhikov, S. M. Kozlov, O. A. Oleinik, Kha T'en Ngoan, Averaging and
G-convergence of differential operators, Russian Math. Surveys 34:5, 69—147, 1979.

e |ocality of the H-convergence
e Irrelevance of boundary conditions

Energy convergence

e Ordering property

Metrizability

e Corrector results

H-limit in periodic case

Smooth dependence of a parameter

Small-amplitude homogenization
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Definition
Let X" € L*°(€Q; {0, 1}) be a sequence of characteristic functions and
(M™) be a sequence of tensors defined by

M"(x) = x"(x)A + (1 - x"(x))B,

where A and B are assumed to be positive definite fourth order tensors.
Assume that there exist 0 € 1L>°(€; [0, 1]) and
M* € L°°(Q; £L(Sym, Sym)) such that

XnLe in LOO(Q’ [Oa 1])7
ML m* in Mo (a, B; ).

The H-limit M* is said to be the homogenized tensor of a two-phase
composite material obtained by mixing A and B in proportions 6 and
(1 — 0), respectively, with a microstructure defined by the sequence (x").

v
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Laminated materials

Theorem

Let A and B be two constant tensors in Mo (v, ;) and x,,(x - €) be a
sequence of characteristic functions that converges to §(x - €) in

L>°(€2; [0, 1]) weakly-+. Then, sequence (M") of tensors in

Ma(a, B; ), defined as

M'(x-e)=xn(x-e)A+(1—xn(x-e))B
H-converges to

0(1—0)(A—B)(ewe)® (A—B) (exe)
(1-60)A(exe):(e®e)+0Be®e): (exe)

M* = OA+(1—0)B—

which also depends only onx - e.
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Sequential laminates

Corollary

If (A — B) is an invertible fourth order tensor, the lamination formula is equivalent
to

1-90
Ble®e): (e®e)

oM —B)"' =(A-B)"' + (e®e)®(e®e).
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Sequential laminates

Corollary

If (A — B) is an invertible fourth order tensor, the lamination formula is equivalent
to
1-06

oM —B) L =(A—B)"! + CEE (e®e)(e®e)®(e®e).

If we repeat iterative process of lamination p times, in lamination directions
(ei)1<i<p and proportions (6;)1<i<p, e obtain a rank-p sequential laminate
with matrix B and core A, which is defined by the following formula:

ﬁ 0; (A;_B)71 = (A—B)71+i (1— H 0 el ®e;)® (e ®e) .
J=1 i=1

Ble; ®e;): (€ ® ;)
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G-closure problem
...identify all possible composite materials (done for conductivity, an open

problem for 3D elasticity)
For fixed 6 € L>°(£2; [0, 1]), find

Gy = {H-Iimit of X" (x)A+ (1 — x"(x))B : X" € L=(;{0,1})

and x"——6 in L>®(Q; [0, 1])}.

Theorem
Letf € 1L>°(£;1]0,1]). ThenM € Gy if and only if

M(x) € Gyx) a.e.x € (2.

...an open problem!
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Bounds on effective energy

Definition

The function f~ (0, A,B;+) : Sym — R (respectively,
f1(0,A,B;-) : Sym — R), which is real-valued, is said to be a lower
bound (respectively, an upper bound) if for any A* € Gy

AE:€> [ (0,AB;E), VE € Sym (respectively,
A'E: €< fT(0,A B E), VE € Sym).
The lower bound f~ (6, A, B; -) (respectively, the upper bound

f1(6,A,B; ")) is said to be optimal if for any £ € Sym there exists
A* € Gy such that

A*¢ €= f(0,A,B; &) (respectively, A*¢ : & = f1(0,A,B;¢)).
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Hashin-Shtrikman bounds
Theorem

For any & € Sym, the effective energy of a composite material A* € G
satisfies the following bounds:

AE:E>AL: €+ (1—0) max [26:m— (B—A) 'n:n—0g(n),
neESym

k ® k) : n|?
where g(n) :==  sup (k@ k) : m)

, and
kGZd,k;éO A(k & k) : (k ® k)

A" € <BE: &40 min 26:m+ (B—A) 'n:n—(1-0)h(n),
nESym

o kek:nP
kezi k0 B(k ® k) : (k ® k)
These bounds are called Hashin-Shtrikman bounds, they are optimal and
optimality is achieved by a finite-rank sequential laminate.

where h(n) =
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Explicit Hashin-Shtrikman bounds for mixtures of two isotropic
materials in dimension d = 2

A =2l + (k1 — p1)la @Iy
B = 2pualy + (k2 — p2)l2 ® I

0 <p1 < p2, 0<kr <k
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Explicit Hashin-Shtrikman bounds for mixtures of two isotropic
materials in dimension d = 2

A =2l + (k1 — p1)la @Iy
B = 2pualy + (k2 — p2)l2 ® I

0 <p1 < p2, 0<kr <k

_ [(e®e):nf
9(m) = eg}q%}—(l Ale®e): (e®e)
o — (e@e): nf

cegi1 Ble®e): (e®e)
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Explicit expressions for g and h

Lemma

If we label the eigenvalues of 1) by 1 and 12, then for the isotropic phase
A the function g equals

1 2 if >

n=—F—- 2 .
pi4 k1 L n2s if |mel > I
while for the isotropic phase B the function h equals

1 n, if m<m<0or0<mn<mn
0,if m<O0O<morm<0<n . (32
e, if me<m <0or0<m <mn

h(n)

_,u2+m
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Theorem (Explicit lower Hashin-Shtrikman bound)
Denoting by &1 and &» the eigenvalues of €, 01 := 6 and 05 := 1 — 0, the
explicit formula for the lower Hashin-Shtrikman bound is
(k2 = K1)[&1 + Ea| + (2 — m1)[61 — &)
(B +0:B)C : € = 66 01(p2 + K2) + O2(p1 + K1)
if 01 (k2 — K1)|&1 + &of < (O1k2 + O2k1 + )| — &2 &
(Orp2 + Oop1 + k1)[&1 + &2 > O01(p2 — p1)|&1 — &af;

o Kike + p1(01K1 + O2k2) 9
— &)+ +6)?,
Ha(1 = &2) O1k2 + O2k1 + 111 (&4 &)

if 01(/{2 — H])‘{[ +{3‘ > (01}{-'_) + 09k +/{1>‘§1 *{2‘1

o Hpe + RO +0apa) . o
k1(& +&)° + T (&1 —&)7,

if

This cases are disjoint and their union is the set R.

Kre&imir Burazin
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Domain splitting for 61 = 0.4, 1 = 10, o = 12, k1 = 16, ko = 23.
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Theorem (Explicit upper Hashin-Shtrikman bound)
The explicit formula for the upper Hashin-Shtrikman bound is

e [(r2 — w1)[&1 + &of = (p2 — )| — &)
(01A+ 62B)E : € — 0109 O (s T+ 12) & 02 (pir + Fi1) ,
if O2(ko — k1)[&1 + &2| < (B1k2 + O2k1 + p2)[&r — &2| &
(K2 — K2)[€1 + & > (p2 — p1)|€2 — &i;
(1A +02B)E : &,

if (k2 — K1)]&1 + &l < (p2 — m1)l2 — &il;

2, Bik2 + pa(fakg + 61k1) 2
p2(6r — &2)° + P Sy (&1 +&2)7,

if Og(ko — K1)[&1 + &2| > (O1k2 + O2k1 + p2)|&1 — &2

This cases are disjoint and their union is the set R2.

Kre&imir Burazin
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Hashin-Shtrikman bounds on complementary energy

Theorem
For any o € Sym, a homogenized tensor A* € Gy satisfies

B lo: 0o+ 6 max [20’ i — (A*1 — Bfl)fln m—(1— 9)9“(77)]
neSym

<A lg:a<
Alo:0+ (1 —6) min (20 :m+ A t—B Hlp:n— 0h(n)]

neESym
. [(e®e) : Byl
h ‘(n):==Bn:n— and
where g°(1)) = Bn 1 — min, Blewe): (e@e)
(e ®e) : An|?

h(n) :=An:m— ma .
() T g Ale®e): (e®e)

Bounds are optimal and optimality is achieved by a finite-rank sequential
laminate.
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Theorem (Explicit lower bound on complementary energy)

Denoting by o1 and o the eigenvalues of o, 01 := 0 and 0 := 1 — 0, the explicit
formula for the lower complementary bound is

[1p2(ke — K1)|or + oo|+Rik2(pe — p1)|or — o2

}2

01A" '+ 6:B" )0 1 o — 010
(01 2 ) 12 Apr pokkelpi k101 (pe + K2) + pek2b2(k1 + 1))

if Oapz(ke — K1)|o1 + 02| < (B1p2k1 + O2p2K2 + K1K2)|o1 — 02|,

(k2 — K1) (O1p1 + O2p2)|o1 + 02| > (2 — 1) (0151 + O262) |01 — o2|;
_10"0'+ﬁ (2 — p1) (o1 — 02)® (k2 — k1)(o1 + 02)?

' 4 w2 (011 + O2p12) Ko (01k1 + O2k2)

if (k2 — k1)(O1p1 + O2p2)|o1 + 02| < (p2 — p1) (0161 + O262)|01 — 02);

B

B lo:ot 01 (k2 — k1) (u2 + K2) (o1 +02)2 7
dkalk1(pe + K2) + p2(ke — K1)62]

if p202(k2 — Kk1)|o1 + 02| > (O1p2k1 + O2p2ke + Kike)|o1 — 02|,

This cases are disjoint and their union is the set R2.
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Theorem (Explicit upper bound on complementary energy)

Denoting by o1 and o the eigenvalues of o, 01 := 0 and 02 := 1 — 0, the explicit
formula for the upper complementary bound is

[wap2(k1 — k2)|o1 + 2] +Rr1k2(p2 — p1)|or — 02H2

01A" + 028" )o o — 010
(6, 2)B" )o o — 010 dp pakike[pr101 (p2 + K2) + pareb2(k1 + p)]

if 01p1(ke — K1)|o1 + 02| < (O2p1k2 + O1p1K1 + Kike)|o2 — o1,
0151 (12 — p1)|o2 — 01| < (Orpik1 + Oapoky + pape)|or + o2l;
_ 2
Alo:o+ O2(p1 + Kk1)(k1 — K2) (o1 + 02) 7
dk1[r2(p1 + k1) + O1p1 (k1 — K2)]
if O1p1 (k2 — k1)|o1 + 02| > (O2pak2 + O1p1k1 + Kik2)|o2 — 01,

_ _ 2
Ale: g4 2l = p2)(p + k1)(0n — 02) ’
Apa[pa(pr + K1) + 0161 (11 — p2)]
if O1k1(pu2 — pa)|o2 — o1] > (B1pak1 + O2p261 + pap2)|or + ozl

This cases are disjoint and their union is the set R?.
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Now what?

Calculate derivatives of Hashin-Shtrikman bounds

G-closure problem (in low-contrast regime)

Small-amplitude homogenization - non-periodic case

Optimal design of plates
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