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The Control Problem

- 8
minimize J(y, ) : = ¢ 1y~ vall3,q0) + 5 10l
(yw) € HY(Q) x Lo()

/ Vy-Vou dz = / wo de Vv € Hg(Q)
Q Q

Y1 <y <y ae in Q
¢1§u§¢2 a.e. in

Q ¢ R? : bounded convex polygonal domain

yq € La(Q) : desired state
B > 0 : regularization parameter

Y1 <o in Q and Y1 <0<y on ON

o1 < ¢ in Q
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The Control Problem

To eliminate y and solve a minimization problem for u

L 1 B
minimize J(u) := §||SU — yd||%2(g) + 5”““%2(9)

subject to w € La(Q), ¢1 <u <o, 1 < Su <y
S : Control to State Mapping

e K. Deckelnick and M. Hinze (2007)

C. Meyer (2008)

S. Cherednichenko and A. Résch (2008)

e E. Casas, M. Mateos, and B. Vexler (2014)

A Finite Element Method for Constrained Elliptic OCPs Kamana Porwal/ IITD 4



The Control Problem

—Ay = u, by elliptic regularity y € H?(2) N H(Q), we can reformulate
the problem eliminating u and solve for y

. 1 2 B 2
mlgé%me J(y) == §Hy - deLQ(Q) + §||A2U“L2(Q)
K={veV: ¢ <v<s and ¢ < —Av < ¢ a.e. in Q}
V= H*(Q)N H}(Q)

Slater Condition There exists § € H2(Q) N H () such that

(D)1 <§<y20onQ
(i) 1 < —AF < g2 0on Q
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The Control Problem

—Ay = u, by elliptic regularity y € H?(2) N H(Q), we can reformulate
the problem eliminating u and solve for y

. 1 2 B 2
muylé%lze J(y) == 5”9 - deL2(Q) + §||Ay“L2(Q)

K={veV: ¢ <v<s and ¢ < —Av < ¢ a.e. in Q}
V= H*(Q)N H}(Q)

Slater Condition There exists § € H2(Q) N H () such that

(D)1 <§<y20onQ
(i) 1 < —AF < g2 0on Q

e Unlike the existing results, this approach allows us to analyze the
state error in H2(12) like norm
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The Control Problem

S 1 9 B 2
mlgg&lze J(y) = §Hy—yd|\L2(Q)+§HA3/HL2(Q)
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The Control Problem

e 1 2 B 2

mlgg&lze J(y) = éHy_yd”Lz(Q)"‘§HA3/“L2(Q)

=4

minimize J(5) = 21Ayq + Nol3a — (War9)
JeR Yy) = B YLy (@) B Yz, (@) Yd, Y
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The Control Problem

e 1 2 B 2

mlzlé%lze J(y) = éHy_yd”Lz(Q)"‘§HA3/“L2(Q)

=4

minimize J(5) = 21Ayq + Nol3a — (War9)
JeR Yy) = B YLy (@) B YLy (@) Yd, Y

=

1
et i) = ==
mlgé%me (y) 2a(y v) — (Ya,y)

a(w,v)—B/DZw:Dquda?—i—/wvdx Yw,veV
Q Q

puinte= 3 (5r5) ()

1<i,j<2

@ a(-,-) is symmetric, bounded and coercive over V
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Variational Inequality

To find y € K such that
aly,z—y) = Wa, 2 —y) Vz€K
where
a(w,v):B/QDQw:D%dx—F/Qwvdx Vw,veV

K={weV:¢Y<v<iys and ¢ < —Av < ¢ ae. in Q}

o K is nonempty, closed and convex
@ a(-,-) is bounded and coercive over V

( = unique solution of the continuous problem)
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Existence and Uniqueness

Theorem

(Stampacchia) Let V' be a Hilbert space and K be closed and convex
subset of V. Let a(-,-) be a continuous, V-elliptic bilinear form and f(-)
be a continuous linear functional on V. Then there exists a unique
solution u € K such that

a(u,v —u) > flv—u) forall vekK
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Characterization

KKT System Using KKT theory, there exists A € Ly(€2) and
p € M(€) such that

a(y,z)—i—/)\Azdm—/yduz(yd,z) VzeV
Q Q
(N Ay +¢;) <0 ae. in Qfor j=1,2

(A, (Ay + ¢1)(Ay + ¢2)) =0
<,y —1; ><0 ae in Qforj=1,2

< (Yy—1P1)(y—12) >=0

M(2): space of regular Borel measures
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Characterization

KKT System Using generalized KKT theory, there exists A € Ly(£2)
and p € M(Q) such that

a(y,z)—i—/)\Azdac—/yduz(yd,z) VzeV
Q Q

A>0 if — Ay = ¢1 (Lower control contact set)
A<0 if — Ay = ¢2 (Upper control contact set)
A=0 otherwise

w=>0 if Yy =1 (Lower state contact set)
nw<0 if Yy = o (Upper state contact set)
w=20 otherwise

A Finite Element Method for Constrained Elliptic OCPs Kamana Porwal/ IITD 9



Characterization

Regularity
o y € H} (Q)NH* Q) 0<a<l)

o u=—Ay € HY(Q)N Loo(Q)

e A WP(Q), p<?2

o peW5(Q), s <2
Casas-Mateos-Vexler (2014)
Casas (1985)
Blum-Rannacher (1980)
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Finite Element Methods

Tn : regular triangulation of
Morley Finite Element
Vi :={v € Ly(Q) : v|r € Py(T), wv is continuous at the vertices and

normal derivative of v is continuous at the midpoints of the edges}
Vi, = {v € V}, : v vanishes at the vertices of 9}

(Nonconforming element)

!

6 dof
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Finite Element Methods

Ty, : regular triangulation of €2

Define the discrete space K}, as
Kp:={v € Vi :¥1(p) <v(p) <v2(p) VpE W,

/Tgbldxg—/TAvdazg/Tqdex VT eT,}
={veV,: I < I < Ippa and Qpor < Qu(—Av) < Que2 }

where
o [ : Nodal interpolation operator for the conforming P; finite
element space associated with 7j,
@ Qp : Lo orthogonal projection onto the space of piecewise constant
functions associated with 7y,
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Discrete Problem

o B2 2 -
mlznelllyhlze §||Dh2”L2(Q) + §H2||L2(Q) - dez dx

To find y;, € K}, such that

an(Yn, 2n — Yn) > (Ya, 20 —yn) Vzp € K,

where

ap(w,v) = Z /DQw:DZUd:U—l—/wvdx Yw,v €V

@ ap(-,-) is bounded and coercive on V}
( = unique solution for the discrete problem)
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A Priori Error Estimates

There exists a positive constant C independent of h such that

ly = ynlln < ChmnC=e)

lvl2 = ap(v,v) for v eV

h = max diamT
TET,

y € HY.(Q) N H?*T(Q) 0<a<l)
A e WhEe(Q)
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A Priori Error Estimates

There ezists a positive constant C independent of h such that

ly — ynlln < ChmIRA=6®)

Corollary

1/2 min(l—e,a
Iy = vl + (20 = wnling) < CAmmO=o)
TETh

(higher order convergence observed in practice)

e We can remove ¢ if the supports of A and p are disjoint or if
pe€ HHQ) (Casas-Mateos-Vexler (2014))
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Ingredients of Proof

o The Lagrange multiplier A € W1P(Q) for any p < 2
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Ingredients of Proof

o The Lagrange multiplier A € W1P(Q) for any p < 2

o Interpolation operator preserves discrete constraints

A Finite Element Method for Constrained Elliptic OCPs Kamana Porwal/ IITD 13



Interpolation Operator

II;, : V — V), defined as

Mpv(p) =v(p) VP €W,

Ollpv
eand—/ads Ve € &,

Note that IIpv € K}, for v € K
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Interpolation Operator

II;, : V — V), defined as

Myu(p) = v(p) Vp €Wy
811’”’d —/—ds Ve € &,

e
Note that IIpv € K}, for v € K

/ Alljvdx = Ollyv ds = — ds = / Avdx
8T 8n T (?n

— /¢1d3§‘< /AHhUdl‘</¢2dﬂf
Also, ¢1(p) < Ipu(p) < ¥a2(p)

V), : set of vertices of Ty, En : set of edges of Tp,
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Interpolation Operator

II;, : V — V), defined as

Mpv(p) =v(p) VP €W,

Ollpv
eand—/ads Ve € &,

Note that IIpv € K}, for v € K

I
/AHhvdx: Z hvds: ds—/Avdaj
or On or On

= /¢1dx< /AHhvd:L'</¢2dx

Also, ¢1(p) < Ipv(p) < Ya2(p)

lv — Mol < Ch|lv] g2vaqq) Vo € H(Q)

(Interpolation estimates)
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Ingredients of Proof

o The Lagrange multiplier A € W1P(Q) for any p < 2
o Interpolation operator preserves discrete constraints

o Enriching map preserves discrete constraints
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Enriching Map

Ey Vi, — Vyger, for any v € Vj,, deﬁne
Epv(p) = v(p), VERv(p) = — Z Volr(p) peWVn
7;’ TeTp

8Eh’U

d—/—ds Ve € &,

e

|Tpl: the cardlnahty of T,. Clearly Epv € Vhcor for every v € Vj,
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Enriching Map

Ey Vi, — Vyger, for any v € Vj,, deﬁne
Epv(p) = v(p), VERv(p) = — Z Volr(p) peWVn
7;’ TeTp

8Ehv

d—/—ds Ve € &,

e

|Tpl: the cardlnahty of T,. Clearly Epv € Vhcor for every v € Vj,

E
/AEhvdx:/ 0 hv / dS_/AUdl‘
or On or 0 T
— /¢1d$< /AEhvd$</¢2d$

Also, ¢1(p) < Epv(p) < ¢2(p)

A Finite Element Method for Constrained Elliptic OCPs Kamana Porwal/ IITD 16



Enriching Map

Ey Vi, — Vyger, for any v € Vj,, deﬁne
Epv(p) = v(p), VERv(p) = — Z Volr(p) peWVn
7;’ TeTp

8Ehv

d—/—ds Ve € &,

e

|Tpl: the cardlnahty of T,. Clearly Epv € Vhcor for every v € Vj,

E
/AEhvdx:/ 0 hv / dS_/AUdl‘
or On or 0 T
— /¢1d$< /AEhvd$</¢2d$

Also, ¢1(p) < Epv(p) < ¢2(p)

Y (A2 Bwo = ol + B2 IV (Erv = 0)Zyr) + Il = Enolli, < Clloll
TET;
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Numerical Results

Example 1

1
J(y,u) = —/(y—yd)2 d$+é/ u? da
2 Ja 2 Jo
subject to constraints:

/Vy-Vvdx:/uvdm Yo € Hy ()
Q Q

Y1 <y<ta, o1 <u< P
with the following data:

Q=(0,12 B=1le—3 yz=2
1 =—0c0 Pp=1 $p1=—-1  ¢=25
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Numerical Results

h lly = yulln order lly — ynlla order | |ly — ynllzo(o) | order
1/2 | 9.5793x10™° - 1.0446x10~° - 2.5466x10~" -
1/4 1.0661x10"! | -0.19 | 6.9316x10~* | 0.71 1.1975x107! 1.31
1/8 1.5387x10T1 | -0.58 | 4.7208x10~! | 0.61 1.1414x10~ 1! 0.08
1/16 | 8.7327 x107° | 0.86 | 1.1994x10~" | 2.07 | 3.1482x1072 1.95
1/32 | 4.5462 x107° | 0.96 | 2.9576x1072 | 2.07 | 7.5706x1073 2.10
1/64 | 2.3095 x107° | 0.99 | 7.4146x1073 | 2.02 1.9696x 103 1.97
1/128 | 1.1599 x107° | 0.99 | 1.8979x107% | 1.98 | 5.0768x10~* | 1.97
1/512 | 5.8053 x10~" | 1.00 | 4.6538x10~* | 2.03 | 1.2460x10™* | 2.03

Table: Errors and orders of convergence of state for Morley element
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Numerical Results

N
>

(Y

04t -
03 . feeree)
02 H

R

Upper control active set

State active set
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Numerical Results

Example 2 (Cherednichenko-Rdsch, 2008)
1
o) =5 [(@-vaP do+ 5 [ (o’ do
Q Q

subject to constraints:

/Vy'Vvd:c:/(u—Ff)vd:c Yo € Hy(R)
Q Q

Y1 <y<ty ae in Q
01 <u < P a.e. in

Q=(0,1 B=0.1 y = sin(mxy) sin(mray)
¢1 =0 ¢2 =100 9o = 400

by = Y if y>0.6
"7 )2y - 06 if y<0.6
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Numerical Results

h lly — yulln order lly — ynlla order | ||y —ynllLeo(a) | order
1/2 | 5.4755 x107° - 5.9315 x10~* — 1.7941x 107" -
1/4 | 3.5980 x107° | 0.73 | 2.4522 x10™' | 1.54 | 4.0612x10"> 2.59
1/8 | 1.9986 x107° | 0.93 | 7.6709 x10~2 | 1.84 | 9.4203x10~% | 2.31
1/16 | 1.0542 x107° | 0.97 | 2.4978 x1072 | 1.70 | 3.1295x107® | 1.67
1/32 | 5.3380 x10™* | 1.00 | 7.9547 x107% | 1.69 | 9.9299x10™* 1.69
1/64 | 2.6651 <10~ | 1.01 | 2.3288 x10=% | 1.79 | 3.0314x10~* 1.73
1/128 | 1.3249 x10~' | 1.01 | 6.1150 x10~* | 1.94 | 8.4879x107° | 1.85
1/512 | 6.6049 x10~2 | 1.01 | 1.5926 x10~* | 1.95 2.1254%x107° 2.00

Table: Error and orders of convergence of state for Morley element
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Numerical Results

Lower control active set

Lower state active set
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Numerical Results

Example 3 (Rosch-Wachsmuth, 2012)

J(y,U)Z%/Q(y—yd)2 d$+§/gu2 da

subject to constraints:

/Vy-Vvda:—i—/yvdz:/uvda; Yo € Hy(R)
Q Q Q

1 <y <o
$1 < u< Py
Find
yeK={ve H*(QNH{Q): Y1 <v<¢p, ¢1<-Av+o< g}
considering the following data
Q=(0,1? p=1le—3 yy=1001—-z—y)?
Y1 =-0.35 Y =04 ¢1=—-25 ¢ =20
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Numerical Results

h ly —ynlln | order | [ly—ynlr | order | [ly —ynllro(e) | order
1/4 | 1.4925 x10™"* - 1.6597x10~° - 3.7484x10~ " -
1/8 | 1.2723 x10™" | 0.28 | 8.8981x10™" | 1.09 | 1.6277x10™"' | 1.45
1/16 | 9.2676 x107° | 0.50 | 3.2279x107* | 1.61 | 1.1957x10~' | 0.49
1/32 | 6.7719 x107° | 0.47 | 1.1236x107" | 1.59 | 4.0609x1072 | 1.63
1/64 | 3.4895 x107° | 0.98 | 2.8264x1072 | 2.04 | 9.7672x107% | 2.10
1/128 | 1.7613 x107° | 1.00 | 7.3155x107% | 1.97 | 2.5029x1073 | 1.99
1/256 | 8.8010 x10~' | 1.01 | 1.8193x1072 | 2.02 | 6.7383x10~* | 1.90
1/512 | 4.3941 x10™"' | 1.01 | 4.7584x10™* | 1.94 | 1.6125x10™* | 2.07

Table: Error and orders of convergence of state for Morley element
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Numerical Results

Lower and upper control active set

Lower and upper state active set

A Finite Element Method for Constrained Elliptic OCPs Kamana Porwal/ IITD 25



R —
Problem 1

1 8
(y,u)EHE ()X L2 () (y:w) 9 Q(y Yd) 2 /o

subject to constraints:
—Ay+y=u in Q
P <y<to, ¢ <u<gy ae in Q

Problem 2
ity e / (v—ya)? dw+ 2 / (4= ug)? da
(y,u)EH () x L2 () 2 Ja 2 Jo

subject to constraints:
—Ay=u+f in Q
Y1 <y<ta ¢ <u<gs ae in
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Post-processing
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Post-processing

Procedure 1
u=—Ay, up=—Apys

e The control error ||u — up||, @) have the same convergence behaviour
as state error in energy norm i.e. ||y — yn|ln
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Post-processing

Procedure 2
/Vy-Vv dxz/uv dr Vv € H}(Q)
Q Q

because u = —Ay.
Discrete approximation

For Morley FEM: Find uj, € V;! such that

/ upvp, dr = Z / Vuyp - Vo de Yoy € Vhl
Q T~ L
h

Vi ={veC’Q):vjr € P(T) VT EThv=0ondN}
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Error Estimate

Theorem

There exists a positive constant C independent of h such that

||U _ uh||L2(Q) < Chmin(l—e,a)
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Error Estimate

Theorem

There exists a positive constant C independent of h such that

||U . ,thHL2 < Chmm(l €,Q0)

H' Estimate
Hu—uhHHl( < ]u—Hhu\H1 —i—\Hhu—uhlfp

< ]u—Hhu\H1 + Ch™ 1\|Hhu—uhHL2
< |u = Mpulgig) + Ch™ (”Hhu_uhHLz(Q)+Hu_uhHLg(Q)
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Numerical Results

Example 1

J(:U,U)Z%/Q(y—yd)2 dw+§/ﬂu2 da

subject to constraints:

/Vy~Vvdaz:/uvdm Yo € H} (Q)
Q Q

Y1 <y<ta, o1 <u< P
with the following data:

Q=(0,1)> B=1le—3 yz=2
Y1 =—-00 Yp=1 hh=—-1  ¢=25
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Numerical Results

h [Jlu — un 1y order | |lu — unl||z2(q) | order
1/2 | 1.1425 x10™2 - 8.8227x107° -
1/4 | 1.0700x107® | 0.11 | 6.9196x107° | 0.42
1/8 | 6.6056x10™" | 0.76 | 2.2119x107° | 1.81
1/16 | 3.8279x10™' | 0.82 | 7.5924x10™"' | 1.62
1/32 | 2.9417x10%" | 0.39 | 3.0341x10"* | 1.35
1/64 | 2.0410x10%" | 0.53 | 1.0478x10"' | 1.55

1/128 | 1.3183x10™" | 0.63 | 3.5453x1072 | 1.57

Table: Control errors and orders of convergence of procedure 2 for Morley
FEM
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Conclusions

@ Developed a convergence analysis of Morley finite element method for
elliptic optimal control problems with state and control constraints. The
idea is to reduce the minimization problem into fourth order variational
inequality and then use the complementarity form of the variational
inequality.

@ Obtained convergence of the state error in H? type norm

@ Discussed post-processing methods to obtain the approximation of the
control variable

@ Presented numerical results for the proposed finite element method
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