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Networks of strings and masses

A3
L2

Line )L3

Cosserat theory of (strings, beams) rods
Antman et al., Grautus et al.........

No control theory so far!
See, however, Ch. Strohmeyer PhD 2017 at FAU
And Charlotte Rodriguez current PhD student in ConFlex see Wednesday morning

Cf. Teschner

Linear strings and masses: Hansen Zuazua 1995 -> asymmetric spaces
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Two strings coupled via springs

x=0 x=L

string_1

spring controls

/

string_2

(up — Ki(ul)x =0, 0<x<L, i=1,2,
mour,(0,t) = Ki(u})(0, t) — x(u*(0, t) — u?(0, t)),
mouZ(0,t) = Ka(u2)(0, t) + x(u* (0, t) — u?(0, t)),
myug (L, t) = —Ki(ux((L, t) + h(2),
miug (L, t) = —Ka(u)(L, T) + h*(t),

L u'(x,0) = ¢h(x), ui(x,0) = Pi(x),0 < x < L,i =1,2.
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Two strings coupled via a Maxwell element

x=0 string_1 x=L

\j spring / controls

dash-pot string_2

(ul, — Ki(ul), =0, 0<x<L,

moug (0, t) = Ki(u)(0,t) — w(u*(0, t) — u?(0, 1)) — 7(u (0, t) — g (0, 1)),
mouz (0, t) = Ko(ug)(0, t) + k(™ (0, ) — u*(0, t)) + 7(u; (0, t) — 1z (0, 1)),
meuy = —Ki(u)(L t) + b (1),

myuz = —Ko(ug)(L, t) + h*(t),

L u'(x,0) = ¢h(x), ui(x,0) = Pi(x),0 < x < L,i=1,2.
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Mutliple string-spring system

Dirichlet node

ul(x,t) — Ki(ul)x =0,i=1,2,3,(x,t) € (0,1) x (0, T)
ut(1,t) =0, u'(1,t) = h'(t), i =2,3,t € (0, T)

3
— Ki(u'x)(0, 1) + miug (0, 1) + 5 | 3u/(0,£) = Y /(0,£) | =0,i=1,2,3,

u'(x,0) = ¢'(x), ult(x,0) ='(x), x € (0,1).
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Coupling via a general viscoelastic graph

Neumann node

controlled node

controlled node

Graph of elastic

/ springs

controlled node and dash-pots

controlled node

elastic
strings \
Neumann node

Dirichlet node

Dirichlet node
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A general viscoelastic coupling

see also Rivera and Andrade Math. Meth. Appl. Sci., 23, 41-61 (2000)

(

x=0:

ul, — Ki(ul), =0, 0<x<L, i=12,
mou(0,t) = Ki(ue)(0,t) — w(u'(0, t) — u*(0, t))

0
mou (0, t) = Ka(u)(0, t) + k(u™(0, t) — u*(0, 1))

t

mpuy = —Ki(u)(L t) + b (1),

m,_utt KQ(Uz)(L t) -+ hz(t)

- u (X> 0) = ¢' (X)v ut(Xv O) = ¢ (X)7 ui(X> 5) =0,

s<00<x<lLi=102.
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Integration of the nodal conditions....

t

+ / Gan(t, s, uM(0, 5), (0, 5), ub(0, 5))ds.
0

< +/G32(t757 Ul(O,S),U2(O,5)7u)2<(075))d5

0
t t

x=1L: mLU%(L, t) = mel(L) + / Gzl(ui)(L,S)dS + / hl(S)dS,

0 0
mu?(L, t) = mez(L)+/ézz(uﬁ)(L,s)ds+/h2(s)ds,
0 0

L t=0: u'(x,0) = ¢h(x),ui(x,0) =v}(x),0 < x < L,i=1,2.
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Standard format for a scalar problem

Y.Wang, G.L. T.Li :Math. Meth. Appl. Sci. 40(10), 3808-3820, 2017

(

upe — K(u, u)x = F(u,uy,u), 0<x<L,
x =0: mouy(0,t) = G(t, u, ux, us)(0, t) + h(t)
x=L:mug(L t) = G(t,u, ux,u;)(L,t) + h(t), 0<t<T
| 1= 0: (U(X7 O)v ut(Xv O))T — (¢(X)a¢(X))T7 0<x<L

where we assume:

K,(u,v) >0, F(0,0,0)=0, K(0,0) = 0
~ L
G(t,0,0,0) =0, G(t,0,0,0) =0, T>
v K, (0,0)
integrated version:
t t
x =0 moug(0, £) = m0¢(0)+/G(t, . uX,ut)(O,s)ds+/h(s)ds
0 0
t t
x=L:mpu(L,t) = mp(l) + / G(t,u, uy, u)(L,s) + / h(s)ds
0 0
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' ) KONTINUIERLICHE
OPTIMIERUNG



Essential result on first order systems

Indeed, we look into a more general set-up:
Oru + A(u)Oxu = F(u),
where F(0) = 0 and A(u) has the following structure

L(u)A(u) = Ni(u)li(u), A(u)ri(u) = Xi(u)ri(u), i=1,...,n
li(u)ri(u) = 0j, ri(u)ri(u) =1, i,j=1,...,n
Ap() < Aglt) = 0 < A (),
1<p<Ll+1<g<m m+1<r<n

We define v; := [;(v)u and then reformulate the system as

27.08.19
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Equation in characteristic form

li(u) (Oruj + Ai(u)Oxuj) = li(u)F(u) =: fi(u), i=1,...,n

t
x=0:v, = G (t,v1,.., VI, Vi1, -y Vi) + / H.(s,v)ds+ h.(t), r=m+1,..n
0
t
x=L:v, = Gp(t,Vit1, s Vms Vmt1, --, Vo) + / Hy(s,v)ds + h,(t), p=1,..,1
0

t=0:u=¢(x), 0<x<L
We require additionally:

G.(t,0,...,0)=0,H,(t,00=0, r=m+1,...,n
Go(t,0...,0)=0,H,(t,00=0,p=1,...,/

and C! compatibility conditions.
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Two-sided exact controllability

Theorem (two-sided controllability)

L . . s .
Let T > NIk For any given initial data (¢, ) and final data (¢, V)

with small norms [|(¢,¥)|lc2xct, [[(®, V)| c2x c1, there exist boundary
controls h(t) and h(t) with small C(0, T)-norms such that the IBVP
with initial data

t=20: u:¢(x),8tu:¢(x),0§x§L

admits a C?-solution u with small C? norm on
R(T):={(t,x)|0 <t < T,0<x < L} such that the final conditions

t=T: u=®(x), Ou=V¥(x), 0 <x< L.
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One-sided exact controllability

Theorem (one-sided controllability)
Let T > K2—LO and assume

0G(t,0,0,0)
ov

£0,t €0, T].

For any given initial data (¢, ) and final data (®, W) with small norms
1(d, V)| c2x ety ||(P, W)||c2x c1, with h(t) = 0 there exist a boundary
control h(t) with small C(0, T)-norms such that the IBVP with initial
data

t=0: u=a¢(x), Oru=1(x), 0<x<L

admits a C2-solution u with small C2 norm on
R(T):={(t,x)|0 <t < T,0<x < L} such that the final conditions

t=T: u=®(x), u=V(x), 0<x< L.
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Results for system Wang, G.L., Li

Nonlinear Analysis 49 pp. 71-89 to be published: OCT 2019

Consider the following coupled system of 1-D quasilinear wave equations:
u, — (K'(u',u,))x = F'(u,ug,uy) (i=1,....n),
where u = (v, ..., u")T is an unknown vector function of (t, x),

_ (1 T ., — (,1 T i i(,i i : 2
Uy = (U, oy )" ue = (U, .y uf) " K= K'(u', v') are given C
functions of u', v', such that

K (u',v') >0 (i=1,...n),
F' = F'(u,v,w) are given C! functions of u,v,w, such that
F'(0,0,0)=0 (i=1,..,n).
Without loss of generality, we may assume that

K'(0,0)=0 (i=1,...,n).
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Nonlinear systems with masses

At the end x = 0, we prescribe the following coupled nonlinear dynamical
boundary conditions:

x=0: ul,=G'(tuu,u)+ h(t) (i=1,...,n),

where G' = G'(t,u,u,,u;) are given C! functions of its arguments, h'(t)
are C° functions of t for (i =1, ..., n).
Similarly, at other end x = L, the boundary conditions are given by

x=L: ul,=G'(t,u,ug,u;)+ h'(t) (i=1,...,n),

where G/ = G'(t,u,uy,u;) are given C! functions of its arguments and
h'(t) are C° functions of t for (i = 1, ..., n), respectively.
Here, without loss of generality, we may assume that

G'(t,0,0,0) = G'(t,0,0,0) =0 (i=1,...,n).

27.08.19
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Initial and final data

The initial condition is given by

t=0: (uu)=(0,0), 0<x<L,

where ¢ = (¢1,...,0,)1 is C? a vector-valued function of x with small
C?[0, L] norm, ¥ = (1)1, ...,1,)1 is C! a vector-valued function of x with
small C! norm, such that the conditions of C? compatibility at the points
(t,x) = (0,0) and (0, L) are satisfied, respectively.

The final condition is given by

t=T: (uu) = (P, V), 0<x<L,

where ® = (b, ..., d,)1 is a C? vector-valued function of x with small
C2[0, L] norm, W = (W, ..., V)V is a C![] vector-valued function of x
with small C1[0, L] norm, such that the conditions of C? compatibility at
the points (t,x) = (T,0) and (T, L) are satisfied, respectively.

27.08.19
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Semi-global classical solutions

Theorem: Existence of semi-global classical solutions:

Under the assumptions above, for any given T > 0, suppose that

1(@, )l (20,77 (crfo,17y7+ [l (copo, 77)» @nd [[A[O, T]|(copo,77)~ are small
enough (depending on T), and the conditions of C? compatibility are
satisfied at the points (t,x) = (0,0) and (0, L), respectively. Then, the
forward mixed initial-boundary value problem admits a unique semi-global

C? solution u = u(t, x) with small C? norm on the domain
R(T)={(tx)[0< t< T,0< x < L}.

[Hidden Regularity] For the semi-global C? solution u = u(t, x) given
in the last Theorem, if h'(t) = 0(i = 1,..., n), or more generally,

h'(t) € C[0, T] with small C[0, T] norm, there is a hidden regularity on
x = 0 that uv'(t,0) € C3[0, T](i = 1, ..., n) with small C3 norm.

27.08.19
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Controllability

Theorem: Two-sided controllability Let

1
T > L max _
/:1,...,n K‘I/,(O,O)

For any given initial data (¢, ) and final data (®, V) with small norms
(D, V)|l (210, x (c2[o,27)» and [[(®, V)|l (c2(0,19)x(c1[o,.7)"» there exist
boundary controls H = (h, ..., h") and H = (h, ..., ") with small norms
||| copo, 77 and ||A||copo, 77(i = 1, ..., n), such that the mixed
initial-boundary value problem above admits a unique C? solution

u = u(t, x) with small C? norm on the domain

R(T)={(t,x)|0 <t < T,0< x <L}, which exactly satisfies the final
condition

27.08.19
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Controllability

Theorem: One-sided controllability Let

1
T > 2L max

For any given initial data (¢, ) and final data (¥, W) with small norms
1(: D)l (20,7 x (c1o,)» and [[(®, W)l|(c2(o,3y7x (c10,1]), and for any
given boundary condition with ' = 0(i = 1,..., n), such that the
conditions of C? compatibility are satisfied at the points (t, x) = (0, 0)
and (T,0), respectively. Suppose furthermore that

ot (ac (t,0,0,0)) 20,
Av;

Then, there exist boundary controls H = (h*, ..., h") with small norm
|H||(coo, 77)» on x = L, such that the mixed initial-boundary value
problem admits a unique C? solution u = u(t, x) with small C? norm on
the domain R(T) = {(t,x)|0 <t < T,0 < x < L}, which exactly
satisfies the final condition
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3-d string-spring networks:Energies

Let p; be the constant density of the corresponding string. Then the
kinetic energy of a single string, labeled by /, at time t is given by

L;
. 1
CRC0) =1 [ pRixoPder s S miRiGa. 0P

k,jiieZiNZTk

We shall assume that the potential energy of the same string is of the
form

VI(R'(, 1)) : :/0 [V (IRL(x, t)|) + pigR(x, t)" - -e| dx

1 . .
5 Z kjan R (xg, t) — R*(xg, t)|°

k>i

27.08.19
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Total energies for network

e Vi(s) is a twice continuously differentiable, convex real valued function
defined on an open subinterval /' = (a', b') of the positive real axis, with

a' <1< b, satisfying V/(s) >0 and V(1) = V(1) = 0;
e e is the vertical unit vector and g is the gravitational constant.
e As for the total kinetic energy and total potential energy, we define
K(R(-, 1)) == )  K'(R')
i€z

and

V(R(, 1)) :== > V(R

<

respectively.

27.08.19
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We now apply Hamilton's principle to the Lagrangian functional defined
for fixed T > 0 by

£R):= | {Z | [oIRiCx 0Pdx = V(RL(x. 1)) — pigRi(x. 1) -] o

i€l
+§ Z mjk|Rt(Xij7t)|2_ EZHJH{-/{‘R (Xijat)_Rk(xkjvt)|2 dt
K jieTiNTk k>i

The domain of £ consists of R with R’ in
O":={R'" € C*([0,L] x [0, T]; R*)} and

R'(-,0) = R% and Ri(-,0) =R/,
as well as prescribed Dirichlet boundary conditions at simple nodes

Ri(x;j,t) =W(t) forjeJ” andfortel0,T]

27.08.19
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Euler-Lagrange equations

piRL(x,t) = G'(R.(x,t))x — pige foreachiecZ
with G’ : R® — R3 defined by
\"/

G'(v) :== V{(Jv])

v

Next, for j € JIM we choose perturbations with r' = 0 for i ¢ 7’ and
with support in a small neighbourhood of x;; for i € /. As there is no
continuity condition across the joints, we are led to the multiple node
condition

eiG' (R (xj, t)) + m/Ri,(xj, t)
dj dj

+ Kj Z ay R'(x;,t) — Z afkRk(xkj, t)p =0 foreachjec JY.
k=1 k=1

27.08.19
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The full network system

We collect the equations and nodal conditions and write down the entire
system as follows:

(

piRL(x,t) = G'(R.(x,t))x — pige,x € [0,L;],t €[0,T], i€
Ri(x;j,t) = W(t), xe[0,L],te[0,T], jeJ"
€;;G(Ri(x, 1)) = W(1), t€ [0, T], je T"

ejiG' (R (xj, 1)) + MRy (xy, t)

<
dj dj
9 [ Dk | RO t) =Y &R (g, t) =0 te[0,T]je T
k=1 k=1

| R'(x,0) =R% Ri(x,0)=R", xe0,L],i €.
(E)

27.08.19
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Limiting model as spring stifness tends to

infinity

Notice that

GUGI(RL(XI'JW t)) + Z m{'.Rit(Xij’ t) =0

i€T; =

which provides a balance of elastic forces at node n;. if, moreover k; at
the node n; tends to inifinity, then we obtain

R'(x;,t) = R(xy,t), Vi,k € T;, t € [0, T].
If then the masses mf: m’, one gets the classical Kirchhoff condition
including the mass nm, or if m = 0 the classical transmission conditions
used in

G.L. and E.J.P.G. Schmidt: On Exact Controllability of Networks of
Nonlinear Elastic Strings in 3-Dimensional Space, Chinese Annals of
Mathematics 32B(6), 1-28 (2011).

27.08.19
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Deviations from equlibria

We assume a stretched equilibrium R® = {R®’};c7 and introduce
perturbations away from the given equilibrium by setting

r'(x,t) := R'(x,t) — R®'(x).
Noting that the R®’ do not depend on t, the system (??) is equivalent to
(pirie(x, t) = [G'(RY'(x) + ri(x, t))]x — pige, forie€Z,
r'(x,0) = r%(x), ri(x,0)=rb(x) forieZ,

ri (xij. t) = U(t) for j € J°.
3G (RS (xz) + vy, 1)) + el (. )

g . . (E")
+H;j { (Z a{-k> (R®' (%) + r'(xj, 1))

k=1

N\

d

— Z a{k(Re’k(ij) -+ rk(ij, t))} =0 forj e jM

\ k=1

27.08.19
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We assume x;; = 0 for all edges adjacent to N/. At this node we now
have a graph G/ = (V/, E/) of springs with adjacency structure given by

, _ q . .
A = (). Let DV :=diag((>_ &), i=1,...,d). Then weighted
k=1

discrete Laplacean of G/ is given by L/ .= D/ — AV. Devote the diagonal
mass matrix MV := diag(m},i =1,...,d") and the strain matrix

KI(re(0, t)) := diag(G'(R®'(0) +r (0,t)),i=1,...,d"),

with r, == (rk,...,r?)7. Then with ry = (r,, ..., rd)7,
r:=(rl,...,r¥)7. Then the nodal condition coupling the adjacent

strings to the springs can be written as

M’r.,(0,t) = K/ (r,(0,t)) — x;L7r(0, t).

27.08.19
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For a ring (cycle) with springs connecting the ends of the strings, we
arrive at the new coupling matrix

(1 0 0 0 0 .. -1

0 1 -1 0 0 .. O

0 -1 1 0 O 0
L_|o o 0o 1 - 0
0 0 0 -1 1 0

;

\-1 0 0 0 0 1 )

re(x, t) — (K(re(x, 1)), = 0,x € [0,1], t €0, T]
Mor:+(0, t) = K1(r«(0, t)) — koLor(0,t), t €0, T]
Mire(L, t) = —Ki(r(L, t)) — k1L1r(0,t) + HY(t), t € [0, T]
r(x,0) =ro(x), re(x,0) = rip(x), x €[0,1].

27.08.19
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For a star-graph, we obtain accordingly

re(x, t) — (K(re(x,t))), =0,x € [0,1], te]0,T]
Mrtt(oa t) — K(I’X(O, t)) - KJJLr(Oa t)7 t € [07 T]
r(l,t) = u(t), te€l0,T]
r(x,0) = ro(x),r:(x,0) = rig(x), x €[0,1]

27.08.19
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Semi-global classical solutions

Consider a tree like network. Let R® be a given stretched equilibrium. For
a specified value of T > 0 there exist constants ¢y and c7 such that if
the initial data

wo = (wd' wy' wi®) e Ci(]o, L] x [0, T]; R®)®
and the boundary data
v (t) € G ([0, T]; R?)
satisfy the C?-compatibility conditions and satisfy

0.i ;
wy || W } <G
Wi} <

max { [|wg |1, [w)”

there exists a unique small solution semi-global solution

w e ] ¢3([o, L] x [0, T]; R®)?

27.08.19
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Exact controllability and more....open problems

e Exact controllability of a star with controls at all ends (ready)

e Open: Keep one simple node fixed. Then we expect to control in
asymmetric spaces as in the work of Zuazua and Hansen: Exact
controllability and stabilization of a vibrating string with an interior point
mass. SIAM J. Control Optim. 33 (1995), no. 5, 1357-1391.

Avdonin and Julian: Controllability for a string with attached masses and
Riesz bases for asymmetric spaces. Math. Control Relat. Fields 9 (2019),
no. 3, 453-494.

We expect interesting smoothing pattern across the spring-mass-graphs
between the controlled and fixed nodes

e Work in progress with (nonlinear) viscoelastic springs

e Stabilization issues in the general case (M.Gugat for linear strings see
Wednesday

e Exact Profil nodal controllability (see Wednesday)

e Geometrically exact beams...(Ch. Rodriguez see Wednesday)

27.08.19
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Open problems: sustainable controls

The spring stiffness may deteriorate once large deflections are involved.
The Springs undergo damage which can be represented by the time
evolution of a damage variable.

( Yie — Ki(yD)x =0 in (0,T)x 1,
Ce = D¢y (8, x0), y°(t,x0)) in (0, T),
Ki(ya) (%0, t) = ¢(t) (v'(t,x0) — ¥*(t,%0)) i = 1,2
Ki(y2)(t,L) = u(t), y'(t,00=0, te(0,T),

y'(0,x) = y5(x),  yi(0,x) = yi(x), xel,
(| u€ Uy, 0<((t) <1, tel?(0,T),¢(0)=1

(Damage)

N\

We then ask to minimize

1 T
Minimize J(u,y):I(u,y)—|—§/ () — 112 dt
0

‘subject to system (damage). The optimal, damage-avoiding control is
then called sustainable control.



Inspired by the joint work with F. Alabau and P. Cannarsa

(SICON 2017) and in coll. also with P. Kogut

1 (T L
Minimize J(u,y) = I(u,y) + — / / IC(t, x) — 1|P dx
PJo Jo
subject to the constraints

(Y= ([ X)Ki(n)), =0 in (0,T)x(0,L),ieZ
¢t — (IGP2¢), = ®i(¢,y") in x(0,L),i €T
yi(t, xj) = uj(t),i € Ij,j € J°>
y'(t,xg) =y “(t,xg), i,k € Zj,j € T, te(0,T),
| 2 fim (CIK)) =0, j € Tt (0,T),

i€Z;

y'(0,x) = y(x), y(0,x) = yi(x), ¢'(0,x)=1 xe(0,L),
ui € U,g € L2(0,T), ('(t,x)€[0,1] in (0, T) x (0, L),

X C'(t,x)=1in (0,L)\E,ieZ,te(0,T).
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Thank you for your
attention!
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