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We are interested in the homogenization problem

poiu, — divAe(ug) + Be X 0sue = fz in Qr
u. =0 on (0,T) x 9Q
u:(0,x) =u?, 0u.(0,x)=ul.

Q) c R3 bounded open, Q7 = (0,T) X Q, A positive tensor
foo f in1}0,T; 12(Q))
ul = u¥in Hy(Q)3, ul - ulinL?(Q)3
B:(t,x) = F(x) 4+ G:(t,x) + H.(t, x)

F.— 0 in W~tP(Q)3, G.*— 0 in L*(Q7)3

H, > H in HX(0,T;W1P(Q))°, p> 3.



Remark. We can consider Q c RV, replacing
Bg X atug
by
B:0ru,
whith B,: Q - R¥*N skew-symmetric.
The present of H.(t,x) does not vary the structure of the limit of the equation.

The most interesting terms are Fg, G.

We start by studying the influence of F.



Lemma. Let u, be the solution of

{— divAe(u,) + F: X z. = f; in Q
u:. =0 on 09,
where
F,F~0in W= P(Q)3, p>3, z.—zin HY(Q), f.—»f in H Q).
Define w/ as the solutions of
—diVAe(Wg]) + F,Xe =0 in ()
ng =0 on 01},
p
and M € Lz(Q)3*3 by
; p
Ae(wg):e(wgk) — Mej - e, in L2(Q).
Then, defining u by
us = u in Hy(Q)3
we have

3 :
ug—u—z w¢ z; = 0 in Hg (Q)3
i=1

Ae(u,):e(u;) x— Ae(u):e(u) + Mu - u in the measures.



Remark. The lemma provides a corrector result, 1.e. a strong approximation in
H3i(Q)3 of u,. It does not give a limit equation for u.

Indeed: F, = 0 in W~YP(Q)3, p>3, 2z — z in H(Q) does not permit
to pass to the limit in F; X z. and then in

{— divAde(us) + F, X z. = f, in Q
u. =0 on 909,

Remark. The lemma 1s related with a result of L. Tartar,1977. He considers the
Navier-Stokes problem

{— Aug +(ug - V)ug + Fo Xug + Vp, = f. in Q
u. =0 on 01,
The term F; X u, represents here a Coriolis force.

Using the functions ng (oscillating functions method) we get the limit problem

{—Au+(u-V)u+Mu+Vp=f in Q
u=0 on 0.



Theorem: The solution u, of

poiu, — divAe(ug) + Be X 0suy = f in Qr
u. =0 on (0,T) x dQ
u&‘(orx) — ugr atu&‘(orx) — u%!

with B.(t,x) = F.(x) + G.(t,x) + H.(t,x), satisfies
3 3
e+~ u in L% (0,T; HA(Q) nw(0,T; 12(Q))

Gy x Bpul *— g in L°(0, T; 2(Q))"
2p_
30:Q - R3, F, x ud = M(in H-1(Q)3, M¢ € LP-2(Q)3, M(-{ € LA (Q).

(pl + M)oiZu —divAe(u)+H X d;u+ g =f in Qg
u=0 on (0,T) x 0Q
u(0,x) =u’ 0u(0,x) = (pI + M) (pu' + M),



Proposition: We have
plugl® + de(ud):e(ug) »—
u® +Ae(®):e(w®) + (pI + M) (pul + MQ) - (pul + MQ)
in the measures, with u° a nonnegative measure.
Assume the initial conditions well posed (related to Francfort-Murat, 1992)
ul =~ ultin H1(Q),
—div(Ade(u?)) + F; X u} compactin H~1(Q)V.
Then,
MZ = Mut
plull? + Ade(ud):e(u?) x— plut|? + de(w®):e(u®) + Mul - ut

1n the measures



Theorem: Assume the initial conditions well posed and 0 G bounded in
LY(0, T; L*(©))3*3. Then

g=>0
and the following corrector result holds

O:us ~ 0:ug in L2(0,T; L2(Q))3

N
e(u.) ~e(u) + Z e(ng)atuoj in L?(0,T; L*(Q))3*3.
=1

Remark: If these conditions do not hold, we still have
N

e <j:2u£ dt) ~ e (j:zu dt) + z e(ng) (uo,j (t2) —uo (t1))

j=1
in L%(0,T;L*(Q))3%3, Vt1,t,,0 < t; < ty.

The proof of the theorem consists in integrating in time and then to use this
result. Integrating in time, we do not see the oscillations in time.



Example:

1 /x
G(t,x) = Hy(t,x) =0, R(x)==-F (=), FelL(V)? J Fdy = 0.
g \& v
The limit problem reads as

(pl + M)oZu — divAe(u) = f in Qy
u=0 on (0,T) x 0Q
u(0,x) =u’, 9u(0,x) = (pI + M)~ *(pu' + M),

Me; - e = f Ae(w'):e(wk)dy,
Y
with
{— divAe(Wj) +FXe =0 in R3
w € Hz(YV)3.

The magnetic field induces an increasing of mass in the homogenized equation.
The new mass 1s anisotropic.



What about the structure of g?

Related problem: JCD, J. Couce-Calvo, F. Maestre, J.D. Martin-Gomez, 2014.
Corrector for

0t (pe0pue) — divye(AVyue) + B - Ve xue = fe in (0,T) X RY
Ug(O,X) — ugr atUg(O, .X') = vcg

with

X t x X t x
pé‘(xi t) = pO (E) + 8,01 (t, x;gy g); Aé‘(x) t) — AO (g) T gAl (t; x;_;_)

E €&

B:(x,t) =B (t, xgg) fo(x,t) = f(t,x,f,f>

E &

X X
ul = u(x) + eut ( —), vgozvo(x —).
£ £

The functions are periodic in x/& and almost periodic in t/¢.
M. Brassart, M. Lenczner, 2010 consider the case pt = 0,41 = 0,B = 0.



Even 1f the coefficients do not oscillate in time, the corrector is

t x
ue (6,%) ~ o (6, %) + euy (t, x,g,;),

1.e. the oscillations in space of the coefficients introduce oscillations in time for
the solution.

If B = 0, the homogenized equation is

{at (P°9;uo) — dive(4uVeue) = f in (0,T) x RV

ue(0,x) = u®, 9,u.(0,x)=v°,

o0 = f P Mdy, Fltx) = f My(f(tx,5,9))dy, 9(x) = j v9(x,)dy,

Ay the usual homogenized matrix associated to A°.

This can be obtained using the asymptotic expansion
X
u:(t, x) ~ up(t,x) + cuy (t, X, —).
3

This does not provide a corrector. This differs from parabolic problems.



Example: JCD, J. Couce-Calvo, F. Maestre, J.D. Martin-Gomez, 2014.

2 (t + x) _
04U, — 02Uy + 2 cos . O, =f in (0,T) X R

ue(0,x) = u®, 0,u.(0,x)=v".

The limit problem is

t
0% Uy — 05Uy + f gt —s)oug(r,x+t—r)dr=f in (0,T) X R
0

uo(0,x) = u® 0,uq(0,x) = v°.

co

1 t2k
9(s) = __24'%' (k+1)!




Returning to the elasto-magnetic problem:

pofu, — div Ae(ug) + Be X 0;ue = fz in Qr
u. =0 on (0,T) x 9Q
ug(O,x) — ug: Otug(O,x) — u%!

Limit equation

(pl + M)oZu —divAe(u) + H X d;u+ g =f in Qy
u=0 on (0,T) X 0Q
u(0,x) =u® 0u(0,x) = (pl + M)~ (pu* + M),

Ge X 0pul *— g in L*(0, T; L? (Q))3

plull?> + Ade(ud):e(u?) x—

ul +de(u®):e(u®) + (pI + M) (pur + MQ) - (pur + M)



Theorem: 3S: Ll(O, T: LA (Q))3 — L® (O, T: L? (Q))3, linear, continuous, s.t.
VxeQ vSe(0,T), ae se€(0,S5)

1
2

S
j IGw|?dx < C f (f |w|2dx) dt
B(x,c(S5-s)) 0 B(x,c(S-1))

s
0 Sf f Sw - wdx dt
0 JB(x,c(5-5))

lg — G0 ul?dx < C u°(B(x,S))

_ Al
c= |—.
p

v[B(x,c(S—s))

with
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Corollary: If the nitial data is well posed the limit problem is

(pl + M)oiZu — divAe(u) + H X 0;u + G, u = f in Qr
u=0 on (0,T) X 0Q
u(0,x) =u’ 0,u(0,x)=1ut

Example with initial data not well posed. Assume

u:.(0,x) =u’ 09u.(0,x) =ul

3F: 12(Q)3 - L°(0, T; () with

|Fv|?dx < Cj (pl + M) *Mv - vdx

JB(x,c(S—s)) B(x,cS)

such that the limit problem is

(pl + M)oZu — divAe(u) + H X 0;u + Gou = f + Ful in Qy
u=0 on (0,T) X 0Q
u(0,x) =u', 9u(0,x) = p(pl + M)~ ul



Remark: In order to get a nonlocal term in the limit we need to take magnetic
fields oscillating in space and time simultaneously.

We shown B (t,x) = F.(x) = F in W~1?(Q)3, provides an increasing of
mass but not a non-local term in the limit.

Analogously, assuming
B. € c1([0,T])3, B, B, paralllel,

— 1
B.(0) = 0,e=P "B - M ~1in Co([0, T])3*®

The limit equation of
poiu, — div Ae(ug) + Be X 0;ug = fz in Qp
u. =0 on (0,T) x 0Q
u:(0,x) =u?, 0u.(0,x)=ul.
is

pMEIMOGZu — divAe(u) + pMEMou = f + Ful in Qg
u=0 on (0,T) X 0Q
u(0,x) =u", 9u(0,x)=M1(0)ul.



