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Flux controls at D and E

dij :=

8
><

>:

�1 if the edge i starts at node j

1 if the edge i ends at node j

0 else

<latexit sha1_base64="pna0RWhUeXSmQSPnyRLDx+WW9nc="></latexit>

I := {i = 1, . . . , 5}

<latexit sha1_base64="qK1RAXvWLI5C0qYk8N1gldl8ZeU="></latexit>

Edges

J := {j = 1, . . . , 5} = JM [ J S

= {1, 2, 3} [ {4, 5}

<latexit sha1_base64="kMrwGXNYpYeYWaJf9zM8ii0ahks="></latexit>

Nodes

Ij := {i 2 I : dij 6= 0}

<latexit sha1_base64="i0GeWwJAIzz3p8keVx7cT+antUA="></latexit>

Incidence matrix and incident edges

The special network for this presentation
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We consider the Saint Venant system on a network with a cycle:

@tAi + @x(AiVi ) = 0

@tVi + @xSi = 0,

where

Ai (t, x)=̂ wetted cross section

Vi (t, x)=̂ average velocity over the cross section

Si (t, x) =:
1

2
Vi1

2 + ghi (Ai ) + gYbi

hi (t, x)=̂ water height

Ybi =̂ bottom profile

<latexit sha1_base64="NX/ClI+Fna/Inh4wmPZb1r0r9LU="></latexit>

The Saint Venant system



28.08.19 4KONTINUIERLICHE

OPTIMIERUNG

We have initial conditions

Ai (0, x) = Ai0(x), Vi (0, x) = Vi0(x), x 2 [0, `i ],

transmission conditions at the multiple nodes: here A #1, B #2, C # 3;
JM := {1, 2, 3}

X

i2Ij

dij(AiVi (t, vj) = qj(t), j 2 Ij , t 2 [0,T ]

Si (t, vj) = Sk(t, vj), i , k 2 Ij

and flux boundary conditions at the simple nodes: here D #4, E#5;
J S := {4, 5}

(AiVi )(t, vj) = qj(t), j 2 J S , iIj , t 2 [0,T ].

<latexit sha1_base64="DiTVakdKtp0BBlYPtrTPFj99kJ0="></latexit>

Initial, boundary and transmission conditions
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We will always refer to an equilibrium state by (A0
i ,V

0
i ) such that

|V 0
i | <

q
gA0

i h
0
i (A

0
i )

and (Ai ,Vi ) satisfy all homogeneous transmission and boundary
conditions as well as C 1-compatibility conditions at the nodes. We
consider subcritical states Ai ,Vi ) in the neighborhood of A0

i ,V
0
i such

that the eigenvalues of the system matrix are:

�1
i = Vi �

q
gAih0i (Ai ) < 0 < �2

i +
q
gAih0i (Ai )

The corresponding characteristic equations are denoted as

t = f 1i (x), t = f 2i (x),

where f 1i is the incoming characteristic at x = 0 and f 2i the outgoing one.

<latexit sha1_base64="JplHl6De9uhPvgSfxKw4BlaoHJ0="> H0H1TadGlU9xr/xvk61EmdcfsJZUo4OFxgzKN5Iir+iHqgC4kPMpkNeePkwM3YVaEbfpW40/M1TJfaZv9X5CTsOtaO0w/Q0IUtoZGl9jAQMxh04iClfKHDquMCo0ihJxXSKCnoOY8Ab/fTTrQncTFNPU+iqxJjDuU45GzrH5zD+/+W/P9mdDMffDCe/TdYf/9h9GNfpC/qKNnD739Jj+oWewW++8sfqtdVbq2tX/+rd6d3tfbmErlzpOJ/TO0/v3j8A7m93</latexit>

Equilibrium and characteristics
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Theorem: Existence and uniqueness of semi-global 
classical solutions

For any T > 0 and any given initial data (Ai0,Vi0), i 2 I, qj , j 2 J with
small norms:

X

i2I
kAi0 � A0

i ,Vi0 � V 0
i kC 1(0,`i ), kqj �

X

i2Ij

dijA
0
i V

0
i kC 1(0,T ), j 2 JM

kqj � A0
i V

0
i kC 1(0,T ), j 2 J S

such that C 1-compatibility conditions hold at all nodes. Then the
network IBVP above admits a unique semi-global classical solution
(Ai ,Vi ) with small piecewise C1-norm on the domain
R(T ) = [i2I{(t, x)|0  t  T , 0  x  `i}

<latexit sha1_base64="8ZGZteonNgLyhOEBNf+w60Mnr3k="></latexit>
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Lat T be larger than

T0 := max

✓
`1

|�1
1(A

0
1,V

0
1 )|

,
`2

|�1
2(A

0
2,V

0
2 )|

◆
+max

✓
`4

|�1
4(A

0
4,V

0
4 )|

,
`5

|�1
5(A

0
5,V

0
5 )|

◆

let T̄ > T be given. Moreover, let initial data (Ai0,Vi0), i 2 I, qj , j 2 J
be given as in the last theorem. Further more, we prescribe nodal data
(ÃiA(t), ṼiA(t)), i = 1, 2 at the multiple node A (j = 1) for T  t  T̄ ,
satisfying the transmission conditions at A and having small norm
k(ÃiA � A0

i , ṼiA � V 0
i )kC 1 . Then there exist boundary controls q4, q5 with

small norm kqi � A0
i V

0
i kC 1 such that the corresponding unique

semi-global classical solution (Ai ,Vi ) with small piecewise C1-norm on
the domain R(T ) = [i2I{(t, x)|0  t  T̄ , 0  x  `i} satisfies the
prfile condition at A:

(Ai (t, 0),Vi (t, 0) = (Ãi (t), Ṽi (t)), T  t  T̄ , i = 1, 2.

<latexit sha1_base64="ITBacd8NEnOzHwiBXug0RG6ScN4="></latexit>

Theorem: Nodal profile exact controllability
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Proof: we define the following times:

T1 := max supP
i=1,2 kAi�A0

i ,Vi�V 0
i k✏

✓
`1

|�1
1(A1,V1)|

,
`2

|�1
2(A2,V2)|

◆

T2 := max supP
i=4,5 kAi�A0

i ,Vi�V 0
i k✏

✓
`4

|�1
4(A4,V4)|

,
`5

|�1
5(A5,V5)|

◆

<latexit sha1_base64="qRMHT6PFIOiQZxHid/MPecP85vY="></latexit>

We set T̂ := T1 + T2 Let ✏ > 0 be small enough such that T > T̂ . We
proceed in 5 steps:
(1) Forward solve of the whole system on [0, T̂ ], take traces at the nodes
(2) Extend nodal data at node A and perform a rightway solve for edges
#1 and #2, interchanging x and t
(3) Include edge #3 using the nodal values at B,C complete the
Kirchho↵ conditions there
(4) Perform reightway solves fro the edges #4. #5 (5) Read o↵ f4, f5.

<latexit sha1_base64="fewPv9wRKDC6rwbg3QR2a0reOqg="></latexit>

Further travel times and outline of the proof
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Proof: Step 1

We perform a forward solve on the entire system with boundary
conditions at D and E:

(A4V4)(t, `4) = f4(t), (A5V5)(t, `5) = f5(t)

, where fi are arbitrary C 1(0, (̂T )) functions with small norm. We denote
the corresponding unique solution of this problem by

(Af
i (t, x),V

f
i (t, x)), i = 1, . . . , 5, (t, x) 2 R((̂T ))

<latexit sha1_base64="PdIjHj90zXsfySF+1Re2PtD+kQc="></latexit>
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We can now uniquely determine the nodal values:

A :(Af
i ,V

f
i )(t, 0) =: (Af

iA(t),V
f
iA(t)), t 2 [0, T̂ ], i = 1, 2

B :(Af
1,V

f
1 )(t, `1) =: (Af

1B(t),V
f
1B(t)),

(Af
i ,V

f
i )(t, 0) =: (Af

iB(t),V
f
iB(t)), t 2 [0, T̂ ], i = 3, 4

S1(t, `1) = S3(t, 0) = S4(t, 0) =: S f
B(t), t 2 [0, T̂ ]

C :(Af
i ,V

f
i )(t, `i ) =: (Af

iC (t),V
f
iC (t)), t 2 [0, T̂ ], i = 2, 3

(Af
5,V

f
5 )(t, 0) =: (Af

5C (t),V
f
5C (t)),

S2(t, `2) = S3(t, `3) = S5(t, 0) =: S f
C (t), t 2 [0, T̂ ]

<latexit sha1_base64="NPM5A5O5yIkzJmZ88D6PsDVmIr8="></latexit>

Step 1
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We now extend the nodal data at node A: Since T > T̂ there exist
C 1(0, T̄ ) functions (aiA(t), viA(t)), i = 1, 2 with small norm such that

(aiA(t), viA(t) =

(
(Af

iA(t),V
f
iA(t)) 0  t  T̂

(ÃiA(t), ṼiA(t)) T  t  T̄

We then change the role of x and t and use the extended data as initial
conditions at x = 0 for i = 1, 2:

(Ai ,Vi )(t, 0) = (aiA(t), viA(t)), 0  t  T̄

and take as boundary conditions

t = 0 :AiVi (0, x) = Ai0(x)Vi0(x), 0  x  `i

t = T̄ :AiVi (T̄ , x) = gi (x), 0  x  `i

<latexit sha1_base64="VaPNrf+kDyR/XeCjiwlz+uLC1g4="></latexit>

Step 2
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We now do a rightway solve for the edges #1, #2 and obtain a unique
C 1 solution (Ai ,Vi ) = (Ai (t, x),Vi (t, x)), i = 1, 2 on Ri (T̄ ).
In fact, (Ai (t, x),Vi (t, x)) and (Af

i (t, x),V
f
i (t, x)) satify simulaneously

the conditions

Ai (t, 0)Vi (t, 0) = Ai0Vi0, 0  x  T̂ ,

(Ai (0, x),Vi (0, x)) = (Af
iA(t),V

f
iA(t)), 0  t  `i

<latexit sha1_base64="AQ0pmI9wTTVOoAWlpjpjdLBUm/s="></latexit>

T2

<latexit sha1_base64="McDSVBhQW+9lW0L+3wxGbRq4UnE="></latexit>

T̂

<latexit sha1_base64="K5ACt8NORehsQ1OJQN//e7T4js0="></latexit>

T

<latexit sha1_base64="p7ZFKFk1pE9vcHf14jEDyKQc3Hw="></latexit>

t0

<latexit sha1_base64="g6wRkgrOqe2qmURW9NhPskLbb+8="></latexit>

t = f 11 (x)

<latexit sha1_base64="M2vVEuRCB5ieQWxMPhmyoUf8DFg="></latexit>

R1(T2) = {(t, x)|0  t  f 11 (x), 0  x  `1}

<latexit sha1_base64="yIaUb4bUQu0jWVttrAAIbqtyp/8="></latexit>

(A1,V1) = (Af
1,V

f
1 )

on R1(T2)

<latexit sha1_base64="TEaFoImZBX+fHmlxg+8pPUmEI4o="></latexit>

Step 2
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We can in particular uniquely determine the values (A1(t, x),V1(t, x))
and S1(t, x) at the node B (j = 2):

(A1(t, `1),V1(t, `1) = (A1B(t),V1B(t)), 0  t  T̄

S1(t, `1) = SB(t), 0  t  T̄

We notice that we also have

(A1B(t),V1B(t)) = (Af
1B(t),V

f
1B(t)), 0  t  T2

SB(t) = S f
B(t), 0  t  T2

<latexit sha1_base64="E62pmDFcCFm1wYO39IrkgShuyJI="></latexit>

Step 2
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We can follow the same procedure for channel #2 (A2(t, x),V2(t, x))
and S2(t, x) at the node C (j = 3):

(A2(t, `2),V2(t, `2)) = (A2C (t),V2C (t)), 0  t  T̄

S2(t, `1) = SC (t), 0  t  T̄

We notice that we also have

(A2C (t),V2C (t)) = (Af
2C (t),V

f
2C (t)), 0  t  T2

SC (t) = S f
C (t), 0  t  T2

<latexit sha1_base64="U+FVvhSeE8joZ70hQJjybC7E3d0="></latexit>

Step 2
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Step 3

We are now in the position to handle channel #3:
Indeed, we have two boundary condtions

S3(t, 0) = SB(t), S3(t, `3) = SC (t), 0  t  T̄

with the original initial conditions. There exists a unique solution
(A3(t, x),V3(t, x)) with small norm on

R3(T̂ ) := {(t, x)|0  t  T̄ , 0  x  `3}

Thus, we can evaluate at nodes B and C:

(A3(t, 0),V3(t, 0)) = (A3B(t),V3B(t))

(A3(t, `3),V3(t, `3)) = (A3C (t),V3C (t)),

for 0  t  T̄ . We have the same data for (Af
3B ,V

f
3B) and (Af

3C ,V
f
3C ),

respectively.

<latexit sha1_base64="QXKecLAz+/MKS6+n9WYz8uNtjsM="></latexit>
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Step 4

Finally, we look at the channels #4 and #5:

(A4(t, 0),V4(t, 0)) = (A4B(t),V4B(t)), 0  t  T̄

(A4B(t),V4B(t)) = (Af
4B(t),V

f
4B(t)), 0  t  T2.

We then solve the rightward IBVP for channel #4 witht initial data
above and boundary conditions

t = 0 :A4V4(0, x) = A40V40(x), 0  x  `4

t = T̄ :A4V4(T̄ , x) = g4(x), 0  x  `4

where, again, g4(x) is an arbitrary C 1 function with small norm. We
obtain a uniquel solution (A4,V4) on R4(T̄ ). We can prove that the
solution satisfies the original initial data. Indeed, the solutions (A4,V4)
and (Af

f ,V
f
4 ) satisfy simultaneously the same rightway problem with the

nitial condition A4V4(0, x) = g4(x)

<latexit sha1_base64="oQyPqEfPUtrSfws8KNcd7e2jl/o="></latexit>
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T2

<latexit sha1_base64="McDSVBhQW+9lW0L+3wxGbRq4UnE="></latexit>

t0

<latexit sha1_base64="g6wRkgrOqe2qmURW9NhPskLbb+8="></latexit>

t = f 14 (x)

<latexit sha1_base64="nbnG8PXzjzIpeEddhRTE1ttYx6w="></latexit>

The same procedure applies to channel #5!

<latexit sha1_base64="72RsguuFHdUrlPXKSZpYqY2/zvE="></latexit>

Finally, we collect all solutions Ai (t, x),Vi (t, x) i = 1, . . . , 5 and then
take the traces at

A4V4(t, `4) =: f4(t), A5V5(t, `5) =: f5(t)

<latexit sha1_base64="gLTDdk/N0zGzev5Yd8t4/IcLeqU="></latexit>

Step 4 and 5

(A4(0, x),V4(0, x)) = (Af
4(0, x),V

f
4 (0, x)) = (A40(x),V40(x)), 0  x  `4

<latexit sha1_base64="N0vOV9K+idDi7EYaXFmoCorZodA="></latexit>
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Thank you for your attention!


