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Deduce an interaction Hamiltonian
and the corresponding master equation

Use some jumps operators
and observe if they are
enough to describe the
phenomenon




The Lindblad Master equation

The Born-Markov approximation

d . 1 t _

. Valid for a small interaction with the environment (Born's
linearity approximation)

. Markov approximation implies that there is not memory effect
from the environment.

. The Lindblad Master Equation is invariant under unitary
transformations of the jump operators L.



Standard solution methods

Differential equation system Kraus representation theorem
( p11 P12 ) _ ( fp) g(p) )

P21 P22 h(p) m(p) p(t+7) = d-(p(t))
Factorization-type methods Ket-Bra Entangled states

p=Ap) = AlAp b= H, 7l



Complete Positive Trace Preserving maps

p(t+7) = 6:(p(2))

Completely Positive maps
A map & : gl(H) — gl(H) is said to be CP if it is linear and
ERT e gl(H®H) is positive for every H’

Trace preserving maps
A map & is TP if tr(£(A)) = tr(A) for all A € gl(H).

The Lindblad master equation implies the existence of a TCP map
that describes that evolution



Kraus decomposition theorem

Kraus (1989)

For any CPT map ¢; exist a set of operators My, M1, My, ... My
with k < (dim(#))? such that

oelp) = 3 Mu(£)pM(1)

with

> MM, =1
7

Find the Krauss representation of an associated linear map is
equivalent to solve the associated master equation

p(t) =7 Bi(t)o(t)Bf (1), Bi(t) =e "Lie™
i=0,1



Lie algebra channels

Definition

Let g denote a Lie algebra of dimension k, with basis {X;}. Let g
be an irreducible g-representation on H. The LA channel is the
one in which a change in the state occurs with probability p(t),
caused by the action of 5(X;).

The Kraus operators are taken as

Mo = /1 —p(t)I M; = /kp(t)3(X;)

with

Zﬁ(x,-f =k 1.1



The Spin-1 Channel

Consider the 3-dimensional representation of s

lel(i’ : 2) 12:1(? o °,-) J3:<
V2 lo10) " V2\lo i o)
If the density matrix can be written as
1 3
pv:§(1+v-J), veR
then

1—
E(p,) = f1 + T J+Z Z Vo Jadp
a,b



Utility of the LA channels

. Well defined asymptotic behavior (lteration Formulas)

lim ,O(t) = Ps

t—o0

. lrreducible Representations Have No Decoherence-Free
Subsystems/Subspaces

< p11 P12 ) _ < f(p) &(p) )
P21 P22 h(p)  p22
. Irreducible Representations Return to Equilibrium

lim p(t) = p(0)

t—o0



The G-representation

Consider a master equation given by

Let {G,} denote any convenient orthonormal basis set for the
space of self-adjoint matrices in H, i.e.
Gl = G,, tr[G,Gp] = b

a

Then every X € gl(H) can be written as

with



Then the master equation A(p) can be written as
) = L re(t) G (1)
Py,

with
Lk7g = Tr [Gk/\(Gg)], rg(t) = Tr [Ggp(t)]

Also ¢(-); can be written in the G-representation as

e[p(0 ]—ZFM re(0) Gk

with
Fie(t) :== Tr[Gkoe (Ge)],  re(0) := Tr[Gep(0)]



From the master equation to the CPT map

Taking the time derivative of ¢:[p(0)] we have a natural
connection between an master equation and the CPT map

Fre(t)re(0) = L oro(t)

Using
re(t) =Y Fomrm(0)

F=LF

with the natural solution

t
F="Texp (/ Ld7'>



From TCP maps to Kraus-type descomposition

We look for the Kraus-type decomposition

¢t(p(0)) = ZZ’J )B(X)p(0)5(X;)

with 8 a representation of the Lie algebra spaned by X;.
If H = span{|a;)}, define the symmetric matrix

S{ijhirst = (a9 (loy) {as|)| eur)
We can compute the matrix S from the matrix F

Stijirs) = ZFM ) tr(Ge |a) (o] Gk |, (as]).



Lets consider the following unitary transformation

sW) — wisw

VVi,{ns} = tr(B(Xi)|aS> <0‘f‘)
= (ar| B(Xi) |os)

This implies that

a(Xi) = Z VVi,{r,s} lar) (s
{r.;s}

Expanding the map ¢(-) in the basis {|a;) (o]}

$(p) = Y Spijhirst lai) (sl plas) (o

ij,r,s



We get the desired result
Z 5 Jt PBT(Xt)

This matrix is unitary iff

S Wi Wity = 3 {0l B0OG) ) {0l BOX) ) = g
If

=D Xhnlam) (ol
mn

Then

=i =i
E XrsXpt — 5r,p55,t

i



If the Lie algebra is defined by the structure constants

[B(X), B(X)] =D €ijnB(Xk)

k

Then the representation must satisfy

i o k
XP,le](,f - 6i7.j7kxp,t

Objetive
Look for a representation of some appropriate Lie algebra that
allows us to obtain the corresponding LA channel



Two-level atom in a diffuse cavity

ihp(t) = [H, p] +iL(p)

3 ‘ - ~
+,0) = 1) -7

H = hwa'athwoio_+g (aTU_ + aa+> L(p) =~ (apaT — % {p, aTa}>

] = = = E 9DHAE



Looking for the G-representation

Consider the following orthogonal matrices
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tr(Gk/\( Gg))
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The G-representation of the master equation:

d
9 _ L
dtp(t) k§£ kero(t) Gy

P11

P22

P33
p21 + p12
r(t) = P32 + p23
P31+ p13
ip21 — ip12
ip32 — ip23
ip31 — ip13




%p(t) =

—pu1iv + &(p21 — p12)  &(p22 — p11) — pr2’y  —hwprs — gp23
| glpn—p2) —pn7 g(p12 — p21) —gp13 — hwpaz
hwps1 + gp32 gp31 + hwpszz ivp11




Looking for the CPT map

elp(0)] = Y Fiee(t) re(0) Gk F(t) = exp(Lt)
k.l

6 — 2ty 76_2;7;{
fe=3m 0 0 0 0 o 0
3 _ 2ty e723t7;!
e 0 0 0 0 o Y 0
8y
2, 2 - 375
%o Z 0 0 0 e 2
t
0 0 e ® 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 Cos[%] 0 —Sin [ 22t
_ 2ty
L 0 0 —2 5 0
0 0 Sin [%] 0 Cos [2—?]
0 28t 0 0 0




Solution for v < 4g

clt] alt) - — = blt)

Using y=10.01, g=1;,v=0.1,g=1

- = = blt]

<t

clt) f) e alt) - —-blt
1.0

Usingy=0.05g=1,7v=1,g=1 = . -




Solution for v > 4g

- alt] - = = blt]

- alt] - = = blt]

ct) ) clt)
0

- alt] - = = blt]

clt]

Usingy=10,g=1,v=20,g=1



Looking for a LA channel

We look for a 9-dimensional Lie algebra

Lie algebra Dimension

gl(n) n?
sl(n) n?—1
so(n) w

5p(2n) n(2r;+1)



The su(4) ~ su(2) ® su(2) generators

A= X2 X!
Ao = —iXy P 4 X
As =Xt - X7P
A= X0 4+ X0
As = —iXy? + X

A7 = —iXg? X2

V3

Xo = X+ X

Ao = —iX) "t +ix
A= X%+ X
A3 = —iX;? + X2t
A3 = =X+ X3

s = 00 X324 X - X

Ag = L (xjvl + X232 2x43»3) i Akl = 32, Cre2iy



The Dressed representation
We define the following two maps

b, - H,— R?
b, : Hf— R?

taking the tensor product

PP, H%RZ@)RzNR“

b; @ : [+,0) = |ef) @ |ef) = |ef)
¢ ® P, : -, 1 = |e3) @ |e3) = )
P @ P : —,0) = |&) ® |ef) = |e3)

and
v {lel) |e).|e2)} = {[ed) . |e3) . [e3)}

We have the dressed representation

¢ = wo (q)l ®¢2) : {|+,0>, ’_71>7 ‘_’O>} — {‘el )

3>’

&)}



su(4)generatorsinDressedrepresentation

M=5 0073 ae =5 (67 x5
e (0 00) om0
m 2 (27 )
=0 e = & (=% + xG7)
As =0 Az =

A7 =0 Mg — X3

Ae = X357
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The su(4) channel
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We get the desired result

N\p p Aemt

DSt

p,t

o(p)



Thank you for the attention



