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The Lindblad Master equation
The Born-Markov approximation

d

dt
ρ = −i [H, ρ] +

∑
k

Γk

(
LkρL

†
k −

1

2

{
LkL

†
k , ρ
})
≡ Λ(ρ)

1. Valid for a small interaction with the environment (Born’s
linearity approximation)

2. Markov approximation implies that there is not memory effect
from the environment.

3. The Lindblad Master Equation is invariant under unitary
transformations of the jump operators Lk .



Standard solution methods

Differential equation system Kraus representation theorem

Factorization-type methods Ket-Bra Entangled states



Complete Positive Trace Preserving maps

ρ(t + τ) = φτ (ρ(t))

Completely Positive maps

A map E : gl(H)→ gl(H) is said to be CP if it is linear and
E ⊗ I ∈ gl(H⊗H′) is positive for every H′

Trace preserving maps

A map E is TP if tr(E(A)) = tr(A) for all A ∈ gl(H).

The Lindblad master equation implies the existence of a TCP map
that describes that evolution



Kraus decomposition theorem

Kraus (1989)

For any CPT map φt exist a set of operators M0,M1,M2, . . .Mk

with k ≤ (dim(H))2 such that

φt(ρ) =
∑
µ

Mµ(t)ρM†µ(t)

with ∑
µ

M†µMµ = I

Find the Krauss representation of an associated linear map is
equivalent to solve the associated master equation

ρ̇I(t) = γ
∑
i=0,1

Bi (t)ρI(t)B†i (t), Bi (t) = e−AtLie
At



Lie algebra channels

Definition
Let g denote a Lie algebra of dimension k , with basis {Xi}. Let β
be an irreducible g-representation on H. The LA channel is the
one in which a change in the state occurs with probability p(t),
caused by the action of β(Xi ).

The Kraus operators are taken as

M0 =
√

1− p(t)I Mi =
√
κp(t)β(Xi )

with ∑
i

β(Xi )
2 = κ−1 · I



The Spin-1 Channel

Consider the 3-dimensional representation of su2

J1 =
1√
2

 0 1 0
1 0 1
0 1 0

 , J2 =
1√
2

 0 −i 0
i 0 −i
0 i 0

 , J3 =

 1 0 0
0 0 0
0 0 −1


If the density matrix can be written as

ρv =
1

3
(1 + v · J), v ∈ R3

then

E (ρv ) =
1

3
1 +

1− p

3
v · J +

p

6

∑
a,b

vbJaJbJa



Utility of the LA channels

1. Well defined asymptotic behavior (Iteration Formulas)

lim
t→∞

ρ(t) = ρs

2. Irreducible Representations Have No Decoherence-Free
Subsystems/Subspaces(

ρ̇11 ρ̇12

ρ̇21 ρ̇22

)
=

(
f (ρ) g(ρ)
h(ρ) ρ22

)
3. Irreducible Representations Return to Equilibrium

lim
t→∞

ρ(t) = ρ(0)



The G-representation

Consider a master equation given by

ρ̇(t) = Λ(ρ(t))

Let {Ga} denote any convenient orthonormal basis set for the
space of self-adjoint matrices in H, i.e.

G †a = Ga, tr[GaGb] = δab

Then every X ∈ gl(H) can be written as

X =
∑
j

xjGj

with
xj = tr[GjX ]



Then the master equation Λ(ρ) can be written as

Λ(ρ(t)) =
∑
k,`

Lk,` r`(t)Gk (1)

with
Lk,` := Tr [GkΛ (G`)] , r`(t) := Tr [G`ρ(t)]

Also φ(·)t can be written in the G -representation as

φt [ρ(0)] =
∑
k,`

Fk,`(t) r`(0)Gk

with
Fk,`(t) := Tr [Gkφt (G`)] , r`(0) := Tr [G`ρ(0)]



From the master equation to the CPT map

Taking the time derivative of φt [ρ(0)] we have a natural
connection between an master equation and the CPT map

Ḟk,`(t)r`(0) = Lk,`r`(t)

Using

r`(t) =
∑
m

F`,mrm(0) (2)

Ḟ = LF

with the natural solution

F = T exp

(∫ t

Ldτ

)



From TCP maps to Kraus-type descomposition

We look for the Kraus-type decomposition

φt(ρ(0)) =
∑
i ,j

Zi ,j(t)β(Xi )ρ(0)β(Xj)

with β a representation of the Lie algebra spaned by Xi .
If H = span{|αi 〉}, define the symmetric matrix

S{i ,j},{r ,s} := 〈αi |φ (|αj〉 〈αs |)|αr 〉

We can compute the matrix S from the matrix F

S{i ,j},{r ,s} =
∑
k,`

Fk,`(t) tr(G` |αj〉 〈αi |Gk |αr 〉 〈αs |).



Lets consider the following unitary transformation

S (W ) = W †SW

Wi ,{r ,s} = tr(β(Xi ) |αs〉 〈αr |)
= 〈αr |β(Xi ) |αs〉

This implies that

α(Xi ) =
∑
{r ,s}

Wi ,{r ,s} |αr 〉 〈αs |

Expanding the map φ(·) in the basis {|αi 〉 〈αj |}

φ(ρ) =
∑
i ,j ,r ,s

S{i ,j},{r ,s} |αi 〉 〈αj | ρ |αs〉 〈αr |



We get the desired result

φ(ρ) =
∑
p,t

S
(W )
p,t β(Xp) ρ β†(Xt)

This matrix is unitary iff∑
i

W ∗
i ,{r ,s}Wi ,{p,t} =

∑
i

〈αs |β(Xi )
† |αr 〉 〈αp|β(Xi ) |αt〉 = δr ,pδs,t

If
β(Xi ) =

∑
mn

xnm,n |αm〉 〈αn|

Then ∑
i

x ir ,sx
i
p,t = δr ,pδs,t



If the Lie algebra is defined by the structure constants

[β(Xi ), β(Xj) ] =
∑
k

εi ,j ,kβ(Xk)

Then the representation must satisfy

x ip,kx
j
k,t = εi ,j ,kx

k
p,t

Objetive

Look for a representation of some appropriate Lie algebra that
allows us to obtain the corresponding LA channel



Two-level atom in a diffuse cavity

i~ρ̇(t) = [H, ρ] + iL(ρ)

H = ~ωa†a+~ωσ+σ−+g
(
a†σ− + aσ+

)
L(ρ) = γ

(
aρa† − 1

2

{
ρ, a†a

})



Looking for the G-representation

Consider the following orthogonal matrices

G1 =

 1 0 0
0 0 0
0 0 0

 G2 =

 0 0 0
0 1 0
0 0 0

 G3 =

 0 0 0
0 0 0
0 0 1



G4 =

 0 1 0
1 0 0
0 0 0

 G5 =

 0 0 0
0 0 1
0 1 0

 G6 =

 0 0 1
0 0 0
1 0 0


G7 =

 0 i 0
−i 0 0
0 0 0

 G8 =

 0 0 0
0 0 i
0 −i 0

 G9 =

 0 0 i
0 0 0
−i 0 0





Lk,` = tr(GkΛ(G`))

1

~



−γ 0 0 0 0 0 −2g 0 0
0 0 0 0 0 0 2g 0 0
γ 0 0 0 0 0 0 0 0
0 0 0 −γ 0 0 0 0 0
0 0 0 0 0 0 0 −2~ω 0
0 0 0 0 0 0 0 −2g −2~ω

2g −2g 0 0 0 0 −γ 0 0
0 0 0 0 2~ω 2g 0 0 0
0 0 0 0 2g 2~ω 0 0 0





The G -representation of the master equation:

d

dt
ρ(t) =

∑
k,`

Lk,`r`(t)Gk

r(t) =



ρ11

ρ22

ρ33

ρ21 + ρ12

ρ32 + ρ23

ρ31 + ρ13

iρ21 − iρ12

iρ32 − iρ23

iρ31 − iρ13





d

dt
ρ(t) =

1

i~

 −ρ11iγ + g(ρ21 − ρ12) g(ρ22 − ρ11)− ρ12
iγ
2 −~ωρ13 − gρ23

g(ρ11 − ρ22)− ρ21
iγ
2 g(ρ12 − ρ21) −gρ13 − ~ωρ23

~ωρ31 + gρ32 gρ31 + ~ωρ32 iγρ11








Looking for the CPT map

φt [ρ(0)] =
∑
k,`

Fk,`(t) r`(0)Gk F(t) = exp(Lt)



−3e−
2tγ
3~ 6

5
e−

2tγ
3~ 0 0 0 0 7e

− 2tγ
3~ γ

10g
0 0

6
5
e−

2tγ
3~ 3

5
e−

2tγ
3~ 0 0 0 0 e

− 2tγ
3~ γ

10g
0 0

9
5
e−

2tγ
3~ 9

5
e−

2tγ
3~ 2γ2

27g2 0 0 0 − 3e
− 2tγ

3~ γ
5g

0 0

0 0 0 e−
tγ
~ 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 Cos
[

2gt
~

]
0 −Sin

[
2gt
~

]
0

7e
− 2tγ

3~ γ
10g

e
− 2tγ

3~ γ
10g

0 0 0 0 − 21
5
e−

2tγ
3~ 0 0

0 0 0 0 0 Sin
[

2gt
~

]
0 Cos

[
2gt
~

]
0

0 0 0 0 2gt
~ 0 0 0 1





Solution for γ < 4g

Using γ = 0.01, g = 1; γ = 0.1, g = 1

Using γ = 0.05, g = 1; γ = 1, g = 1



Solution for γ > 4g

Using γ = 4.1, g = 1; γ = 7, g = 1

Using γ = 10, g = 1; γ = 20, g = 1



Looking for a LA channel

We look for a 9-dimensional Lie algebra

Lie algebra Dimension

gl(n) n2

sl(n) n2 − 1

so(n) n(n−1)
2

sp(2n) n(2n+1)
2

u(n) n2

su(n) n2 − 1



The su(4) ∼ su(2)⊗ su(2) generators

λ1 = X 1,2
4 + X 2,1

4 λ9 = X 1,4
4 + X 4,1

4

λ2 = −iX 1,2
4 + iX 2,1

4 λ10 = −iX 1,4
4 + iX 4,1

4

λ3 = X 1,1
4 − X 2,2

4 λ11 = X 4,2
4 + X 2,4

4

λ4 = X 1,3
4 + X 3,1

4 λ13 = −iX 4,2
4 + iX 2,4

4

λ5 = −iX 1,3
4 + iX 3,1

4 λ13 = −iX 3,4
4 + X 4,3

4

λ7 = −iX 2,3
4 + iX 3,2

4 λ15 = 1√
6

(X 1,1
4 + X 2,2

4 + X 3,3
4 − X 4,4

4 )

λ8 = 1√
3

(
X 1,1

4 + X 2,2
4 − 2X 3,3

4

)
[λi , λk ] =

∑
l Cik2iλl



The Dressed representation
We define the following two maps

Φ1 : Ha → R2

Φ2 : Hf → R2

taking the tensor product

Φ1 ⊗ Φ2 : H → R2 ⊗ R2 ∼= R4

Φ1 ⊗ Φ2 : |+, 0〉 7→
∣∣e2

1

〉
⊗
∣∣e2

1

〉
=
∣∣e4

1

〉
Φ1 ⊗ Φ2 : |−, 1〉 7→

∣∣e2
2

〉
⊗
∣∣e2

2

〉
=
∣∣e4

4

〉
Φ1 ⊗ Φ2 : |−, 0〉 7→

∣∣e2
2

〉
⊗
∣∣e2

1

〉
=
∣∣e4

2

〉
and

ψ :
{∣∣e4

1

〉
,
∣∣e4

4

〉
,
∣∣e4

2

〉}
7→
{∣∣e3

1

〉
,
∣∣e3

2

〉
,
∣∣e3

3

〉}
We have the dressed representation

φ = ψ ◦ (Φ1 ⊗ Φ2) : {|+, 0〉, |−, 1〉, |−, 0〉} 7→
{∣∣e3

1

〉
,
∣∣e3

2

〉
,
∣∣e3

3

〉}



su(4)generatorsinDressedrepresentation

λ1 = 1√
2

(
X 1,3

3 + X 3,1
3

)
λ9 = 1√

2

(
X 1,2

3 + X 2,1
3

)
λ2 = 1√

2

(
−iX 1,3

3 + iX 3,1
3

)
λ10 = 1√

2

(
−iX 1,2

3 + iX 2,1
3

)
λ3 = X 1,1

3 λ11 = 1√
2

(
X 3,2

3 + X 2,3
3

)
λ4 = 0 λ12 = 1√

2

(
−iX 3,2

3 + iX 2,3
3

)
λ5 = 0 λ13 = 0

λ7 = 0 λ15 = X 3,3
3

λ8 = X 2,2
3



The su(4) channel

W =



0 0 1√
2

0 0 0 1√
2

0 0

0 0 −1√
2

0 0 0 1√
2

0 0

1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 1√

2
0 1√

2
0 0 0 0 0

0 −i√
2

0 i√
2

0 0 0 0 0

0 0 0 0 0 1√
2

0 1√
2

0

0 0 0 0 0 i√
2

0 −i√
2

0

0 0 0 0 0 0 0 0 1


We get the desired result

φ(ρ) =
∑
p,t

S
(W )
p,t λp ρ λtm

†



Thank you for the attention


