Spectral asymmetry/the n invariant in Dirac
Hamiltonians
A novel look at Fractional Fermi numbers in QFT

A. Alonso Izquierdo'?, R. Fresneda®, J. Mateos Guilarte??,
M. de la Torre Mayado?3, D. Vassilevich*>

1Deparlamenlo de Matemdtica Aplicada (Universidad de Salamanca)
2Deparlamemo de Fisica Fundamental (Universidad de Salamanca)
3IUFFyM (Universidad de Salamanca)
4CMCC(Universidade Federal do ABC, Santo Andre)

5Physi«:s Department, (Tomsk State University)

7th International Workshop on New Challenges in Quantum Mechanics-
Benasque, SPAIN, 2019
Talk elaborated a’ I’honneur de Mikhail Plyushchay

A. Alonso Izquierdo, R. Fresneda, J. Mateos Guilarte, M. de! Fermi charge of topological defects BENASQUE 2019

1/17



Outline

o Spectral asymmetry/the eta invariant from heat kernel methods

methods

© Fermi charge of 1D solitons: the Niemi-Semenoff formula from heat kernel

@ The non-Abelian Goldstone-Wilczek model

@ Fermi fractional charge of solitonic domain walls and Hall conductivity

A. Alonso Izquierdo, R. Fresned:

uilarte, M. de

Fermi charge of topological defects




Fermi charge on static backgrounds: spectral asymmetry

® The Dirac Hamitonian governing Fermionic fluctuations on static backgrounds
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Spectral asymmetry and the spectral eta function

® If the spectrum is discrete the spectral 7 function is defined by analytic continuation in the s-complex
plane to a meromorphic function from the series

n(s.H) = ST A7 = S0 (=0,

A>0 A<0

which is convergent if Re s is large enough.Thus,

1
N=—-n0,H
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e Mellin transform:From the spectral heat trace to the spectral eta function

0(s,H p) = Tr (p - (H2)/2H/|H]) = F<‘+l> /0 " T (pre )
2

p(x', -, x"): auxiliary function of compact support. From the density /%, we obtain the global Fermi

number N after integration
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Eta function and the spectral heat trace expansion
® 7)(s, H; p) may be expressed as
1
n(s, H; p)

- / air'T
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Let L be the Laplace type operator
L(p,M?)

d 2
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(V2 +E)
E, matrix — valued potential , V = 9 + w, covariant derivative
E= ’f jk[“f/»”/k} iV 8o1 + Yy T80 + (
wj = —ieAj + icjep
e Asymptotic expansion of the heat trace

, M, auxiliary mass
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Basic facts about the heat trace coefficients ay: (i) they all are integrals of traces of local polynomials
constructed from E, 2 and their covariant derivatives V (ii) terms depending on E only have the following
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The eta invariant: High mass expansion

® Behaviour of 7 under small localized variations:dA and d¢; >
. 2
SH = —a/8A; + B +iBY" 260y = on(0,H) = —Tan,l(HzﬁH) = on(0,H) =0
T

Therefore, (0, H) is a topological/homotopy invariant.

® Large mass/small derivatives expansion with respect to the parameter M of the Fermi number

0(0, H: p) Z ( )|M\"+‘ g (20, 4))
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The Dirac Hamiltonian for 1D solitons
® The 1D Dirac Hamiltonian: ¢ (x)

=P(x), p2(x) = p
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e The heat trace expansion
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e Fermi number: integrate over 7, derivate with respect to €, keep the € independent terms and take the
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Recurrence relations and the heat trace coefficients
e The kernel of the Hﬁ-heat equation

9 2
(E +Hp)KH£(xay7T)_O ) KH%(x7y7O)_6<x_y)

® From the ansatz Ky (x,y; 7) = Ka (x,3;7) .02, ek (x, y)7F the following recurrence relations between

the c-densities and their derivatives are derived
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e Heat trace coefficients and soliton Fermi number
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Partial sums and the Fermi charge of solitons
® Mathematica calculations:
wleo(H2)] =0 , wfei(H)] =0 , ule(H2)] = -8uv |
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e Integration of the heat kernel densities
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e Soliton Fermi number as a series
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Convergence of the Fermi number series

® Partial sum
kmax —
N(kmax) — 1 2k+1 (k — 2)' H VZk ’

25 (2k = 3)11 (V2 4 p2)k—1

o In terms of special functions. Let us define z = %

2

iax — 1 s & ax, =3y
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1D Dirac Hamiltonian for fermions with N flavors

® The Goldstone-Wilczek non Abelian action in 1 + 1 dimensions

Yy (x, 1)
s= [@asdpo,  p=ird- i —inpr, =" =0t v = |
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o The non Abelian Goldstone-Wilczek Hamiltonian
H=—iv0c + 017" +ip2y' =

dp 0dp2
— 0=

H> = -9 +G* + i) /=
L o Ty dx dx

_ d .
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e Let d¢ and d¢p; kocal variations of the scalar fields

6H =61 + ir'6pr =

2 1
on(0,H) = 7ﬁao(H2,6H) = /dxtr('yo(sgol + i'yl&pz) =0

1(0, H) is a topological invariant. i.e., it depends on the asymptotic values of ¢;.and (2 only.
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High mass computation of the heat trace in the N = 1
Goldstone-Wilczek model

® Let M2 be a mass gap parameter
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Hy—M = E=(M —¢] —¢3) —in' —— — WOE —2pe(1?° +ip2y')  wi =iveep
n(0, H) depends only on the asymptotic values of ¢, ps at x = +o0

e The lowest, non-null, linear in €, heat trace coefficient
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H—M* = E=M*—-G*)—

The non-Abelian Goldstone-Wilczek formula
® The non Abelian GW potential
iy
G* = ¢ + 5 + ivxler, pa]

doy dps
1 04p2
dx +

)

—2peG
dx r

(0, H) depends only on the asymptotic values of ¢, ¢ at x = too

e The low derivative approximation to the 7 invariant
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Computation of the trace in spinor indices of the integrand gives
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D= (‘ “n
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Shift the roots of ¢; away from the roots of ¢, thus making the series convergent everywhere
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Fermi charge of non Abelian GW solitons
® Fermi charge in the non Abelian GW model

0= _i/d“r* (05 2@ — 0 2 4 i -2 L+ 2]

WO.H) = o [l +ig) — (e — ie)] |

This result is new.

A. Alonso Izquierdo, R. Fresneda, os Guilarte, M. de Fermi charge of topologi



Sum of the heat trace expansion for solitonic domain walls
® Heat trace coefficients linear in €
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e Fermi fractionization of magnetically charged domain walls
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e Fermi number and the chiral angle
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Induced Chern-Simons term on an interface
® One-loop effective action for spinors to second order in A;,: odd contribution
S = [ da P AL, 0,
F(x,y) : nonlocal form factor £,y andz® =x* —y* | a=0,1,2

Sodd = /d3zad3y°‘dx3dy3 F(z%,27, y)Aa (2™ + 3%, ) A, (v, )7
o Long wavelength limit: Chern-Simons action on the domain wall

ke?
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o Hall conductivity and the wall Fermi number. If i,j = 1,2

1 1 2 "
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