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Fermi charge on static backgrounds: spectral asymmetry
• The Dirac Hamitonian governing Fermionic fluctuations on static backgrounds

H = −i
n∑

j=1

αjDj + βϕ1 + iβγn+2ϕ2

Dj = ∇j − ieAj(x1, · · · , xn) , ϕ1(x1, · · · , xn) , ϕ2(x1, · · · , xn)

β2 = 1 ,
(
αj)2

= 1 , βαj + αjβ = 0 , αjαl + αlαj = 0 , j, l = 1, 2, · · · , n

γ0 = β , γj = βαj , {γµ, γν} = gµν , µ, ν = 0, 1, · · · , n
γn+2 = iγ0γ1 · · · γn , focus n = 1, 3, 5, · · ·

• Dirac spinor quantized fields:

Hψλ(x1, · · · , xn) = λψλ(x1, · · · , xn) , λ ∈ R

Ψ̂(x0, x1, · · · , xn) =
∑
λ>0

∫
[dλ] âλe−iλx0

ψλ(x1, · · · , xn) +
∑
λ<0

∫
[dλ] b̂†λeiλx0

ψλ(x1, · · · , xn)

{âλ, â†µ} = ”δ(λ− µ)” = {b̂λ, b̂†µ}

• Fermi number of the static background ground state

N =
1
2

∫
dx1 · · · dxn 〈0|[Ψ̂(x1, · · · , xn), Ψ̂†(x1, · · · , xn)]|0〉 = −

1
2

(∑
λ>0

∫
1−

∑
λ<0

∫
1
)
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Spectral asymmetry and the spectral eta function
• If the spectrum is discrete the spectral η function is defined by analytic continuation in the s-complex
plane to a meromorphic function from the series

η(s,H) =
∑
λ>0

λ−s −
∑
λ<0

(−λ)−s,

which is convergent if Re s is large enough.Thus,

N = −
1
2
η(0,H)

•Mellin transform:From the spectral heat trace to the spectral eta function

η(s,H; ρ) = Tr
(
ρ · (H2)−s/2H/|H|

)
=

1

Γ
(

s+1
2

) ∫ ∞
0

dt t
s−1

2 Tr
(
ρHe−tH2)

ρ(x1, · · · , xn): auxiliary function of compact support. From the density j0, we obtain the global Fermi
number N after integration

η(0,H; ρ) = −
1
2

∫
dnx j0(x)ρ(x),

∫
dnx j0(x) = N
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Eta function and the spectral heat trace expansion
• η(s,H; ρ) may be expressed as

η(s,H; ρ) = −
1

2Γ
(

s+1
2

) ∫ ∞
0

dt t
s−3

2
d
dε
|ε=0 Tr

(
e−tH2

ρ

)
where Hρ = H + ερ

Let L be the Laplace type operator

L(ρ,M2) = H2
ρ −M2. = −(∇2 + E)

E,matrix− valued potential , ∇ = ∂ + ω, covariant derivative , M, auxiliary mass

E = − ie
4 Fjk[γ

j, γk]− iγj∂jϕ1 + γjγn+2∂jϕ2 + (M2 − ϕ2
1 − ϕ

2
2)− 2βερ(ϕ1 + iγn+2ϕ2)

ωj = −ieAj + iαjερ , Ωjk ≡ [∇j,∇k] = −ieFjk + αkε∂jρ− αjε∂kρ

• Asymptotic expansion of the heat trace

Tr
(
Qe−tL) ' ∞∑

k=0

t
k−n

2 ak(L,Q), t→ +0

convergence at t = 0+ ⇒
dak(L)

dε
|ε=0 = 0 if k ≤ n + 1

Basic facts about the heat trace coefficients ak: (i) they all are integrals of traces of local polynomials
constructed from E, Ω and their covariant derivatives∇ (ii) terms depending on E only have the following
simple form:

a2l(L,Q) ∼
1

(4π)
n
2 l!

∫
dnx tr

(
QEl
)

, a2(L,Q) =
1

(4π)
n
2

∫
dnx tr (QE)
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The eta invariant: High mass expansion
• Behaviour of η under small localized variations:δA and δϕ1,2

δH = −αjδAj + βδϕ1 + iβγn+2δϕ2 ⇒ δη(0,H) = −
2
√
π

an−1(H2, δH) ⇒ δη(0,H) = 0

Therefore, η(0,H) is a topological/homotopy invariant.

• Large mass/small derivatives expansion with respect to the parameter M2 of the Fermi number

η(0,H; ρ) = −
1

2
√
π

∑
k

Γ

(
k − 1− n

2

)
|M|n+1−k d

dε
|ε=0 ak

(
L(ρ,M2)

)
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The Dirac Hamiltonian for 1D solitons
• The 1D Dirac Hamiltonian: ϕ1(x) = Φ(x), ϕ2(x) = µ

α1 = σ2 , β = σ1 ; H =

(
µ D

D† −µ

)
, D = −

d
dx

+ Φ(x) , lim
x→±∞

Φ(x) = ±ν

H2
ρ =

(
− d2

dx2 −
dΦ(x)

dx + Φ2(x) + (µ+ ερ(x))2 −2ερ(x) d
dx − ε

dρ(x)
dx + 2ερ(x)Φ(x)

2ερ(x) d
dx + ε

dρ(x)
dx + 2ερ(x)Φ(x) − d2

dx2 +
dΦ(x)

dx + Φ2(x) + (−µ+ ερ(x))2

)

H2
ρ = ∆ + Q(x)

d
dx

+ V(x) , ∆ =

(
− d2

dx2 + µ2 + ν2 0

0 − d2

dx2 + µ2 + ν2

)

V(x) =

(
Φ2 − ν2 − dΦ

dx + 2µερ+ ε2ρ2 +ε dρ
dx + 2ερΦ

−ε dρ
dx + 2ερΦ Φ2 − ν2 + dΦ

dx − 2µερ+ ε2ρ2

)
, Q(x) =

(
0 2ερ

2ερ 0

)
• The heat trace expansion

Tr
(

e−τH2
ρ

)
=

∞∑
k=0

2∑
i=1

[ck(H2
ρ)]ii e−τ(v2+µ2) 1

√
4π

τ k− 1
2 , ck(H2

ρ) = a2k(H2
ρ)

• Fermi number: integrate over τ , derivate with respect to ε, keep the ε independent terms and take the
limit s = 0

N(H) =
1

8π

∞∑
k=0

2∑
i=1

[ck(H2
ρ)]ii (v2 + µ2)1−k Γ[k − 1] , [ck(H2

ρ)] = lim
ρ(x)→1

d
dε

∣∣∣
ε=0

[ck(H2
ρ)] .
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Recurrence relations and the heat trace coefficients
• The kernel of the H2

ρ-heat equation( ∂

∂τ
+ H2

ρ

)
KH2

ρ
(x, y; τ) = 0 , KH2

ρ
(x, y; 0) = δ(x − y)

• From the ansatz KH2
ρ
(x, y; τ) = K∆(x, y; τ)

∑∞
k=0 ck(x, y)τ k the following recurrence relations between

the c-densities and their derivatives are derived
•

(l)Ck(x) = lim
y→x

∂l

∂xl
ck(x, y) , (l)C0(x) = δ0k I ; K∆(x, y; τ) =

e−(µ2+ν2)τ

√
4πτ

· exp(−
|x− y|2

4τ
)

(l)Ck(x) =
1

k + l

[
(l+2)Ck−1(x)−

l∑
j=0

(l
j

)djV(x)

dxj
(l−j)Ck−1(x)− [v2, (l)Ck−1(x)]−

−
l∑

j=0

(l
j

)djQ(x)

dxj
(l−j+1)Ck−1(x) +

l
2

l−1∑
j=0

(l− 1
j

)djQ(x)

dxj
(l−j−1)Ck(x)

]
• Heat trace coefficients and soliton Fermi number

ck(H2
ρ) =

∫ ∞
−∞

dx (0)Ck(x) , N(kmax) =
1

8π

kmax∑
k=0

2∑
i=1

[ck(H2
ρ)]ii (v2 + µ2)1−k Γ[k − 1]

kmax →∞ limit of the partial sums.
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Partial sums and the Fermi charge of solitons
• Mathematica calculations:

tr[c0(H2
ρ)] = 0 , tr[c1(H2

ρ)] = 0 , tr[c2(H2
ρ)] = −8µ ν , tr[c3(H2

ρ)] = −
16
3
µ ν3,

tr[c4(H2
ρ)] = −

32
15
µ ν5 , tr[c5(H2

ρ)] = −
64

105
µ ν7 , tr[c6(H2

ρ)] = −
128
945

µ ν9 , . . .

• Integration of the heat kernel densities

tr[c2(H2
ρ)] =

∫ ∞
−∞

dx(−4µΦ′(x)) = −4µ
[
Φ(+∞)− Φ(−∞)

]
= −8µ ν ,

tr[c3(H2
ρ)] = −

2
3
µ

∫ ∞
−∞

dx
[

6(ν2 − Φ2(x))Φ′(x) + Φ′′′(x)
]

=

= −
2
3
µ
[

6
(
ν2Φ(x)−

1
3

Φ3(x)
)

+ Φ′′(x)
]∣∣∣∞
−∞

= −
16
3
µ ν3,

tr[c4(H2
ρ)] = µ

∫ ∞
−∞

dx
[
− 2(ν2 − Φ2(x))2Φ′(x) +

2
3

Φ′(x)3 +

+
8
3

Φ(x)Φ′(x)Φ′′(x)−
2
3

(
ν2 − Φ2(x)

)
Φ′′′(x)−

1
15

Φ(5)(x)
]

=

= −
32
15
µ ν5 + µ

∫ ∞
−∞

dx
[ 2

3
Φ′(x)3 −

2
3

(Φ′(x))3
]

= −
32
15
µ ν5

• Soliton Fermi number as a series

N(H) = −
1

8π

∞∑
k=2

2k+1(k − 2)!

(2k − 3)!!

µ ν2k−3

(ν2 + µ2)k−1
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Convergence of the Fermi number series
• Partial sum

N(kmax) =
1
2

kmax∑
k=2

2k+1(k − 2)!

(2k − 3)!!

µ ν2k−3

(ν2 + µ2)k−1

• In terms of special functions. Let us define z = µ
ν

N(kmax) = −
µ

2
√
µ2

+
1
π

arctan
µ

ν
+
µ ν2kmax−1Γ(kmax) 2F1[1, kmax,

1
2 + kmax,

ν2

ν2+µ2 ]

2
√
π (ν2 + µ2)kmax Γ[ 1

2 + kmax]

N(kmax)(z) = −
z

2
√

z2
+

1
π

arctan z +
Γ(kmax)

2
√
π Γ[ 1

2 + kmax]

z 2F1[1, kmax,
1
2 + kmax,

1
1+z2 ]

(1 + z2)kmax

N(H)

N
(nmax)(z)

z1 2 3 4 5

-0.5

-0.4

-0.3

-0.2

-0.1

Figure: Partial Sums plotted as functions of µ/ν for increasing values of kmax
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1D Dirac Hamiltonian for fermions with N flavors
• The Goldstone-Wilczek non Abelian action in 1 + 1 dimensions

S =

∫
dt dx ψ̄ /Dψ, /D = iγµ∂µ − ϕ1 − iγ∗ϕ2 , γ∗ = γ0γ1 = σ2 , ψ(x) =

 ψ1(x, t)
...

ψN(x, t)



ϕ1(x, t) =

 ϕ11
1 (x, t) · · · ϕ1N

1 (x, t)
... · · ·

...
ϕN1

1 (x, t) · · · ϕNN
1 (x, t)

 , ϕ2(x, t) =

 ϕ11
2 (x, t) · · · ϕ1N

2 (x, t)
... · · ·

...
ϕN1

2 (x, t) · · · ϕNN
2 (x, t)


ϕab

1 = (ϕ∗1 )ba , ϕab
2 = (ϕ∗2 )ba ; a, b = 1, 2, · · · ,N

• The non Abelian Goldstone-Wilczek Hamiltonian

H = −iγ∗∂x + ϕ1γ
0 + iϕ2γ

1 ⇒

H2
ρ = −∂2

x + G2 + iγ1 dϕ1

dx
− γ0 dϕ2

dx
+ ε
(
2ρG− iγ∗(2ρ∂1 +

dρ
dx

)
)
, G = ϕ1γ

0 + iϕ2γ
1

• Let δϕ1 and δϕ2 kocal variations of the scalar fields

δH = γ0δϕ1 + iγ1δϕ2 ⇒

δη(0,H) = −
2
√
π

a0(H2, δH) = −
1
π

∫
dx tr

(
γ0δϕ1 + iγ1δϕ2

)
= 0

η(0,H) is a topological invariant. i.e., it depends on the asymptotic values of ϕ1 and ϕ2 only.
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High mass computation of the heat trace in the N = 1
Goldstone-Wilczek model
• Let M2 be a mass gap parameter

H̃2
ρ −M2 ⇒ E = (M2 − ϕ2

1 − ϕ
2
2)− iγ1 dϕ1

dx
+ γ0 dϕ2

dx
− 2ρε(ϕ1γ

0 + iϕ2γ
1) ω1 = iγ∗ερ

η(0,H) depends only on the asymptotic values of ϕ1, ϕ2 at x = ±∞

• The lowest, non-null, linear in ε, heat trace coefficient

a4(H̃2
ρ) =

1
√

4π2!

∫
dx trE2 =

2
√
π
ε

∫
dx ρ(x)(ϕ2

dϕ1

dx
− ϕ1

dϕ2

dx
)⇒

η(0,H, ρ) ∼ −
1

2
√
π

Γ(1)
∣∣M∣∣−2 d

dε

∣∣
ε=0a4(H̃2

ρ) = −
1
π

1∣∣M∣∣2
∫

dx ρ(x)(ϕ2
dϕ1

dx
− ϕ1

dϕ2

dx
)

• Summation of the series, small derivatives approximation

a2(2+l)(H̃2
ρ) =

1
√

4π(2 + l)!
E2+l ⇒

η(0,H, ρ→ 1) ∼ −
∞∑
l=0

1
πl!

Γ(l + 1)
∣∣M∣∣−2l

∫
dx

(M2 − ϕ2
1 − ϕ

2
2)l∣∣M∣∣2 · (ϕ2

dϕ1

dx
− ϕ1

dϕ2

dx
)

η(0,H) = −
1
π

∫
dx
ϕ2

dϕ1
dx − ϕ1

dϕ2
dx

ϕ2
1 + ϕ2

2
= −

1
π

(
arctan

ϕ1

ϕ2

∣∣
x=∞ − arctan

ϕ1

ϕ2

∣∣
x=−∞

)
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The non-Abelian Goldstone-Wilczek formula
• The non Abelian GW potential

H̃2
ρ −M2 ⇒ E = (M2 − G2)− iγ1 dϕ1

dx
+ γ0 dϕ2

dx
− 2ρεG , G = ϕ1γ

0 + iϕ2γ
1

G2 = ϕ2
1 + ϕ2

2 + iγ∗[ϕ1, ϕ2]

η(0,H) depends only on the asymptotic values of ϕ1, ϕ2 at x = ±∞
• The low derivative approximation to the η invariant

η(0,H) ∼ −
∞∑
l=0

1
πl!

Γ(l + 1)
∣∣M∣∣−2l

∫
dx tr

[
(M2 − G2)l(−2G)(−iγ1 dϕ1

dx
+ γ0 dϕ2

dx
)
]

Computation of the trace in spinor indices of the integrand gives

tr∗
[
(zl

+ + zl
−)(ϕ2

dϕ1

dx
− ϕ1

dϕ2

dx
) + i(zl

+ − zl
−)(ϕ1

ϕ1

dx
+ ϕ2

dϕ2

dx
)
]

z± = M2 − y±, y± = ϕ2
1 + ϕ2

2 ± i[ϕ1, ϕ2] = (ϕ1 ∓ iϕ2)(ϕ1 ∓ iϕ2)†

• To compute the sum in η(0,H) one finds the matrix series

∞∑
l=0

zl
±

M2l
=
(

1−
z±
M2

)−1
convergent if , ‖z±‖ = ‖M2 − y±‖ < M2

Shift the roots of ϕ1 away from the roots of ϕ2 thus making the series convergent everywhere.
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Fermi charge of non Abelian GW solitons
• Fermi charge in the non Abelian GW model

η(0,H) = −
1

2π

∫
dx tr∗

[
(y−1

+ + y−1
− )(ϕ2

dϕ1

dx
− ϕ1

ϕ2

dx
) + i(y−1

+ − y−1
− )(ϕ1

ϕ1

dx
+ ϕ2

dϕ2

dx
)
]

η(0,H) = −
i

2π
tr∗
[
ln(ϕ1 + iϕ2)− ln(ϕ1 − iϕ2)

]∣∣+∞
−∞

This result is new.
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Sum of the heat trace expansion for solitonic domain walls
• Heat trace coefficients linear in ε

ϕ1(x3) , ϕ2(x3) , A1(x1, x2) , A2(x1, x2) , A3 = 0

a2(l+3) ∼
1

(4π)
3
2 l!

∫
d3x tr

{
(M2 − ϕ2

1 − ϕ
2
2)l(ieF12γ

1γ2)

×
[
(−iγ3∂3ϕ1)(−2iβεργ5ϕ2) + (γ3γ5∂3ϕ2)(−2βερϕ1)

]}
=

8eε

(4π)
3
2 l!

∫
d3x (M2 − ϕ2

1 − ϕ
2
2)lF12(ϕ2∂3ϕ1 − ϕ1∂3ϕ2)ρ

• Fermi fractionization of magnetically charged domain walls

η(0,H) ∼ 8e
∞∑
l=0

Γ(l + 1)

(4π)3/2l!

∣∣M∣∣−2l
∫

d3x
(M2 − ϕ2

1 − ϕ
2
2)l

M2
F12(x1, x2)(ϕ2∂3ϕ1 − ϕ1∂3ϕ2)

⇒ N = −
e

4π2
arctan(ϕ1/ϕ2)

∣∣x3=+∞
x3=−∞ ·

∫
d2x F12(x1, x2)

• Fermi number and the chiral angle

ϕ1 = ϕ cos θ, ϕ2 = ϕ sin θ, ϕ =
√
ϕ2

1 + ϕ2
2, θ = arctg(ϕ2/ϕ1).

N prop to θ+ − θ− with θ± ≡ limx3→±∞ θ(x3). Invariance under global chiral rotations

θ(x)→ θ(x) + δθ, ψ → exp
(
− i

2 δθγ
5
)
ψ.
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Induced Chern-Simons term on an interface
• One-loop effective action for spinors to second order in Aµ: odd contribution

Sodd =

∫
d4x d4y F(x, y)Aµ(x)∂y

νAρ(y)εµνρ3,

F(x, y) : nonlocal form factor x3 , y3 and zα = xα − yα , α = 0, 1, 2

Sodd =

∫
d3zαd3yαdx3dy3 F(zα, x3, y3)Aα(zα + yα, x3)∂y

βAγ(yα, y3)εαβγ3

• Long wavelength limit: Chern-Simons action on the domain wall

Sodd =
ke2

4π

∫
d3yαAα(yα, 0)∂βAγ(yα, 0)εαβγ3

ke2

4π
=

∫
d3zαdy3dx3F(zα, x3, y3)

• Hall conductivity and the wall Fermi number. If i, j = 1, 2

J0(x) =
1
e

δ

δA0(x)
Sodd =

2
e

∫
d4y F(x, y)∂y

i Aj(y)ε0ij3

N =

∫
d3x J0(x) =

ek
2π

∫
F12d2x ⇒ k = −

θ+ − θ−

2π
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