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I. INTRODUCTION

Carbon is the materia prima for life and the basis of all
organic chemistry. Because of the flexibility of its bond-
ing, carbon-based systems show an unlimited number of
different structures with an equally large variety of
physical properties. These physical properties are, in
great part, the result of the dimensionality of these
structures. Among systems with only carbon atoms,
graphene—a two-dimensional !2D" allotrope of
carbon—plays an important role since it is the basis for
the understanding of the electronic properties in other
allotropes. Graphene is made out of carbon atoms ar-
ranged on a honeycomb structure made out of hexagons
!see Fig. 1", and can be thought of as composed of ben-
zene rings stripped out from their hydrogen atoms
!Pauling, 1972". Fullerenes !Andreoni, 2000" are mol-
ecules where carbon atoms are arranged spherically, and
hence, from the physical point of view, are zero-
dimensional objects with discrete energy states.
Fullerenes can be obtained from graphene with the in-
troduction of pentagons !that create positive curvature
defects", and hence, fullerenes can be thought as
wrapped-up graphene. Carbon nanotubes !Saito et al.,
1998; Charlier et al., 2007" are obtained by rolling
graphene along a given direction and reconnecting the
carbon bonds. Hence carbon nanotubes have only hexa-
gons and can be thought of as one-dimensional !1D" ob-
jects. Graphite, a three dimensional !3D" allotrope of
carbon, became widely known after the invention of the
pencil in 1564 !Petroski, 1989", and its usefulness as an
instrument for writing comes from the fact that graphite
is made out of stacks of graphene layers that are weakly
coupled by van der Waals forces. Hence, when one
presses a pencil against a sheet of paper, one is actually
producing graphene stacks and, somewhere among
them, there could be individual graphene layers. Al-
though graphene is the mother for all these different
allotropes and has been presumably produced every
time someone writes with a pencil, it was only isolated
440 years after its invention !Novoselov et al., 2004". The
reason is that, first, no one actually expected graphene
to exist in the free state and, second, even with the ben-

efit of hindsight, no experimental tools existed to search
for one-atom-thick flakes among the pencil debris cov-
ering macroscopic areas !Geim and MacDonald, 2007".
Graphene was eventually spotted due to the subtle op-
tical effect it creates on top of a chosen SiO2 substrate
!Novoselov et al., 2004" that allows its observation with
an ordinary optical microscope !Abergel et al., 2007;
Blake et al., 2007; Casiraghi et al., 2007". Hence,
graphene is relatively straightforward to make, but not
so easy to find.

The structural flexibility of graphene is reflected in its
electronic properties. The sp2 hybridization between one
s orbital and two p orbitals leads to a trigonal planar
structure with a formation of a ! bond between carbon
atoms that are separated by 1.42 Å. The ! band is re-
sponsible for the robustness of the lattice structure in all
allotropes. Due to the Pauli principle, these bands have
a filled shell and, hence, form a deep valence band. The
unaffected p orbital, which is perpendicular to the pla-
nar structure, can bind covalently with neighboring car-
bon atoms, leading to the formation of a " band. Since
each p orbital has one extra electron, the " band is half
filled.

Half-filled bands in transition elements have played
an important role in the physics of strongly correlated
systems since, due to their strong tight-binding charac-
ter, the Coulomb energies are large, leading to strong
collective effects, magnetism, and insulating behavior
due to correlation gaps or Mottness !Phillips, 2006". In
fact, Linus Pauling proposed in the 1950s that, on the
basis of the electronic properties of benzene, graphene
should be a resonant valence bond !RVB" structure
!Pauling, 1972". RVB states have become popular in the
literature of transition-metal oxides, and particularly in
studies of cuprate-oxide superconductors !Maple, 1998".
This point of view should be contrasted with contempo-
raneous band-structure studies of graphene !Wallace,
1947" that found it to be a semimetal with unusual lin-
early dispersing electronic excitations called Dirac elec-
trons. While most current experimental data in
graphene support the band structure point of view, the
role of electron-electron interactions in graphene is a
subject of intense research.

It was P. R. Wallace in 1946 who first wrote on the
band structure of graphene and showed the unusual
semimetallic behavior in this material !Wallace, 1947".
At that time, the thought of a purely 2D structure was
not reality and Wallace’s studies of graphene served him
as a starting point to study graphite, an important mate-
rial for nuclear reactors in the post–World War II era.
During the following years, the study of graphite culmi-
nated with the Slonczewski-Weiss-McClure !SWM" band
structure of graphite, which provided a description of
the electronic properties in this material !McClure, 1957;
Slonczewski and Weiss, 1958" and was successful in de-
scribing the experimental data !Boyle and Nozières
1958; McClure, 1958; Spry and Scherer, 1960; Soule et
al., 1964; Williamson et al., 1965; Dillon et al., 1977".
From 1957 to 1968, the assignment of the electron and
hole states within the SWM model were opposite to

FIG. 1. !Color online" Graphene !top left" is a honeycomb
lattice of carbon atoms. Graphite !top right" can be viewed as
a stack of graphene layers. Carbon nanotubes are rolled-up
cylinders of graphene !bottom left". Fullerenes !C60" are mol-
ecules consisting of wrapped graphene by the introduction of
pentagons on the hexagonal lattice. From Castro Neto et al.,
2006a.
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one needs a larger onsite potential to get the same effective critical Hubbard potential. Second, while the Hubbard potential

favours an antiferromagnetic ground state, the nearest neighbour potential favours instead a charge density wave ground state.

By including the long-range piece, one needs a larger onsite potential to stabilize the antiferromagnetic phase. Both these pictures

are confirmed in our renormalization group calculation (shown as the red curve in the figure) and discussed in the supplemental

material (7). The shaded region in the figure is inaccessible to our method because the quantum Monte Carlo does not converge

here due to a breakdown of the method we use to incorporate the long-range Coulomb potential. In light of this, the fact that the

phase transition line goes to the right when ↵ is increased is fortuitous for us, since this opens up a large parameter space for our

simulations.
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Figure 2: Dirac fermion Fermi velocity renormalized by electron-electron interaction. Projective quantum Monte Carlo simu-
lations done for different short-range (U ) and long-range (↵) components of the Coulomb interaction. Small U/Uc(↵) defines
the weak coupling regime, where Monte Carlo data for different ratios � of the long-range and short-range components collapse
when plotted as a function of ↵. Here electron-electron interactions enhance the Fermi velocity in agreement with the random
phase approximation for Dirac fermions (left inset). A metal-to-Mott insulator phase transition of the Gross-Neveu universality
class occurs at U = Uc(↵), where a suppression of Fermi velocity can be understood as the coupling between Dirac fermions and
the bosonic excitations of the nascent antiferromagnetic state (the brown star is an estimate of this Fermi velocity suppression
determined using spin-wave theory). The right inset shows that QMC data for the change in Fermi velocity from the value at the
Gross-Neveu point collapses as one moves away from the phase transition. Our numerics span the full cross-over between the
weak coupling fixed point and Gross-Neveu critical point. Estimates place topological insulators close to the phase transition,
while quantum corral-like honeycomb lattices are in the weak coupling limit. Graphene Dirac fermions lie somewhere in between
these two regimes.
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The Ising nematic quantum critical point (QCP) associated with the zero temperature transition
from a symmetric to a nematic metal is an exemplar of metallic quantum criticality. We have carried
out a minus sign-free quantum Monte Carlo study of this QCP for a two dimensional lattice model
with sizes up to 24⇥ 24 sites. The system remains non-superconducting down to the lowest acces-
sible temperatures. The results exhibit scaling behavior over the accessible ranges of temperature,
(imaginary) time, and distance. This scaling behavior has remarkable similarities with recently
measured properties of the Fe-based superconductors proximate to their putative nematic QCP.

I. INTRODUCTION

A hallmark of strongly correlated electron systems is
the competition of ground states with di↵erent kinds of
order.[1] In this context, a central set of unsettled theo-
retical issues concerns the character of quantum critical
points (QCPs) in metals [2–4]. Such metallic QCPs have
been identified in several heavy fermion compounds[5];
evidence for quantum critical behavior has also been
found in the ruthenate Sr3Ru2O7 [6, 7], and the cuprate
and iron-based superconductors [8]. Quantum critical-
ity is also often invoked as a possible explanation of the
“strange” or “bad” metal behavior seen in a variety of
such materials [9–16].

To date, there exists no satisfactory theory of metallic
QCPs in d = 2 or 3 spatial dimensions although a number
of field theoretic approaches have been attempted [17–
34]. Among the unsettled issues are: a) the values of
critical exponents, and which properties can be expressed
as scaling functions involving these exponents, b) the ex-
tent to which metallic QCPs are preempted by super-
conducting [35–43] or other forms [38, 44, 45] of auxil-
iary order, that gap out the Fermi surface, c) whether
there exists a “non-Fermi liquid” metal in the quantum
critical regime. Controlled theoretical methods, that can
be used both to benchmark the field theories and for
comparison with experiments, are greatly needed. Deter-
minant quantum Monte Carlo (DQMC)[46, 47]–in par-
ticular, in cases where the fermion sign problem can
be circumvented [48–50]–may serve this purpose. Such
methods have been successfully applied in several prob-
lems in which critical bosonic fluctuations are coupled to
fermions with a Dirac-like dispersion [51–53].

In this paper, we report a DQMC study of a two-
dimensional sign problem-free lattice model that exhibits
an “Ising nematic” QCP in a metal at finite fermion
density; in the nematic phase, the discrete lattice ro-
tational symmetry is spontaneously broken from C4 to
C2. This is a particularly relevant QCP given that ne-

⇤These authors have contributed equally to this work.

matic order [54–59] and nematic quantum critical fluctu-
ations [60–65] have been observed in many of the mate-
rials mentioned above.

Our simulations are limited to finite system sizes – up
to 24 ⇥ 24 lattice sites. Within our numerical accuracy,
we find evidence for a continuous nematic quantum phase
transition with critical exponents that are significantly
di↵erent from those of a nematic QCP in an insulator.
Specifically, in the disordered phase near the QCP, where
the dimensionless quantum control parameter h � hc, the
thermodynamic (zero frequency) nematic two-point cor-
relator (defined in Eq. 5) is consistent with the following
functional description:

D(h, T,q, i!n = 0) ⇡


A

T� + b(h � hc) + |q|2

��

(1)

where T is the temperature, q is the wave-vector, !n is
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FIG. 1: Phase diagram of the model obtained by DQMC,
as a function of the transverse field h and temperature T .
Here, V = t, ↵ = 0.5, µ = �0.5t. The solid line marks
the transition temperature, TN , between the nematic and the
symmetric phases. The line extrapolates to the T = 0 QCP
at hc. The dashed line marks Tcross, where the nematic sus-
ceptibility reaches 50% of its magnitude at h = hc ⇡ 3.525 at
the same temperature. The pale (grey) lines show the corre-
sponding temperatures for the case ↵ = 0 (where the fermions
and pseudospins are decoupled). In this case, the QCP occurs
at hc0 ⇡ 3.06.
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Sec. I we define the lattice Hamiltonian and describe its
phase diagram; in the next section, we provide evidence
for the statements above regarding bosonic correlations
(IIIA), superconductivity (III C), and single-fermion cor-
relations (III D); finally, in Sec. IV, we discuss various
caveats concerning the interpretation of our results, and
their bearing on both prior theoretical work and the in-
terpretation of experiments.

II. MODEL AND PHASE DIAGRAM

Our model is illustrated in Fig. 3, and is defined on
a two-dimensional square lattice. Every lattice site hosts
a single (spinful) fermionic degree of freedom. Each link
has a pseudospin-1/2 degree of freedom that couples to
the fermion bond-density. The system is described by
the following Hamiltonian:

H = Hf + Hb + Hint, (3)

where
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Here, c†
j�

creates a fermion on site j with spin � =", #,
hi, ji denotes a pair of nearest-neighbor sites on the
square lattice, t and µ are the hopping strength and
chemical potential, respectively, ⌧a

i,j
(a = x, y, z) denote

Pauli matrices that act on the pseudospin that lives on
the bond connecting the neighboring sites i and j, V > 0
is the nearest-neighbor Ising interaction between neigh-
boring pseudospins (here, hhi, ji; hk, lii denotes a pair of
nearest-neighbor bonds), h · V is the strength of a trans-
verse field that acts on the pseudospins, and ↵ is the

c†
j�

⌧x,y,z

i,j

V

t

FIG. 3: Illustration of the lattice model (3). Spinful electrons
reside on the sites, while the Ising pseudospins live on the
bonds. The pseudospins interact with their neighbors antifer-
romagnetically, and are coupled to the fermion bond density.

dimensionless coupling strength between the pseudospin
and the fermion bond density.

The pseudospins are not related to the physical spins
of the electrons; their ordering corresponds to a nematic
transition. The model (3) should be viewed as an e↵ec-
tive lattice model, designed to give a nematic QCP. Mi-
croscopically, the nematic degrees of freedom could rep-
resent (via Hubbard-Stratonovich transformation) inter-
actions involving the same electrons that form the Fermi
surface, or another, independent degree of freedom (such
as a phonon mode that becomes soft at a structural tran-
sition). So long as the properties of the QCP are uni-
versal, the low-energy behavior does not depend on its
microscopic origin.

For ↵ = 0, the system is composed of two decoupled
sets of degrees of freedom: free fermions, and pseudospins
governed by Hb, which has the form of a d = 2 transverse
field Ising model. At zero temperature, the pseudospins
undergo a second-order quantum phase transition from
a paramagnet to an “antiferromagnet” that breaks 90�

rotational symmetry at h = hc0. This transition is in the
3 dimensional classical Ising universality class. At T = 0,
the pseudospin degrees of freedom are gapped in both the
nematic and isotropic phases. At finite temperatures,
a line of second-order classical d = 2 Ising transitions
extends from the QCP in the h � T plane.

Forn non-zero ↵, the phase diagram is similar, but ex-
hibits quantitative and qualitative modifications. Fig. 1
shows the phase diagram, obtained by DQMC, for both
↵ = 0 and ↵ 6= 0. The ↵ 6= 0 transition between the
nematic and isotropic phases remains second order, and
extrapolates to a new QCP, shifted relative to hc0. More
striking is the change in the slope with which the phase
boundary, TN (h), approaches the QCP. For ↵ = 0, the
slope diverges at low temperature, consistent with the ex-
pectation for the transverse field Ising transition, where
TN / |h � hc0|⌫z with ⌫ = 0.63 and z = 1. In contrast,
for ↵ > 0, we find that TN / (hc � h). On the disor-
dered side of the transition, we define a crossover line by
identifying hcross(T ) as the value of h at which the static
susceptibility at fixed T has fallen to half of its value
at h = hc. Tcross(h), the inverse of hcross, also vanishes
linearly with h upon approaching the QCP, although its
slope is steeper than that of TN (h).

The linear behavior of TN (h) for small hc � h is also
seen for other model parameters. In Fig. 4 we show the
phase diagram for two values of the fermion density, con-
trolled by the chemical potential µ. As the fermion den-
sity is reduced, both hc � hc0 and the range over which
TN (h) is linear become smaller, indicating that the e↵ect
of the coupling between electrons near the Fermi surface
and the nematic modes becomes weaker. The fact that
TN (h) appears linear at low temperature for both values
of fermion density is consistent with this being a univer-
sal property of the metallic QCP.
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A hallmark of strongly correlated electron systems is
the competition of ground states with di↵erent kinds of
order.[1] In this context, a central set of unsettled theo-
retical issues concerns the character of quantum critical
points (QCPs) in metals [2–4]. Such metallic QCPs have
been identified in several heavy fermion compounds[5];
evidence for quantum critical behavior has also been
found in the ruthenate Sr3Ru2O7 [6, 7], and the cuprate
and iron-based superconductors [8]. Quantum critical-
ity is also often invoked as a possible explanation of the
“strange” or “bad” metal behavior seen in a variety of
such materials [9–16].

To date, there exists no satisfactory theory of metallic
QCPs in d = 2 or 3 spatial dimensions although a number
of field theoretic approaches have been attempted [17–
34]. Among the unsettled issues are: a) the values of
critical exponents, and which properties can be expressed
as scaling functions involving these exponents, b) the ex-
tent to which metallic QCPs are preempted by super-
conducting [35–43] or other forms [38, 44, 45] of auxil-
iary order, that gap out the Fermi surface, c) whether
there exists a “non-Fermi liquid” metal in the quantum
critical regime. Controlled theoretical methods, that can
be used both to benchmark the field theories and for
comparison with experiments, are greatly needed. Deter-
minant quantum Monte Carlo (DQMC)[46, 47]–in par-
ticular, in cases where the fermion sign problem can
be circumvented [48–50]–may serve this purpose. Such
methods have been successfully applied in several prob-
lems in which critical bosonic fluctuations are coupled to
fermions with a Dirac-like dispersion [51–53].

In this paper, we report a DQMC study of a two-
dimensional sign problem-free lattice model that exhibits
an “Ising nematic” QCP in a metal at finite fermion
density; in the nematic phase, the discrete lattice ro-
tational symmetry is spontaneously broken from C4 to
C2. This is a particularly relevant QCP given that ne-

⇤These authors have contributed equally to this work.

matic order [54–59] and nematic quantum critical fluctu-
ations [60–65] have been observed in many of the mate-
rials mentioned above.

Our simulations are limited to finite system sizes – up
to 24 ⇥ 24 lattice sites. Within our numerical accuracy,
we find evidence for a continuous nematic quantum phase
transition with critical exponents that are significantly
di↵erent from those of a nematic QCP in an insulator.
Specifically, in the disordered phase near the QCP, where
the dimensionless quantum control parameter h � hc, the
thermodynamic (zero frequency) nematic two-point cor-
relator (defined in Eq. 5) is consistent with the following
functional description:

D(h, T,q, i!n = 0) ⇡


A

T� + b(h � hc) + |q|2

��

(1)

where T is the temperature, q is the wave-vector, !n is

2 2.5 3 3.5 4 4.5
0

0.5

1

1.5

2

h

T

hchc0

Nematic

Symmetric

Quantum
critical

FIG. 1: Phase diagram of the model obtained by DQMC,
as a function of the transverse field h and temperature T .
Here, V = t, ↵ = 0.5, µ = �0.5t. The solid line marks
the transition temperature, TN , between the nematic and the
symmetric phases. The line extrapolates to the T = 0 QCP
at hc. The dashed line marks Tcross, where the nematic sus-
ceptibility reaches 50% of its magnitude at h = hc ⇡ 3.525 at
the same temperature. The pale (grey) lines show the corre-
sponding temperatures for the case ↵ = 0 (where the fermions
and pseudospins are decoupled). In this case, the QCP occurs
at hc0 ⇡ 3.06.

ar
X

iv
:1

51
1.

03
28

2v
1 

 [c
on

d-
m

at
.su

pr
-c

on
]  

10
 N

ov
 2

01
5

2

the Matsubara frequency, and A, b, and  are positive
dimensionful constants. We find that the exponents in
this expression take values � = 1.0±0.1 and � = 1.0±0.1.
(See Fig. 8.)

This implies, among other things, that the uniform
susceptibility � ⌘ D(h, T,0, 0) has a Curie-Weiss form
with an e↵ective Weiss temperature which varies linearly
with (hc � h), as can be seen in Fig. 1. Eq. 1 can be
viewed as a scaling relation, D(h, T,q, 0) = ⇠�/⌫� (x, y),
where ⇠ ⇠ |h � hc|�⌫ , x = T ⇠z̃, y = |q|⇠. In Eq. 1,�
is the conventionally defined susceptibility exponent, the
correlation length exponent ⌫ ⌘ �/(2 � ⌘), where ⌘ is
the anomalous dimension of the nematic field, and we
have introduced an “apparent dynamical exponent,” z̃ =
(⌫�)�1. The values of these exponents derived from our
Monte Carlo data are given in Table I.

To illustrate the significance of these exponents, note
that working backwards from the exponents correspond-
ing to the d + z dimensional classical Ising model with
dynamical exponent z = 1 (also listed in Table I) would
yield � = 1.96, � = 1.24, and 2 � ⌘ = 1.96. Indeed, we
find critical exponents consistent with this expectation
by DQMC when we set to zero the coupling between the
critical fluctuations and the fermions.

Including results at finite (Matsubara) frequencies,
we find a wide intermediate regime where the full
dynamical fluctuation spectrum is well described by
the simple “functional approximant” D(h, T,q, i!n) ⇡
A(h, T,q, i!n), where

A(h, T,q, i!n) ⌘ A

T + b(h � hc) + |q|2 + c|!n|
. (2)

However, in contrast with the thermodynamic correlation
function, as shown in Fig. 10, the dynamical response
exhibits noticeable deviations from this form for the few
lowest values of |q|; |q| ⇠ 2⇡/L where L is the system
width. It is unclear whether these deviations should be
dismissed as finite size e↵ects, or taken as indicators of
a di↵erent form of dynamical scaling closer to criticality,
i.e. at lower temperatures and larger system sizes than
are presently accessible. Taking Eq. (2) at face value, one
finds the dynamical critical exponent z ⇡ 2, as would
be obtained from a naive dynamical scaling assumption
z̃ = z. This last result is at odds with theoretical expec-
tations, [102] and so requires special analysis, especially
given that there are reasons to question the validity of
naive dynamical scaling [3, 16].

In the fermionic sector we find results consistent with
strongly renormalized Fermi liquid, “marginal Fermi liq-
uid” [66], or weakly non-Fermi liquid behavior down to
our lowest temperatures (Tmin ⇡ 0.02EF , where EF is
the Fermi energy). In particular, at the QCP, the e↵ec-
tive quasiparticle weight, ZkF(T ), defined in terms of the
single-fermion Green’s function in Eq. (14), remains sub-
stantial. However, it monotonically decreases on cooling,
with downward curvature. In a Fermi liquid, ZkF(T )
would approach a positive limit as T ! 0, while in a
weak non-Fermi liquid, it would vanish in proportion to

TABLE I: Critical exponents for a 2d quantum Ising QCP
with z = 1 (classical 3d Ising), and for the Ising nematic QCP
in a metal from our DQMC simulations. In the limit of van-
ishing coupling to the fermions, exponents from our DQMC
simulations are consistent with 3d classical Ising values. z̃ is
the “apparent dynamical exponent” defined below Eq. (1).

Critical Exponents ⌫ � ⌘ z̃
2d Ising QCP 0.63 1.24 0.04 1.0
2d metallic Ising ne-
matic QCP

0.5± 0.1 1.0± 0.1 0.0± 0.3 2.0± 0.3

FIG. 2: Fermion Green’s function, G(k, ⌧ = �/2), as a func-
tion of momentum k across the Brillouin zone for three dif-
ferent values of the transverse field: h = 3.35 (in the nematic
phase), h = 3.525 (near the QCP), and h = 3.7 (in the dis-
ordered phase). In the nematically ordered phase, the data
is averaged over both orientations of the order parameter.
G(k, ⌧ = �/2) is proportional to the integral over the spec-
tral function A(k,!) over an energy window of width T [see
Eq. (11)]. The temperature is T = 1/8, and the system size
is L = 20. The data were taken from systems with either pe-
riodic or anti-periodic boundary conditions. The Fermi sur-
faces are seen as peaks in G(k, ⌧ = �/2). The lower right
panel shows the Fermi surface of the bare band structure.

a small power of T . Fig. 2 shows maps of the low-energy
spectral weight as a function of momentum in the dis-
ordered phase, at the QCP, and in the ordered phase.
The existence[67] of “cold-spots” along the zone diago-
nals, where the quasiparticles are relatively weakly scat-
tered, is apparent. Finally, no superconducting transition
is found down to our lowest temperatures, although the
superconducting susceptibility in the s-wave channel is
peaked about h ⇡ hc. (See Fig. 13.)

The remainder of the paper is organized as follows: in
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simplex with the corresponding cocycle. The path
integral then takes the form

z ¼ jGj−Nn ∑
fgig

∏
fij:::kg

nsij:::kdþ1ðgi; gj; :::;gkÞ ð7Þ

where sij...k = T1 depends on the orientation of the
simplex ij...k. Similar to the (1 + 1)D case, it can
be shown that the path integral is symmetric
under symmetries in group G, and the action am-
plitude is in a fixed-point form and is quantized
to 1 on a closed manifold (21). The ground-state
wave function can be obtained from the action
amplitude on an open geometry as discussed
before Y(fgigM ) ¼ ∏fi:::j*gndþ1(gi, :::, gj, g*),
where {gi}M is on M and g∗ is inside Mext.
∏fi:::j*gis the product over all simplices. An ex-
actly soluble Hamiltonian can be constructed to
realize this state as the gapped ground state (21).

The nontrivial SPT order of the system can
be seen explicitly from its boundary. The path
integral of the degrees of freedom on the bound-
ary can be obtained by putting the path inte-
gral on an open geometry as shown in Fig. 2C
for (1 + 1)D. The manifold M now corresponds
to the space-time manifold of the boundary de-
grees of freedom. The path integral for the
boundary then reads

Zb ¼ jGj−N
M
v ∑
fgig

∏
fi:::j*g

n
si:::j*
dþ1 (gi, :::, gj, g*) ð8Þ

which only depends on {gi}M on the bound-
ary M and does not depend on g∗, which is in-
side Mext.

This term can be thought of as a discretized
version of the Wess-Zumino-Witten (WZW)
term (22, 23) in nonlinear s models because
(i) it is a path integral of (d− 1) + 1 dimensional
systems written on an extended (d + 1)D mani-
fold with a boundary; (ii) the action amplitude
does not depend on how the extended field in
the interior of the (d + 1)D manifold is chosen;
and (iii) its field takes value in a group G, and
the path integral is invariant under the action
of g ∈ G. On the other hand, this term is more
general than the original continuous WZW term
because it applies to discrete groups likeZT

2 while
the continuous WZW term only works for con-
tinuous groups. We expect that the boundary states
described by such a discretized WZW term will
be gapless/degenerate as long as symmetry is
not broken, similar to systems described by con-
tinuous WZW terms. This has been firmly estab-
lished in (1 + 1)D and (2 + 1)D. In (1 + 1)D, as
with the example of Haldane chain, symmetry
action on the edge degree of freedom does not
have a 1D representation; therefore, the edge
state will always be degenerate. In (2 + 1)D, it
has been proven using the tool of matrix product
unitary operator that the boundary must be gap-
less as long as symmetry is not broken (24, 25).
Therefore, the boundary of the systems we con-
structed carries gapless/degenerate states protected
by certain symmetry, which reflects the nontrivial
SPT order of the system.

The numbers of nontrivial SPT phases con-
structed using cocycles for some simple sym-
metry groups are summarized in Table 1. We
find one kind of bosonic topological insulator in
2D and three kinds in 3D with boson number–
conservation symmetry U (1) and time-reversal
symmetry ZT

2 . If boson numbers are not con-
served but time-reversal symmetry ZT

2 is preserved,
then we find one kind of bosonic topological
superconductor in every odd spatial dimension.
Our construction is nonperturbative and works
for strongly interacting bosonic systems. There-
fore, it contributes to a more complete understand-
ing of the topological phase diagram in strongly
correlated quantum systems.
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Sign-Problem–Free Quantum
Monte Carlo of the Onset of
Antiferromagnetism in Metals
Erez Berg,1,2* Max A. Metlitski,3 Subir Sachdev1,4

The quantum theory of antiferromagnetism in metals is necessary for our understanding of
numerous intermetallic compounds of widespread interest. In these systems, a quantum critical
point emerges as external parameters (such as chemical doping) are varied. Because of the
strong coupling nature of this critical point and the “sign problem” plaguing numerical quantum
Monte Carlo (QMC) methods, its theoretical understanding is still incomplete. Here, we show
that the universal low-energy theory for the onset of antiferromagnetism in a metal can be
realized in lattice models, which are free from the sign problem and hence can be simulated
efficiently with QMC. Our simulations show Fermi surface reconstruction and unconventional
spin-singlet superconductivity across the critical point.

The presence of an antiferromagnetic tran-
sition in a metal is common to compounds
such as electron-doped cuprates (1), iron-

based superconductors (2), and heavy fermion
Kondo lattice systems (3). Whereas our understand-
ing of quantum antiferromagnetism in insulators
has seen major advances (4), analogous prob-
lems in metals are far more complicated because
of the subtle interplay between the low-energy
fermionic quasiparticles on the Fermi surface, and
the quantum fluctuations of the antiferromagnetic
order parameter. In addition, the presence of the
Fermi surface has hampered large-scale numer-
ical studies, because quantumMonte Carlo (QMC)
algorithms are afflicted by the well-known fermion
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Emergent Dirac fermions and broken symmetries
in confined and deconfined phases of Z2

gauge theories
Snir Gazit1*, Mohit Randeria2 and Ashvin Vishwanath1,3

Lattice gauge theories are used to describe a wide range of phenomena from quark confinement to quantum materials. At
finite fermion density, gauge theories are notoriously hard to analyse due to the fermion sign problem. Here, we investigate
the Ising gauge theory in 2+ 1 dimensions, a problem of great interest in condensed matter, and show that it is free of the sign
problem at arbitrary fermion density. At generic filling, we find that gauge fluctuations mediate pairing, leading to a transition
between a deconfined BCS state and a confined BEC. At half-filling, a ⇡-flux phase is generated spontaneously with emergent
Dirac fermions. The deconfined Dirac phase, with a vanishing Fermi surface volume, is a non-trivial example of violation of
Luttinger’s theorem due to fractionalization. At strong coupling, we find a single continuous transition between the deconfined
Dirac phase and the confined BEC, in contrast to the expected split transition.

In recent years, gauge theories have become increasingly imp-
ortant in condensed matter physics. In contrast to high-energy
physics, where the lattice gauge theory is an approach to reg-

ularize QCD and analyse confinement1, gauge fields are emer-
gent in condensed matter, and lattice gauge theories are e�-
ective low-energy theories. Important examples include boson-
vortex duality2–4, quantum spin liquids5–8, quantumdimermodels9,10
and frustrated magnetism11–13. In addition, methods for engi-
neering lattice gauge theories in cold atomic systems have been
recently proposed14.

The simplest, and historically the first, example is the Ising lattice
gauge theory (ILGT) with a discrete Z2 local symmetry. It was
introduced15 as a statistical mechanics model that exhibits a phase
transition without any symmetry breaking. The 2 + 1-dimensional
(2 + 1)D ILGT undergoes a T = 0 confinement/deconfinement
phase transition that is in the 3D classical Ising model universality
class. This can be seen easily by establishing a duality between
the (2+ 1)D ILGT and the 2D transverse field Ising model1. The
deconfined phase of the IGLT is of great interest in condensed
matter physics, since it is one of the simplest examples of a state with
topological order which exhibits long-range entanglement despite
exponentially decaying correlations, and ground state degeneracy
on manifolds with non-trivial topology16–18.

Coupling to dynamical matter fields can have a dramatic e�ect
on the phase diagramof pure gauge theories. Somenotable examples
are the smooth evolution between the confining andHiggs phases of
lattice gauge theories19, an emergent deconfined phase in compact
QED320,21, a theory known to be confining in the absence of matter
fields, and the loss of asymptotic freedom in (3+1)D QCD with a
su�ciently large number of flavours of fermions.

In this paper we address the fundamental question of elucidating
the phases and phase transitions of dynamical fermions coupled to a
Z2 lattice gauge theory in (2+1) dimensions. Analytical approaches
for lattice gauge theories are useful only at strong andweak coupling,
and QuantumMonte Carlo (QMC) simulations are the only known
way to bridge the gap between these limits. However, with a finite

density of fermions, QMC simulations are usually plagued by the
sign problem. Integrating out the fermions in the imaginary time
functional integral leads in general to an e�ective action with a
fluctuating sign, or even worse, one that is complex, and leads to
uncontrolled statistical errors in the QMC.

For fermions coupled to IGLT, however, we introduce a sign-
problem-free QMC algorithm at arbitrary chemical potential µ,
provided there are an even number of fermion flavours—for
example, spin " and #. The absence of a sign problem allows us to
work on large lattices at low temperature and obtain unbiased results
that are numerically exact up to statistical errors.

Our four main results are as follows. We find that the phase
diagrams are qualitatively di�erent for µ 6= 0 versus µ= 0, which
corresponds to half-filling on the square lattice with nearest-
neighbour hopping.

First, for generic filling, the Z2 gauge fields mediate an attractive
interaction between fermions, which are then gapped due to pairing
and form a s-wave superconducting (SC) ground state. The super-
fluids deep in the deconfined phase and deep in the confined phase
are reminiscent of BCS pairing and BEC, respectively. However, the
BCS superfluid involves deconfined Z2 gauge fields and is an exotic
superfluid, SF⇤ (ref. 8), while the BEC is a conventional superfluid.
Thus the evolution from one limit to another cannot be via the usual
BCS to BEC crossover22, and must exhibit a T =0 quantum phase
transition at which the gauge fields undergo confinement, similar to
the pure IGLT without fermions; see Fig. 1.

Second, precisely at half-filling, we find a new deconfined
phase with emergent Dirac excitations. We emphasize that we start
with non-relativistic fermions on a square lattice with nearest-
neighbour hopping t . But, when t is much larger than the ILGT
coupling constant, we find a spontaneously generated ⇡-flux in
every plaquette, which then leads to a Dirac excitation spectrum. As
explained below, due to particle–hole (PH) symmetry, the SC order
is degenerate with charge density wave (CDW) order and under a
suitable transformation it maps to antiferromagnetic (AF) order in
the ‘odd’ sector of the ILGT; see Fig. 2.
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Designer Hamiltonians à Sign  problem free Hamiltonians  that capture the correct low energy physics   

Simple Fermionic Model of Deconfined Phases and Phase Transitions
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Using quantum Monte Carlo simulations, we study a series of models of fermions coupled to quantum
Ising spins on a square lattice with N flavors of fermions per site for N ¼ 1, 2, and 3. The models have an
extensive number of conserved quantities but are not integrable, and they have rather rich phase diagrams
consisting of several exotic phases and phase transitions that lie beyond the Landau-Ginzburg paradigm.
In particular, one of the prominent phases for N > 1 corresponds to 2N gapless Dirac fermions coupled to
an emergent Z2 gauge field in its deconfined phase. However, unlike a conventional Z2 gauge theory, we
do not impose “Gauss’s Law” by hand; instead, it emerges because of spontaneous symmetry breaking.
Correspondingly, unlike a conventional Z2 gauge theory in two spatial dimensions, our models have a
finite-temperature phase transition associated with the melting of the order parameter that dynamically
imposes the Gauss’s law constraint at zero temperature. By tuning a parameter, the deconfined phase
undergoes a transition into a short-range entangled phase, which corresponds to Néel antiferromagnet or
superconductor for N ¼ 2 and a valence-bond solid for N ¼ 3. Furthermore, for N ¼ 3, the valence-bond
solid further undergoes a transition to a Néel phase consistent with the deconfined quantum critical
phenomenon studied earlier in the context of quantum magnets.

DOI: 10.1103/PhysRevX.6.041049 Subject Areas: Condensed Matter Physics,
Strongly Correlated Materials

I. INTRODUCTION

Ground states of strongly interacting electronic systems
can exhibit an extremely rich variety of phases. One way
to organize our understanding is to classify the zero-
temperature phases by their entanglement structure at
long distances and low energies [1–9]. Gapped phases that
possess a local order parameter are characterized by short-
range entanglement; that is, the reduced density matrix of a
large subsystem A can be understood simply by patching
together density matrices of smaller subsystems Ai whose
union is A [10]. This is no longer true for gapless phases
such as Fermi liquids [11–13] or gapped topological
phases such as a fractional quantum Hall liquid, and such
phases are thus said to possess “long-range entanglement”
[7,8,14].
Experience as well as heuristic arguments suggest that

Hamiltonians whose ground states possess long-range
entanglement are relatively difficult to simulate on a
classical computer. For example, even a phase as ubiqui-
tous and as well understood as a Fermi liquid is rather hard
to simulate numerically because fermions at finite density
with repulsive interactions tend to have an intricate sign

structure in their wave functions, leading to the infamous
Monte Carlo fermion sign problem [15–17]. Similarly,
fractional quantum Hall phases again possess a nontrivial
sign structure to their wave functions [18]; therefore, they are
so far amenable only via techniques such as exact diago-
nalization [19,20] and the density matrix renormalization
group [21], which are restricted to only small two-
dimensional systems because of exponential scaling of
numerical cost with system size. However, long-range
entangled phases exist that do not suffer from the
Monte Carlo sign problem. Two prominent examples are
(1) interacting Dirac fermions with an even number of
flavors [22] and (2) a gapped Z2 topological ordered system
such as a toric code Hamiltonian [14] in a magnetic field
[23]. The absence of a sign problem for the former is related
to the positive fermion determinant, while in the latter
case, the Hamiltonian has nonpositive off-diagonal elements
in a local basis, allowing one to sample the corresponding
Boltzmann weight efficiently [24]. In this paper, we study a
sign-problem-free model that has a ground state with
features of both of the aforementioned long-range entangled
phases together, namely, Dirac fermions coupled to a
fluctuating Z2 gauge field. By tuning parameters in the
Hamiltonian, we also study competition with symmetry-
breaking short-range entangled phases, which leads to novel,
strongly interacting, quantum critical phenomena.
Our Hamiltonian [Eq. (1)] is partially motivated by a

recent study of nematic instability of a Fermi surface [25]
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Dirac Fermions with Competing Orders: Non-Landau
Transition with Emergent Symmetry
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We consider a model of Dirac fermions in 2þ 1 dimensions with dynamically generated, anticommuting
SO(3) Néel and Z2 Kekulé mass terms that permits sign-free quantum Monte Carlo simulations. The phase
diagram is obtained from finite-size scaling and includes a direct and continuous transition between the Néel
andKekulé phases. The fermions remain gapped across the transition, and our data support an emergent SO(4)
symmetry unifying the two order parameters.While the bare symmetries of ourmodel do not allow for spinon-
carrying Z3 vortices in the Kekulé mass, the emergent SO(4) invariance permits an interpretation of the
transition in terms of deconfined quantum criticality. The phase diagram also features a tricritical point at
which theNéel, Kekulé, and semimetallic phasesmeet. The present sign-free approach can be generalized to a
variety of other mass terms and thereby provides a new framework to study exotic critical phenomena.

DOI: 10.1103/PhysRevLett.119.197203

While some of the seminal theoretical works on
symmetry-brokenphases of two-dimensionalDirac fermions
date back to the 1980s [1,2], research along these lines was
boosted by the experimental realization of graphene [3]. Of
particular interest from the perspective of strongly correlated
fermions are interaction-driven phase transitions between the
semimetal and various ordered phases [4,5]. The latter
include not only the usual antiferromagnet (AFM) [6] and
charge-density-wave insulators [1] but also the more com-
plex Kekulé valence-bond solids (KVBSs) [7], as well as
quantum Hall and quantum spin Hall states [2,8,9].
Remarkably, the Dirac nature of the charge carriers changes
the nature of the phase transitions, so that the critical points
are described by Gross-Neveu field theories [10] rather than
Ginzburg-Landau-Wilson theory [11–18]. Exact quantum
Monte Carlo (QMC) simulations have played a key role for
our understanding of these phenomena.
The interplay of different order parameters is a funda-

mental aspect of many-body physics. Whereas phases with
different broken symmetries are, in general, connected by
intermediate phases or first-order transitions according to
Ginzburg-Landau theory, a third possibility exists for
quantum phase transitions, namely, deconfined quantum
critical points (DQCPs). Such DQCPs can be described in
terms of emergent spinon degrees of freedom that are
confined on either side of the transition but deconfined at
criticality [19,20]. The canonical example is the AFM-VBS
critical point of spin-12 quantum magnets on the square
lattice [19,20], which has been studied numerically using
quantum spin or classical loop models [21–23]. Competing
orders in Dirac systems have been numerically investigated
for spinless (N ¼ 1) fermions on the honeycomb lattice
[24]. While the topological Mott phase predicted by mean-
field theory [9,25,26] is destroyed by fluctuations [27], an
intricate interplay of different charge- and bond-ordered

phases is observed [27–31]. For N ¼ 2, the semimetal-
AFM transition [6,16–18,32,33] and the semimetal-KVBS
transition [34] were investigated by QMC simulations (for
the case where N > 2, see Refs. [35,36]). However, no
QMC results exist for competing order parameters because
a sign problem arises in simulations of minimal extended
Hubbard models.
In this Letter, we apply exact QMC simulations to a

model of N ¼ 2 Dirac fermions in 2þ 1 dimensions that
captures the interplay of the chiral SO(3) Néel mass term
and an Ising-type Kekulé mass term. We present the phase
diagram and evidence for a direct, second-order quantum
phase transition between the two ordered states with an
emergent SO(4) symmetry at criticality related to the
anticommuting nature of the mass terms.
Model.—To study the competition between the Néel and

Kekulé mass terms, we simulated a honeycomb lattice
model with Hamiltonian Ĥ ¼ Ĥ f þ Ĥ s þ Ĥ fs. Here,

Ĥ f ¼ −t
X

hiji;σ
ĉ†iσ ĉjσ þ U

X

i

!
n̂i↑ −

1

2

"!
n̂i↓ −

1

2

"
ð1Þ

corresponds to the Hubbard model, whereas

Ĥ s ¼ J
X

hij;kli
ŝzijŝ

z
kl − h

X

hiji
ŝxij ð2Þ

is a ferromagnetic, transverse-field Ising model defined on
the bonds hiji of the honeycomb lattice. The fermion-spin
coupling (ξij ¼ 0, % ξ; see Fig. 1) is given by

Ĥ fs ¼
X

hiji;σ
ξijŝ

z
ijĉ

†
iσ ĉjσ. ð3Þ

It defines a new unit cell with lattice vectors A⃗1 and A⃗2 and
allows for scattering between the Dirac cones and, thereby,
the Kekulé order. The full model has an SU(2) spin
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Note 1
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Resulting propagator is not Hermitian
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Note 3 Trotter error can break symmetries and define a relevant perturbation at a critical point
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In this supplemental material section we will first give
some details on how to formulate a negative sign free
QMC simulation for the general Hamiltonian of Eq. (1)
of the main text. We will then proceed in describing how
one can extract the spin-ordering in the z-PKS phase
using the method of histograms. Finally we show that
the z-PKS spin ordering triggers a nematic transition in
the Dirac spectrum and that it does not necessarily open
a mass gap.

Monte Carlo Algorithm

In this section we detail the formulation of the aux-
iliary field QMC algorithm for the model H = HSpin +
HFermion +HKondo where

HSpin =
∑

i,j

(
Jz
ijS

z
i S

z
j + J⊥

ij

(
S+
i S−

j + h.c.
))

(1)

HFermion =
∑

x,y,σ

c†xσTx,ycyσ + U
∑

x

(nx,↓ −
1

2
)(nx,↑ −

1

2
)

HKondo =
∑

i,x

JK
i,xc

†
x

[
σz

2
· Sz

i − (−1)x

2

(
σ+S−

i + σ−S+
i

)]
cx.

To simplify the notation we omit hats on second quan-

tized operators. c†x =
(
c†x↑, c

†
x,↓

)
is a fermionic spinor,

nx,σ = c†x,σcx,σ and Si a spin-1/2 degree of freedom.

We consider two separate graphs, one for the conduction
electrons (x, y-indices) and one for the spin (i, j-indices)
degrees of freedom. The conditions for the absence of
sign problem are

• J⊥
i,j ≤ 0, JK

i,x ≥ 0 and U ≥ 0.

• The conduction electron graph has a bipartition A,
B such that Tx,y ̸= 0 only if x and y are in different
sublattices. Given the bipartition, (−1)x = 1 (−1)
for x ∈ A (B).

To formulate the algorithm we adopt a fermion repre-
sentation of the spin-1/2 degree of freedom

S =
1

2
f†i σfi (2)

with constraint

f†i fi = 1. (3)

Here, f†i ≡
(
f†
i,↑, f

†
i,↓

)
and σ corresponds to the vector of

Pauli spin-1/2 matrices. It is convenient to work in the
Bogoliubov basis,

f̃†i ≡
(
f̃†
i,↑, f̃

†
i,↓

)
=
(
f†
i,↑, fi,↓

)

c̃†x ≡
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c̃†i,↑, c̃

†
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)
=
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)
, (4)

and to note that
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(
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1

2

)(
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1
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4

c̃†xTx,yc̃y = c†xTx,ycy. (5)

The last equation holds since Tx,y is bipartite. The ηi operators read

ηzi =
1

2

(
f†i fi − 1

)
, η+i = f†

i,↑f
†
i,↓, η

−
i = fi,↓fi,↑. (6)

No sign problem if graph x is bipartite and
  
Ji, j

⊥ < 0
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The absence of the negative sign problem in quantum Monte Carlo simulations of spin and
fermion systems has different origins. World-line based algorithms for spins require positivity of
matrix elements whereas auxiliary field approaches for fermions depend on symmetries such as
particle-hole symmetry. For negative-sign-free spin and fermionic systems, we show that one can
formulate a negative-sign-free auxiliary field quantum Monte Carlo algorithm that allows Kondo
coupling of fermions with the spins. Using this general approach, we study a half-filled Kondo
lattice model on the honeycomb lattice with geometric frustration. In addition to the conventional
Kondo insulator and antiferromagnetically ordered phases, we find a partial Kondo screened state
where spins are selectively screened so as to alleviate frustration, and the lattice rotation symmetry is
broken nematically.

DOI: 10.1103/PhysRevLett.120.107201

Introduction.—Unconventional, highly entangled
states can arise if one starts from a system with a
large, perhaps infinite, ground state degeneracy, and
then perturb it slightly to lift the degeneracy. Fractional
quantum Hall systems clearly fall in this category—at
any fractional filling the noninteracting problem of
electrons in Landau levels has an infinite number of
ground states in the thermodynamic limit. Perturbing
this system with interactions leads to a particular
superposition of these ground states that corresponds
to fractional quantum Hall states. Geometrically frus-
trated spin systems provide a different class of similar
phenomenon. As an example, consider a square lattice
where each link ij that connects vertices i, j hosts a
spin-1/2 spin Ŝi;j which interact via the Hamiltonian
Ĥclassical ¼ J

P
i;j;k;l∈□Ŝ

z
ijŜ

z
jkŜ

z
klŜ

z
li. This model has an

extensive ground state entropy. Now consider a per-
turbed model: Ĥquantum ¼ Ĥclassical þ ϵŜxi . For nonzero
ϵ ≪ 1, the ground state of this new model is identical to
that of Kitaev’s celebrated toric code [1]: it corresponds
to an equal weight superposition of the ground states
of Ĥclassical. Motivated by these examples, we ask what
phases emerge when a geometrically frustrated spin
system is coupled to fermions. In this Letter, we will
describe a quantum Monte Carlo (QMC) algorithm that
allows one to study a large class of frustrated magnets
Kondo coupled to fermions, and demonstrate the algo-
rithm by studying a specific model that exhibits new
partial Kondo screened (PKS) phases.
For concreteness, consider the following Hamiltonian

of interacting fermions and spins, Ĥ ¼ ĤSpin þ ĤFermion þ
ĤKondo, where

ĤSpin ¼
X

i;j

½JzijŜzi Ŝzj þJ⊥ijðŜþi Ŝ−j þ H:c:Þ&;

ĤFermion ¼
X

x;y;σ

ĉ†xσTx;yĉyσ þ
X

x

U
!
n̂x;↓ −

1

2

"!
n̂x;↑ −

1

2

"
;

ĤKondo ¼
X

i;x

JKi;x
2

ĉ†x½σz · Ŝzi −ð−1ÞxðσþŜ−i þ σ−Ŝþi Þ&ĉx.

ð1Þ

Here the spin 1/2 local moments (electrons) Ŝi ½ĉ†x ¼
ðĉ†x;↑; ĉ

†
x;↓Þ& reside on a graph with sites labeled by i, j (x, y).

Jzij, J
⊥
ij defines the potentially frustrated spin model and

Tx;y the hopping matrix elements of conduction electrons
subject to electron correlations modeled by a Hubbard U
term [2]. The local moments and electrons interact via the
Kondo coupling JKi;x. For the sake of generality we have
included the phase factor ð−1Þx in the Kondo coupling.
This phase factor plays no role if the transverse spin
interaction is bipartite, or if the Kondo coupling includes
conduction electron only on one sublattice.
It is natural to ask when such Hamiltonians do not suffer

from the “sign problem” [3,4], which can make it impos-
sible to simulate quantum systems using finite resources
[5]. There are two potential sources of the sign problem:
the fermions and the geometrical frustration of spins.
Conventionally, these difficulties are tackled in two very
different ways. If the fermions were at half-filling on a
bipartite lattice, then one can employ a determinantal
QMC approach to solve this problem [4,6–8], whereas
for spins, if the condition J⊥ij < 0 is met (which still allows
for geometrical frustration [9,10]), then one can employ a
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In this supplemental material section we will first give
some details on how to formulate a negative sign free
QMC simulation for the general Hamiltonian of Eq. (1)
of the main text. We will then proceed in describing how
one can extract the spin-ordering in the z-PKS phase
using the method of histograms. Finally we show that
the z-PKS spin ordering triggers a nematic transition in
the Dirac spectrum and that it does not necessarily open
a mass gap.

Monte Carlo Algorithm

In this section we detail the formulation of the aux-
iliary field QMC algorithm for the model H = HSpin +
HFermion +HKondo where

HSpin =
∑

i,j

(
Jz
ijS

z
i S

z
j + J⊥

ij
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i S−

j + h.c.
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∑
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To simplify the notation we omit hats on second quan-

tized operators. c†x =
(
c†x↑, c

†
x,↓

)
is a fermionic spinor,

nx,σ = c†x,σcx,σ and Si a spin-1/2 degree of freedom.

We consider two separate graphs, one for the conduction
electrons (x, y-indices) and one for the spin (i, j-indices)
degrees of freedom. The conditions for the absence of
sign problem are

• J⊥
i,j ≤ 0, JK

i,x ≥ 0 and U ≥ 0.

• The conduction electron graph has a bipartition A,
B such that Tx,y ̸= 0 only if x and y are in different
sublattices. Given the bipartition, (−1)x = 1 (−1)
for x ∈ A (B).

To formulate the algorithm we adopt a fermion repre-
sentation of the spin-1/2 degree of freedom

S =
1

2
f†i σfi (2)

with constraint

f†i fi = 1. (3)

Here, f†i ≡
(
f†
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†
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)
and σ corresponds to the vector of

Pauli spin-1/2 matrices. It is convenient to work in the
Bogoliubov basis,
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2

(
σ+S−

i + σ−S+
i

)]
cx +

1

2

(
c†xcx − 1

)
ηzi + (−1)x

(
c†x,↑c

†
x,↓η

−
i + cx,↓cx,↑η

+
i

)

−1

2

(
c̃†xc̃x − 1

)2
=

(
nx,↑ −

1

2

)(
nx,↓ −

1

2

)
− 1

4

c̃†xTx,yc̃y = c†xTx,ycy. (5)

The last equation holds since Tx,y is bipartite. The ηi operators read

ηzi =
1

2

(
f†i fi − 1

)
, η+i = f†

i,↑f
†
i,↓, η

−
i = fi,↓fi,↑. (6)

No sign problem if graph x is bipartite and
  
Ji, j

⊥ < 0

2

The Hamiltonian that we will simulate reads:

HQMC = −
∑

i,j

∣∣J⊥
i,j

∣∣
[
1

2

(
f̃†i f̃j + f̃†j f̃i

)2
+

1

4

((
f̃†i f̃i − 1

)
+
(
f̃†j f̃j − 1

))2]

−1

8

∑

i,j

|Jz
i,j |
((

f̃†i f̃i − 1
)
−

Jz
i,j

|Jz
i,j |

(
f̃†j f̃j − 1

))2

− Uf

∑

i

(
f̃†i f̃i − 1

)2

+
∑

x,y

c̃†xTx,yc̃y −
U

2

∑

x

(
c̃†xc̃x − 1

)2 − 1

4

∑

i,x

JK
i,x

(
f̃†i c̃x + c̃†xf̃i

)2
(7)

It is important to note that
[(

f̃†i f̃i − 1
)2

, HQMC

]
= 0 (8)

such that f-fermion parity 2
(
f̃†i f̃i − 1

)2
− 1 =

8 (Sz
i )

2 − 1 = −(−1)f
†
i fi is a local conserved quan-

tity. Due to this symmetry property, terms of the form

−Uf
∑

i

(
f̃†i f̃i − 1

)2
, with Uf > 0, will project very ef-

ficiently on the (−1)f
†
i fi = −1 subspace thereby impos-

ing the constraint f†i fi = 1. Similar ideas were used
in the framework of the Kondo lattice model in the ab-
sence of frustration [1, 2]. In this subspace, ηi = 0 and
(Sz

i )
2 = 1/4 such that

HQMC|
(−1)f

†
i fi =1

= H. (9)

The interaction part of HQMC is a sum of perfect
squares of single body operators with particle number
conservation in the Bogoliubov basis. It can thus be im-
plemented in the ALF (Algorithms for Lattice Fermions)
[3] implementation of the auxiliary field QMC algorithm
[4–6]. The absence of sign problem stems from the fact
that the coefficients of the perfect square terms are all
negative and that the single body operators commute
with the anti-unitary operator T ,

T−1α

⎛

⎜⎜⎝

c̃i,↑
c̃i,↓
f̃i,↑
f̃i,↓

⎞

⎟⎟⎠T = α

⎛

⎜⎜⎝

−c̃i,↓
c̃i,↑

−f̃i,↓
f̃i,↑

⎞

⎟⎟⎠ (10)

with T 2 = −1. Kramers theorem thus guaranties that
the eigenvalues of the fermion determinant matrix come
in complex conjugate pairs [7] such that the fermion
weights are always positive.

Histograms

In this section we will detail the QMC histogram cal-
culation presented in the paper and show how to extract
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FIG. 1. Magnetization mA of the local moments along the z
axis belonging to the A sublattice ( mA = mB) for the z-PKS
phase. Here, T = 0.025.

the spin structure of the z-PKS phase. We first introduce
the complex number

Ml = M1le
i0 +M2le

i 2π
3 +M3le

i 4π
3 , (11)

where Mil is the magnetization along the z axis at sites
i of the triangle defining sublattice l(= A,B) in the six-
sites hexagon forming the unit cell of the z-PKS order.
As shown in Fig. 1, the magnetization on each sublattice

ml =
√

1
N2

∑
i,j⟨MilMjl⟩ obtained from finite-size scal-

ing is found to be small, and even almost vanishing in
the z-PKS phase. Note that a fully polarized state has
ml = 0.5. We will henceforth assume that ml ≃ 0. In the
z-PKS phase, U(1) symmetry is not broken, and Kondo
screening will allow for a variable site dependent magni-
tude of the local moment. Inspiring ourselves from the
Ising model in a transverse field on the triangular lattice
[8] and with the aforementioned constraintml ≃ 0 we will
consider the following thirteen patterns (see Fig. 2(a)).
Ml takes a distinct value for each of the thirteen patterns
(see Fig. 2(b)). In particular and with Ml ≡ |Ml|eiθ
the nonmagnetic state (M1l,M2l,M3l) = (0, 0, 0) cor-
responds to |Ml| = 0, the six-fold degenerate mag-
netic state (M1l,M2l,M3l) = m̃(2,−1,−1) to θ = 2nπ

6
and |Ml| ̸= 0, and the six-fold degenerate magnetic

state (M1l,M2l,M3l) = m̃(1,−1, 0) to θ = 2(n+1)π
6 and

|Ml| ̸= 0. Here n = 0, 2, 3, ..., 6 and m̃ is a constant. A

f̃
†
i =

⇣
f̃†
i,", f̃

†
i,#

⌘
=

⇣
f†
i,", fi,#

⌘

c̃†x =
⇣
c̃†x,", c̃

†
x,#

⌘
=
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c†x,", (�1)xcx,#

⌘
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z , f Ŝ j
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world-line QMC or stochastic series expansion [3].
Therefore, it is not obvious how one should approach this
problem in the presence of the Kondo couplingJK between
the fermions and spins. So far all published studies of
frustrated Kondo lattice systems have been limited to
nonexact methods, such as mean-filed theory [11], dynami-
cal mean-field theory [12,13], slave-particle mean-field
theory [14,15], large-N methods [16,17] and variational
Monte Carlo calculations [18–20]. There have also been
studies where spins are treated classically [21], and which
therefore do not capture the physics of the Kondo screening
(i.e., EPR singlet formation between spins and electrons),
which is an inherently quantum phenomena. Finally, there
has also been progress in simulating a class of models of
fermions interacting with geometrically frustrated quantum
spins [22–25]. However, the corresponding algorithm is
restricted to spin density-density interactions between local
moments and electrons, and does not allow for Kondo
coupling between spins and fermions.
In this Letter, we will develop an algorithm to solve

Hamiltonians of the form in Eq. (1) using QMC calculations
when Ĥspin and Ĥfermion are each sign problem-free within
bosonic (i.e.,J⊥ij < 0) and fermionicQMC(i.e.,Tx;y defines a
bipartite graph), respectively. The main innovation is the
reformulation of the bosonic problem as a fermionic one
by writing spins in terms of Abrikosov fermions [26]:
Ŝ ¼ 1

2 f̂
†σ f̂ , where f̂ † ¼ ðf̂†↑; f̂

†
↓Þ is a two-component

fermion with the constraint f̂ † f̂ ¼ 1. The constraint is
implemented exactly by adding Hubbard term
Ufðf̂†↑f̂↑ − 1

2Þðf̂
†
↓f̂↓ − 1

2Þ, and taking the limit Uf → ∞.

Most importantly, the total Ĥ, including the Kondo coupling
ĤKondo, does not have a sign problem either. This is a
consequence of the existence of an antiunitary symmetry
under which the Hamiltonian Ĥ is invariant [27]. The
demonstration of the absence of the sign problem builds
on Ref. [28,29] and is detailed in the Supplemental
Material [30].
The relevance of this class of models to heavy fermion

phenomenology alluded above is worth elaborating upon. A
simple picture to capture the global phase diagram of heavy
fermionswas provided byDoniach [31]. For a single impurity
Kondo problem, the crossover to the spin-singlet state takes
place at the Kondo temperature TK ¼ De−1/½2NðEFÞJK %, where
NðEFÞ is the conduction electrons’ density of states at the
Fermi level EF, JK is the exchange interaction between the
localized impurity and the conduction electrons, and D is
the conduction electrons bandwidth [32]. Now consider a
dilute matrix of such local moments. The conduction elec-
trons will mediate long-range RKKY exchange interaction
between the local moments whose scale is given by the
temperature TRKKY ∝ðJKÞ2NðEFÞ. When TK ≫ TRKKY,
one obtains the heavy fermion liquid state, which is the
many-body analog of the single impurity’s spin-singlet

ground state. In contrast, in the opposite limit, the spins
are likely to order resulting in an antiferromagnetic metal.
However, as hinted above, there is a growing list of materials
such as CePdAl, Pr2Ir2O7, YbAgGe, YbAl3C3, and
Yb2Pt2Pb [33–37], where one observes phases which do
not easily fit into either of the two limits Doniach considered.
The microscopies of these materials suggest that geometrical
frustration plays a crucial role in their phenomenology.
Therefore, one is motivated to consider a phase diagram
where geometrical frustration is an axis in addition to the
Kondo coupling.
Case study.—For concreteness, we consider the follow-

ing model (see Fig. 1):

ĤSpin ¼ Jz
X

⟪i;j⟫

Ŝzi Ŝ
z
j; ĤFermion ¼ −t

X

hi;ji;σ
ĉ†iσĉjσ;

ĤKondo ¼ JK
X

i

1

2
ĉ†i σĉi · Ŝi: ð2Þ

In this special case J⊥i;j ¼ 0, and the spins and conduction
electrons reside on the same honeycomb lattice so that we
can use the same indices from spins and conduction
electrons. Furthermore, the canonical transformation Ŝ&i →
−ð−1ÞiŜ&i ; Ŝzi → Ŝzi will remove the factor ð−1Þi in the
Kondo coupling of Eq. (1). ĤFermion and ĤKondo account for
the generic Kondo lattice model on the honeycomb lattice.
ĤSpin is geometrically frustrating since it couples antiferro-
magnetically local moments on the two underlying triangular
Bravais lattices defined on the next-nearest-neighbor sites
⟪i; j⟫ of the honeycomb graph.While this term breaks down
the SUð2Þ total spin symmetry to Uð1Þ, time reversal
symmetry, essential for the Kondo effect, is present.

FIG. 1. Phase diagram with in-plane antiferromagnetic
(xy-AFM), out-of-plane partial Kondo screening (z-PKS), spin-
rotation symmetry breaking partial Kondo screening (xyz-PKS),
and Kondo insulator (KI) phases from QMC simulations at
T ¼ 0.025. Diamonds indicate onset of long-range order; solid
(open) symbols are critical values based on L ¼ 6 and 9 (L ¼ 9
and 12), (see text). Insets: Model and schematic local moment
structure in each phase.
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The absence of the negative sign problem in quantum Monte Carlo simulations of spin and
fermion systems has different origins. World-line based algorithms for spins require positivity of
matrix elements whereas auxiliary field approaches for fermions depend on symmetries such as
particle-hole symmetry. For negative-sign-free spin and fermionic systems, we show that one can
formulate a negative-sign-free auxiliary field quantum Monte Carlo algorithm that allows Kondo
coupling of fermions with the spins. Using this general approach, we study a half-filled Kondo
lattice model on the honeycomb lattice with geometric frustration. In addition to the conventional
Kondo insulator and antiferromagnetically ordered phases, we find a partial Kondo screened state
where spins are selectively screened so as to alleviate frustration, and the lattice rotation symmetry is
broken nematically.

DOI: 10.1103/PhysRevLett.120.107201

Introduction.—Unconventional, highly entangled
states can arise if one starts from a system with a
large, perhaps infinite, ground state degeneracy, and
then perturb it slightly to lift the degeneracy. Fractional
quantum Hall systems clearly fall in this category—at
any fractional filling the noninteracting problem of
electrons in Landau levels has an infinite number of
ground states in the thermodynamic limit. Perturbing
this system with interactions leads to a particular
superposition of these ground states that corresponds
to fractional quantum Hall states. Geometrically frus-
trated spin systems provide a different class of similar
phenomenon. As an example, consider a square lattice
where each link ij that connects vertices i, j hosts a
spin-1/2 spin Ŝi;j which interact via the Hamiltonian
Ĥclassical ¼ J

P
i;j;k;l∈□Ŝ

z
ijŜ

z
jkŜ

z
klŜ

z
li. This model has an

extensive ground state entropy. Now consider a per-
turbed model: Ĥquantum ¼ Ĥclassical þ ϵŜxi . For nonzero
ϵ ≪ 1, the ground state of this new model is identical to
that of Kitaev’s celebrated toric code [1]: it corresponds
to an equal weight superposition of the ground states
of Ĥclassical. Motivated by these examples, we ask what
phases emerge when a geometrically frustrated spin
system is coupled to fermions. In this Letter, we will
describe a quantum Monte Carlo (QMC) algorithm that
allows one to study a large class of frustrated magnets
Kondo coupled to fermions, and demonstrate the algo-
rithm by studying a specific model that exhibits new
partial Kondo screened (PKS) phases.
For concreteness, consider the following Hamiltonian

of interacting fermions and spins, Ĥ ¼ ĤSpin þ ĤFermion þ
ĤKondo, where

ĤSpin ¼
X

i;j

½JzijŜzi Ŝzj þJ⊥ijðŜþi Ŝ−j þ H:c:Þ&;

ĤFermion ¼
X

x;y;σ

ĉ†xσTx;yĉyσ þ
X

x

U
!
n̂x;↓ −

1

2

"!
n̂x;↑ −

1

2

"
;

ĤKondo ¼
X

i;x

JKi;x
2

ĉ†x½σz · Ŝzi −ð−1ÞxðσþŜ−i þ σ−Ŝþi Þ&ĉx.

ð1Þ

Here the spin 1/2 local moments (electrons) Ŝi ½ĉ†x ¼
ðĉ†x;↑; ĉ

†
x;↓Þ& reside on a graph with sites labeled by i, j (x, y).

Jzij, J
⊥
ij defines the potentially frustrated spin model and

Tx;y the hopping matrix elements of conduction electrons
subject to electron correlations modeled by a Hubbard U
term [2]. The local moments and electrons interact via the
Kondo coupling JKi;x. For the sake of generality we have
included the phase factor ð−1Þx in the Kondo coupling.
This phase factor plays no role if the transverse spin
interaction is bipartite, or if the Kondo coupling includes
conduction electron only on one sublattice.
It is natural to ask when such Hamiltonians do not suffer

from the “sign problem” [3,4], which can make it impos-
sible to simulate quantum systems using finite resources
[5]. There are two potential sources of the sign problem:
the fermions and the geometrical frustration of spins.
Conventionally, these difficulties are tackled in two very
different ways. If the fermions were at half-filling on a
bipartite lattice, then one can employ a determinantal
QMC approach to solve this problem [4,6–8], whereas
for spins, if the condition J⊥ij < 0 is met (which still allows
for geometrical frustration [9,10]), then one can employ a
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Integrating out the fermions  à coherent state path integral.   (Negele-Orland)

Let:                                                                                          are Grassmann numbers,
  
ĉx ξ = ξx ξ , ξx

# ,ξ y
#'{ }= ĉxx

# ,ξ y
#'{ } = 0, ξ y   x = (i,σ ), # = ,†

  
Tr e−β Ĥ = dξx ,τ

†

x ,τ=1

Lτ

∏∫ dξx ,τ exp −ξx ,τ+1
† ξx ,τ+1 −ξx ,τ( ) − Δτ H (ξx ,τ+1

† ,ξx ,τ )
x ,τ=1

Lτ

∑
⎛

⎝⎜
⎞

⎠⎟
, ξx ,Lτ +1

† = −ξx ,1
†

   
e−Δτ ĉ†V (Φτ ) ĉe−Δτ ĉ†T ĉ

τ=1

Lτ

∏   ξτ+1
† Tξτ + ξτ+1

† V (Φτ+1)ξτ

  
ξ = 1−ξxĉx

†( ) 0
x
∏

Overlaps                 

Integration

Resolution of unity

Trace

  
ξ ξ ' = exp ξx

†ξx
'
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ξ ξ
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we obtain the final result:  

−1+ Δτ (T +V (Φn )) = − e−ΔτV (Φn )e−Δτ T +O(Δτ 2 ) ≡ − B(Φn )+O(Δτ
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)....B(Φ1)⎡⎣ ⎤⎦

N×NMatrix! "### $###

Integrating out the fermions  à coherent state path integral.   (Negele-Orland)

Note:  Matrix is sparse.
Checkerboard decomposition of
hopping à O(NL!) non-zero elements!

det(M ) = 2π( )n/2 dnϕ∫ e−ϕ
T MTM( )−1ϕ /2

NxL!y scaling (Hybrid Molecular Dynamics)   

Sub-cubic scaling?    Stochastic sampling of det.  

Stefan Beyl, Florian Goth, and  FFA, PRB 97 (2018).
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✔
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Measuring observables: 

   

Tr e−β ĤÔ⎡⎣ ⎤⎦
Tr e−β Ĥ

=
DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉÔ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉÔ
τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Implicit assumption:                                          does not vanish! 

If this is not the case,  then   wrong results can be obtained  and/or variance may not be finite.   

   
Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Hao Shi and Shiwei Zhang,  Phys. Rev. E 93 (2016), 033303.



   

Tr e−β ĤÔ⎡⎣ ⎤⎦
Tr e−β Ĥ

=
DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉÔ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉÔ
τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

DΦ∫ e−S0 (Φ)Tr e−Δτ ĉ†T ĉe−Δτ ĉ†V (Φτ ) ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Measuring observables: 

   
= DΦ∫ P(Φ) ≪ Ô≫ (Φ)
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✔



Measuring observables:   Calcula2ng                  à Wick’s theorem (Negele Orland)  O(Φ)

Let 

   
Ô = Tτ ĉx1

† (τ1)ĉx '1
(τ '1)ĉx2

† (τ 2 )ĉx '2
(τ '2 )!ĉxn

† (τ n )ĉx 'n
(τ 'n )

  Tτ : Time ordering
   

e−Δτ ĉ†V (Φτ ) ĉ

τ=τ1+1

τ 2

∏ e−Δτ ĉ†T ĉ = ÛΦ τ 2 ,τ1( ) if τ 2 > τ1 and ÛΦ τ 2 ,τ1( ) = ÛΦ
−1 τ1,τ 2( ) if τ1 > τ 2

  
ĉx

† (τ ) = ÛΦ(0,τ ) ĉx
† ÛΦ(τ ,0)

Let 

    

Tr e−Δτ ĉ†V (Φτ ) ĉe−Δτ ĉ†T ĉÔ
τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Tr e−Δτ ĉ†V (Φτ ) ĉe−Δτ ĉ†T ĉ

τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
dξα

†

α
∏∫ dξα exp −ξα

† Mα ,β ξβ
α ,β
∑

⎛

⎝⎜
⎞

⎠⎟
ξx1,τ1

† ξx '1 ,τ '1
!ξxn ,τ n

† ξx 'n ,τ 'n

dξα
†

α
∏∫ dξα exp −ξα

† Mα ,β ξβ
α ,β
∑

⎛

⎝⎜
⎞

⎠⎟

=

   

= det

−M( x1τ1),( x '1τ '1 )
−1 ! −M( x1τ1),( x 'nτ 'n )

−1

" # "
−M( xnτ n ),( x '1τ '1 )

−1 ! −M( xnτ n ),( x 'nτ 'n )
−1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

with 

à

   

M( x1τ1),( x '1τ '1 )
−1 = −≪Tτ ĉx1

(τ1)ĉx '1

† (τ '1)≫
Green function



Since we know the matrix M explicitly we can find a form for M-1.   For instance the equal time Green 

function reeds:    

   
M( x1τ ),( x '1τ )

−1 = −≪Tτ ĉx1
(τ )ĉx '1

† (τ )≫ = − 1+ B(Φτ )#B(Φ1)B(ΦLτ
)#B(Φτ+1)( )

x1,x '1

−1

The equal time Green function is the central quantity in  the algorithm.  

   
Def: GΦ(τ ) = 1+ B(Φτ )!B(Φ1)B(ΦLτ

)!B(Φτ+1)( )−1

Measuring observables:



Measuring observable:

  

Tr e−β Ĥ ĉx ĉy
†⎡⎣ ⎤⎦

Tr e−β Ĥ
= DΦ∫ P(Φ) Gx ,y Φ( )

   

P(Φ) = e−S Φ( )

DΦ∫ e−S Φ( ) , G(Φ) = (1+ BLτ
!B1)−1

Wicks theorem holds for a given field configuration  à
Any equal time observable can be computed from G

A different way of writing Wick’s theorem.    T. Grover Phys. Rev. Lett., 111, 130402, (2013).

ρ̂ ≡ e−β Ĥ

Z
= ∫ dΦP(Φ)ρ̂(Φ), ρ̂(Φ) =det G(Φ)[ ]e

− ĉ† ln 1
1−G(Φ)

−1⎡
⎣⎢

⎤
⎦⎥
ĉ

→ ∫ dΦP(Φ)Tr ρ̂(Φ)Ô⎡⎣ ⎤⎦ = Ô For all equal 2me observables.
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FIG. 1. Honeycomb lattice and the regions A and B. In the

figure region A has a width of WA = 4.

be taken to be the dimerized Kane-Mele model. Using
the spinor notation ĉ

†

i =
�
ĉ†iii", ĉ

†

iii#

�

ĤT =
X

iii,jjj

ĉ†iii [tiiijjj + i�iiijjj · �] ĉjjj . (2)

The hopping matrix takes non-vanishing values be-
tween nearest neighbors of the honeycomb lattice,
iii� jjj = ±���1,±���2,±���3 (see Fig. 1), and we have imple-
mented the following dimerization:

tiiijjj =

8
<

:

�t if iii� jjj = ±���2,±���3
�t0 if iii� jjj = ±���1
0 otherwise

. (3)

The intrinsic spin-orbit term is given by

���iiijjj = �

(
(iii�rrr)⇥(rrr�jjj)
|(iii�rrr)⇥(rrr�jjj)| if iii, jjj are n.n.n.

0 otherwise
, (4)

where rrr is the intermediate site involved in the next near-
est neighbor (n.n.n.) hopping process from site iii to jjj.

The PQMC algorithm is based on filtering out the
ground state from a Slater determinant trial wave func-
tion:

| Ti =
NpY

n=1

 
NX

x=1

ĉ†xPxn

!
|0i . (5)

The trial wave function is thus defined by the rectangu-
lar N ⇥Np matrix P with Np the number of particles.
Given this trial wave function, and assuming that it is
non-orthogonal to the ground state, observables can be
obtained from

hÔi0 = lim
⇥!1

h T|e�⇥ĤÔ e�⇥Ĥ | Ti
h T|e�2⇥Ĥ | Ti

, (6)

for large but finite values of the projection parameter ⇥.
To compute the imaginary time propagation one first dis-
cretizes the imaginary time, L⇥�⌧ = 2⇥, and then car-
ries out a Trotter decomposition to isolate the Hubbard

interaction term,

e�2⇥Ĥ =
L⇥Y

⌧=1

e��⌧ĤT /2e��⌧ĤU e��⌧ĤT /2 +O(�⌧2) .

(7)
Hereafter we neglect the systematic and controllable
Trotter error [26]. The key point of the algorithm is to
use a Hubbard-Stratonovitch (HS) transformation to re-
formulate the many-body imaginary time propagator as
a sum of one-body problems by introducing an auxiliary
field. We have adopted the discrete decomposition [27],

e��⌧ U
2 (n̂iii�1)2 = �

X

s=±1

es↵(niii"�niii#) , (8)

with cosh(↵) = e�⌧U/2 and � = 1
2e

��⌧U/2. With this
transformation, the imaginary time propagation reads

e�2⇥Ĥ = �NL⇥
X

sss1···sssL⇥

L⇥Y

⌧=1

eĉ
†A(sss⌧ )ĉe��⌧ ĉ†Tĉ , (9)

with A(sss⌧ )xy = �xy siii⌧ � ↵. Recall that x = (iii�) and that
� takes the value 1 (�1) for the up (down) z-component
of the spin. For a given configuration of Ising variables,
sss ⌘ {sss1 · · ·sssL⇥}, we now have to solve a free Fermion
problem in an external space and time dependent field.
Since under a single body propagator a Slater determi-
nant remains a Slater determinant,

eĉ
†hĉ

NpY

n=1

�
ĉ
†
P
�
n
|0i =

NpY

n=1

�
ĉ
†ehP

�
n
|0i , (10)

and the overlap of two slater determinants defined by P

and P
0 is a determinant,

h 0

T| Ti = det
�
P

0†
P
�
, (11)

we can integrate out the fermions to obtain:

hÔi0 =
X

sss

PssshÔisss . (12)

Here,

Psss =
det (U<

sss U
>
sss )P

sss det (U
<
sss U

>
sss )

, (13)

with

U
>
sss =

0

@
L⇥/2Y

⌧=1

eA(sss⌧ )e��⌧T

1

AP ,

U
<
sss = P

†

0

@
L⇥Y

⌧=L⇥/2

eA(sss⌧ )e��⌧T

1

A .

For a single Ising field configuration sss, Wick’s theorem
holds, such that it su�ces to compute the single particle
Green function,

Gxy(sss) ⌘ hĉ†xĉyisss =
h
U

>
sss

�
U

<
sss U

>
sss

��1
U

<
sss

i

yx
, (14)

ρ̂A = TrBρ̂ ≡ ∫ dΦP(Φ)ρ̂A(Φ)

 Trρ̂A
n = ∫ dΦ1!dΦnP(Φ1)!P(Φn )Tr ρ̂A(Φ

1)! ρ̂A(Φ
n )⎡⎣ ⎤⎦

n-replicas

Renyi entanglement entropies T. Grover Phys. Rev. Lett., 111, 130402, (2013).
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from which arbitrary observables can be computed. Fi-
nally the sum over the fields will be carried out with
Monte Carlo importance sampling. This completes our
brief review of the PQMC auxiliary field algorithm. For
further details, we refer the reader to Ref. [28].

Alternatively, we can recast the above in terms of a
density matrix,

⇢̂ ⌘ | 0ih 0| =
X

sss

Psss ⇢̂(sss) , (15)

with

⇢̂(sss) = det [1�G(sss)] e�ĉ† ln[G�1(sss)�1] ĉ ,

such that

hÔi0 = Tr
h
⇢̂ Ô

i
. (16)

The above is essentially the central result of Ref. 24 and is
a direct consequence of the validity of Wick’s theorem for
a given configuration of HS fields, as well as the formu-
lation of the density matrix for a Gaussian problem [29]
[30]. Starting from Eq. (15), the reduced density matrix
obtained by splitting the Hilbert space as H = HA ⌦HB

and tracing over HB, reads:

⇢̂A ⌘ TrHB | 0ih 0| =
X

sss

Psss ⇢̂A(sss) , (17)

with

⇢̂A(sss) = det [1�GA(sss)] e
�âaa† ln[G�1

A (sss)�1]âaa .

Here ĉ
† =

⇣
âaa†, b̂bb

†
⌘

and [GA(sss)]zz0 = hâ†z âz0isss is the

Green function restricted to subsystem HA [31].

B. Numerical stabilization for Renyi entropies

The nth Renyi entropy is defined as:

Sn = � 1

n� 1
lnTrHA [⇢̂nA] . (18)

To evaluate the above quantity, one introduces n replicas,
(or n independent QMC simulations) such that

e�(n�1)Sn =
X

sss1,··· ,sssn

Psssn · · ·Psss1TrHA

⇥
⇢̂A(sss

n) · · · ⇢̂A(sss1)
⇤

=
X

sss1,··· ,sssn

Psssn · · ·Psss1

nY

m=1

det [1�GA(sss
m)]

⇥ det

"
1+

nY

m=1

GA(sssm)

1�GA(sssm)

#
. (19)

Here we have made use of the identity:

Tr
h
eĉcc

†T1ĉcc · · · eĉcc†Tnĉcc
i
= det

⇥
1+ eT1 · · · eTn

⇤
and the

superscripts denote the replicas. At n = 2 one only
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FIG. 2. Renyi entanglement entropies as a function of the

regularization parameter ⇤ (a) and order n (b) for a 6 ⇥ 6

Kane-Mele Hubbard model at U/t = 2, �/t = 0.2 and t0/t = 1

and the region A defined in Fig. 1. Errorbars are smaller

than the symbol size. For these simulations, we have used a

projection parameter ⇥t = 40. This guarantees convergence

within our error-bars. For each replica, we have carried out

500⇥10
3
sweeps. Each sweep consists of sequentially updating

each Ising spin in the space-imaginary time lattice.

needs the knowledge of GA(sss) to compute the Renyi
entropy and one recovers Eq. (6) of Ref. [24]. For n > 2
we were not able to avoid an explicit calculation of
the inverse of GA(sss) which will also be required to
compute the entanglement spectrum. However, GA(sss)
is in general a singular matrix. To show this, let us first
consider the Green function in Eq. (14). As pointed out
in [32] the Green function in the PQMC algorithm is a
projector operator,

G
2(sss) = G(sss) , (20)

such that the eigenvalues of G(sss) are given by 0 or
1. Since the Tr [G(sss)] = Np, G(sss) contains Np non-
vanishing and N � Np vanishing eigenvalues. Thereby

G
�1(sss), and by the same token [1�G(sss)]�1, does not

exist. In the absence of interactions, the above is merely
stating that in the zero temperature limit the occupation
number of single-particle eigenstates is given by 1 or 0.
That G

�1(sss) does not exist does not necessarily mean
that GA(sss) is singular. In fact for the half-filled case,

Sn = − 1
n −1

lnTrρ̂A
n

F. F. Assaad, T. C. Lang, and F. Parisen Toldin
Phys. Rev. B, 89, 125121, (2014)
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law coefficient can be well understood in terms of the product
state wave function description of the phase supplemented by
fluctuations, if necessary. Furthermore, we observe a singular
behavior of the area law coefficient across phase transitions.

Model.— We consider the generalized Kondo model on the
honeycomb lattice introduced in [13] with Hamiltonian

Ĥ = �t
X

hi,ji

ĉ†i ĉj+JK
X

i

1

2
ĉ†i�ĉcci ·Ŝi+Jz

X

hhi,jii

Ŝz
i Ŝ

z
j (1)

where the first sum extends over the nearest-neighbor sites
and describes the hopping of conduction electrons, ĉ†i =⇣
ĉ†i,", ĉ

†

i,#

⌘
, giving rise to the well-known semimetallic band

dispersion [20], the second sum accounts for the Kondo
screening interaction between c-electrons and spin 1/2 local
moments Ŝi, while in the third term the next-nearest-neighbor
antiferromagnetic interaction between localized spins encodes
frustration effects. This model can be solved without encoun-
tering the negative sign problem [13]; here and in the follow-
ing we fix t = 1. Due to the antiferromagnetic coupling Jz
this half-filled Kondo lattice model on the honeycomb lattice
with geometric frustration exhibits novel PKS phases along-
side the conventional Kondo insulator (KI) and antiferromag-
netically ordered phases [13].

For a given subsystem of conduction electrons �c and of
local spins �S , the mutual information In(�c,�S) between
�c and �S is

In(�c,�S) ⌘ Sn(�c) + Sn(�S)� Sn(�c [ �S), (2)

where Sn(�) is the n-th Renyi entropy for a subsystem �.
Here we take �c as a compact subset of N conduction electron
sites, and �S as the corresponding N local spin sites coupled
to the subset �c. Assuming the ubiquitous area law for the en-
tanglement entropy [21], In(�c,�S) results are proportional
to the size of the boundary shared between �c and �S :

In(�c,�S) ' ↵2N. (3)

The mutual information is also defined in terms of the von
Neumann entanglement entropy, corresponding to the limit
n ! 1 in Eq. (2). In this case I1(�c,�S) satisfies [22]

I1(�c,�S) �
hOcOSi � hOcihOSi

kOck2kOSk2
, (4)

where the numerator represents the connected correla-
tion of two arbitrary operators Oc and OS acting on
the subsystem �c and �S , respectively, and kXk ⌘
{sup

p
h |X†X| i, h | i = 1} is the norm of an operator

X . According to Eq. (4), I1(�c,�S) bounds all mutual corre-
lations of operators in �c and �S , thus providing an operator-
independent entanglement measure. Due to the above bound,
I1(�c,�S) captures both high and low energy scales.

Here, we shall consider the mutual information for Renyi
index n = 2. The coefficient ↵ introduced in Eq. (3) is the
main quantity investigated in this work. In the presence of

(a) AFM, S=1/2                       (b) AFM, S=1               M, S=1/2 (b) AFM,

(c) KI                                       (d) z-PKS

S               

c

SS

1
2

1
2

FIG. 2. Schematic picture of antiferromagnetic (AFM) phase with
(a) S = 1/2 and (b) S = 1, (c) Kondo insulator (KI) phase, and (d)
out-of-plane PKS (z-PKS) phase at the mean-field level.

Kondo screening In(�c,�S) essentially counts the number of
Kondo singlets formed between �c and �S , such that in the
limit JK ! 1 Eq. (3) holds exactly with ↵ = ln(2).

Method.— We have investigated the Hamiltonian of Eq. (1)
by means of auxiliary field QMC [23–25] simulations, us-
ing the method of Ref. [13] which, in essence, consists in
a fermion representation of localized spins obtained via La-
grange multipliers. We refer to Ref. [13] for more details on
the formulation. A similar technique can be used to simu-
late the canonical ensemble [26]. Simulations have been per-
formed using the ALF package [27]. To compute the Renyi
entropies we have used a method introduced in Ref. [19],
and also used in [19, 28–30], which allows to formulate the
reduced density matrix within auxiliary field QMC. Beside
Renyi entropies, the technique can be exploited to unbiasly
determine the entanglement Hamiltonian [18]. Ref. [31] pro-
vides a short review of computational approaches to entangle-
ment in interacting fermionic systems.

Results.— In Fig. 1 we reproduce the rich phase diagram
of the model for JK > 0, Jz � 0. At finite Jz the model
has a reduced U(1) spin symmetry corresponding to spin rota-
tions around the z-axis, as well the point group and translation
symmetries of the Honeycomb lattice. The Kondo insulating
(KI) phase breaks no symmetries, the antiferromagnetic (xy-
AFM) phase breaks the U(1) spin symmetry and the z-PKS
breaks nematically the point group and has reduced transla-
tion symmetry. The xyz-PKS differs from the z-PKS in that it
additionally breaks the U(1) spin symmetry [13]. In Fig. 1 we
also show three lines on the phase diagram where we analyze
the mutual information. Moreover, we study the entanglement
for JK < 0, Jz = 0, where the model favors the formation of
an effective spin S = 1 Heisenberg antiferromagnet in the
strong coupling limit. In all the QMC data presented here we
have simulated 6⇥ 6 unit cells corresponding to 144 orbitals.

We first consider a scan for Jz = 0, where the model re-

Mutual information in heavy fermions systems

Francesco Parisen Toldin,1, ⇤ Toshihiro Sato,1, † and Fakher F. Assaad1, ‡

1
Institut für Theoretische Physik und Astrophysik, Universität Würzburg, Am Hubland, 97074 Würzburg, Germany

A key notion in heavy fermion systems is the entanglement between conduction electrons and localized spin
degrees of freedom. To study these systems from this point of view, we compute the mutual information in a
ferromagnetic and anti-ferromagnetic Kondo lattice model in the presence of geometrical frustration. Here the
interplay between the Kondo effect, the RKKY interaction and geometrical frustration leads to partial Kondo
screened, conventional Kondo insulating and antiferromagnetic phases. In each of these states the mutual infor-
mation follows an area law, the coefficient of which shows sharp crossovers (on our finite lattices) across phase
transitions. Deep in the respective phases, the area law coefficient can be understood in terms of simple direct
product wave functions thereby yielding an accurate measure of the entanglement in each phase. The above
mentioned results stem from approximation-free auxiliary field quantum Monte Carlo simulations.

Introduction.— The Kondo effect describes the screening
of a spin-1/2 magnetic impurity embedded in a metallic en-
vironment [1]. At high temperatures the spin degree of free-
dom is decoupled from the conduction electrons and below the
Kondo scale a many body entangled state of the spin and con-
duction electrons emerges. To quantify entanglement between
a bipartition A and B of a system, one traces out the degrees of
freedom B to obtain a reduced density matrix, ⇢̂A = TrHB ⇢̂,
the Renyi entropy of which, Sn(A) = (lnTr⇢̂nA)/(1�n), cor-
responds to the entanglement entropy. Taking one subsystem
to be the impurity spin, and the other the conduction electrons,
the Kondo effect can be elegantly characterized by the transfer
of ln(2) thermal entropy at high temperatures to ln(2) entan-
glement entropy in the ground state [2]. The energy scale at
which this transfer from thermal to entanglement entropy oc-
curs is the Kondo temperature.

In the presence of a lattice of spins Kondo coupled to con-
duction electrons, corresponding to heavy fermion systems
[3], the above picture breaks down. In fact spins can now
interact through the indirect Ruderman-Kittel-Kasuya-Yosida
(RKKY) exchange interaction [4], and thereby compete with
Kondo screening. Comparing energy scales, it becomes ap-
parent that Kondo screening dominates when the exchange in-
teraction between the local spins and the conduction electrons,
JK, is positive and large, and that the RKKY interaction dom-
inates at small values of JK. The intricate interplay between
these two effects on non-frustrated lattices leads to quantum
phase transition (QPT) between disordered and ordered mag-
netic phases [5, 6]. The Kondo effect can be switched off by
considering JK < 0, thereby promoting magnetically ordered
phases [7]. In addition, geometrical frustration is found to
be of experimental relevance in many heavy fermion materi-
als such as CePdAl, Pr2Ir2O7, YbAgGe, YbAl3C3, Yb2Pt2Pb
[8–12], where quantum phases do not easily fit into aforemen-
tioned cases. Geometrical frustration can lead to so called par-
tial Kondo screened (PKS) phases where frustration is allevi-
ated by selective spacial screening local spins [13, 14]. The

⇤ francesco.parisentoldin@physik.uni-wuerzburg.de
† Toshihiro.Sato@physik.uni-wuerzburg.de
‡ assaad@physik.uni-wuerzburg.de

FIG. 1. Ground-state phase diagram with in-plane antiferromag-
netic (xy-AFM), out-of-plane PKS (z-PKS), spin-rotation symme-
try breaking PKS (xyz-PKS), and KI phases from QMC simula-
tions [13]. Dashed lines connects transition points and the dotted line
sketches the expected boundary between the KI and z-PKS phases.
The three thick lines indicate the scans of the phase diagram consid-
ered here.

essence of all aforementioned states can be captured by di-
rect product variational wave functions from which one can
directly assess the degree of entanglement between the spins
and conduction electrons. Entanglement entropies, although
not presently experimentally accessible in heavy fermion sys-
tems, lend themselves to an experimental measure in systems
of cold atoms [15], which, in turns, allow to realize Kondo lat-
tice models [16]. Alternatively, entanglement properties have
been recently proposed to be experimentally studied by engi-
neering the so-called entanglement Hamiltonian in cold atom
systems [17]. In this context, Ref. [18] introduces a numer-
ically exact method to determine the entanglement Hamilto-
nian in interacting models of fermions.

In this letter we investigate a Kondo lattice model Hamil-
tonian amenable to negative sign free quantum Monte Carlo
(QMC) simulations that provides specific realizations of the
states discussed above. Using recently developed methods
to compute the Renyi entropies [19] with the auxiliary field
QMC, we compute the mutual information and show that,
deep in the respective phases, the numerical value of the area
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FIG. 1. Honeycomb lattice and the regions A and B. In the

figure region A has a width of WA = 4.

be taken to be the dimerized Kane-Mele model. Using
the spinor notation ĉ

†

i =
�
ĉ†iii", ĉ

†

iii#

�

ĤT =
X

iii,jjj

ĉ†iii [tiiijjj + i�iiijjj · �] ĉjjj . (2)

The hopping matrix takes non-vanishing values be-
tween nearest neighbors of the honeycomb lattice,
iii� jjj = ±���1,±���2,±���3 (see Fig. 1), and we have imple-
mented the following dimerization:

tiiijjj =

8
<

:

�t if iii� jjj = ±���2,±���3
�t0 if iii� jjj = ±���1
0 otherwise

. (3)

The intrinsic spin-orbit term is given by

���iiijjj = �

(
(iii�rrr)⇥(rrr�jjj)
|(iii�rrr)⇥(rrr�jjj)| if iii, jjj are n.n.n.

0 otherwise
, (4)

where rrr is the intermediate site involved in the next near-
est neighbor (n.n.n.) hopping process from site iii to jjj.

The PQMC algorithm is based on filtering out the
ground state from a Slater determinant trial wave func-
tion:

| Ti =
NpY

n=1

 
NX

x=1

ĉ†xPxn

!
|0i . (5)

The trial wave function is thus defined by the rectangu-
lar N ⇥Np matrix P with Np the number of particles.
Given this trial wave function, and assuming that it is
non-orthogonal to the ground state, observables can be
obtained from

hÔi0 = lim
⇥!1

h T|e�⇥ĤÔ e�⇥Ĥ | Ti
h T|e�2⇥Ĥ | Ti

, (6)

for large but finite values of the projection parameter ⇥.
To compute the imaginary time propagation one first dis-
cretizes the imaginary time, L⇥�⌧ = 2⇥, and then car-
ries out a Trotter decomposition to isolate the Hubbard

interaction term,

e�2⇥Ĥ =
L⇥Y

⌧=1

e��⌧ĤT /2e��⌧ĤU e��⌧ĤT /2 +O(�⌧2) .

(7)
Hereafter we neglect the systematic and controllable
Trotter error [26]. The key point of the algorithm is to
use a Hubbard-Stratonovitch (HS) transformation to re-
formulate the many-body imaginary time propagator as
a sum of one-body problems by introducing an auxiliary
field. We have adopted the discrete decomposition [27],

e��⌧ U
2 (n̂iii�1)2 = �

X

s=±1

es↵(niii"�niii#) , (8)

with cosh(↵) = e�⌧U/2 and � = 1
2e

��⌧U/2. With this
transformation, the imaginary time propagation reads

e�2⇥Ĥ = �NL⇥
X

sss1···sssL⇥

L⇥Y

⌧=1

eĉ
†A(sss⌧ )ĉe��⌧ ĉ†Tĉ , (9)

with A(sss⌧ )xy = �xy siii⌧ � ↵. Recall that x = (iii�) and that
� takes the value 1 (�1) for the up (down) z-component
of the spin. For a given configuration of Ising variables,
sss ⌘ {sss1 · · ·sssL⇥}, we now have to solve a free Fermion
problem in an external space and time dependent field.
Since under a single body propagator a Slater determi-
nant remains a Slater determinant,

eĉ
†hĉ

NpY

n=1

�
ĉ
†
P
�
n
|0i =

NpY

n=1

�
ĉ
†ehP

�
n
|0i , (10)

and the overlap of two slater determinants defined by P

and P
0 is a determinant,

h 0

T| Ti = det
�
P

0†
P
�
, (11)

we can integrate out the fermions to obtain:

hÔi0 =
X

sss

PssshÔisss . (12)

Here,

Psss =
det (U<

sss U
>
sss )P

sss det (U
<
sss U

>
sss )

, (13)

with

U
>
sss =

0

@
L⇥/2Y

⌧=1

eA(sss⌧ )e��⌧T

1

AP ,

U
<
sss = P

†

0

@
L⇥Y

⌧=L⇥/2

eA(sss⌧ )e��⌧T

1

A .

For a single Ising field configuration sss, Wick’s theorem
holds, such that it su�ces to compute the single particle
Green function,

Gxy(sss) ⌘ hĉ†xĉyisss =
h
U

>
sss

�
U

<
sss U

>
sss

��1
U

<
sss

i

yx
, (14)

ρ̂A = e
− ĤE = TrBρ̂ ≡ ∫ dΦP(Φ)ρ̂A(Φ),

Entanglement Hamiltonian T. Grover Phys. Rev. Lett., 111, 130402, (2013).

 ρ̂A(Φ) =det 1−GA(Φ)[ ]
≡e−α (Φ )! "## $##

e
− ĉ†ln GA

−1(Φ )−1⎡
⎣

⎤
⎦

≡h(Φ )! "## $##

ĉ
with

Cumulant expansion: 

 
ĤE = tx,yĉx

†

x,y
∑ ĉy + Ux,y,w,z ĉx

†ĉyĉw
† ĉz

x,y,w,z
∑ +!

tx,y = h(Φ)x,y − α (Φ)h(Φ)x,y − α (Φ) h(Φ)x,y⎡⎣ ⎤⎦

Ux,y,w,z =− h(Φ)x,y h(Φ)w,z − h(Φ)x,y h(Φ)w,z⎡⎣ ⎤⎦

h(Φ)x,y = dΦP(Φ)h(Φ)x,y∫
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Recent numerical advances in the field of strongly correlated electron systems allow the calculation of
the entanglement spectrum and entropies for interacting fermionic systems. An explicit determination of
the entanglement (modular) Hamiltonian has proven to be a considerably more difficult problem, and only
a few results are available. We introduce a technique to directly determine the entanglement Hamiltonian of
interacting fermionic models by means of auxiliary field quantumMonte Carlo simulations. We implement
our method on the one-dimensional Hubbard chain partitioned into two segments and on the Hubbard
two-leg ladder partitioned into two chains. In both cases, we study the evolution of the entanglement
Hamiltonian as a function of the physical temperature.

DOI: 10.1103/PhysRevLett.121.200602

Introduction.—The advent of quantum information tech-
niques in the field of condensed matter physics has boosted
a variety of new insights in old and new problems. In
particular, recent years have witnessed a rapidly growing
number of investigations of the quantum entanglement in
strongly correlated many-body systems [1,2]. The simplest
approach is the so-called bipartite entanglement, where
one divides a system into two parts, and a reduced density
matrix describing one of the subsystems is obtained by
tracing out the degrees of freedom of the other part.
Arguably, the most studied quantities in this context are
the entropies of the reduced density matrix, that is, the von
Neumann and especially the Renyi entropies. In the ground
state, the entanglement entropies generically satisfy an area
law; i.e., to leading order they are proportional to the area
between the two subsystems [3]. Among the many results,
it is well established that in a 1þ 1 conformal field theory
(CFT) corrections to the area law allow one to extract the
central charge of a model [4].
More information is contained in the entanglement

Hamiltonian, also known as the modular Hamiltonian,
which is defined as the negative logarithm of the reduced
density matrix. Its spectrum, dubbed as the “entanglement
spectrum,” has been shown to feature the edge physics of
topologically ordered phases such as the fractional quan-
tum Hall state [5] as well as of symmetry-protected
topological states of matter [2,6–9]. The entanglement
Hamiltonian also plays a central role in the first law of
entanglement [10]. Beside the entanglement spectrum and
the associated eigenvectors, the knowledge of the entan-
glement Hamiltonian opens the possibility of characteriz-
ing the reduced density matrix as a thermal state.
Furthermore, the expectation value of the entanglement
Hamiltonian equals the von Neumann entanglement
entropy, a key quantity which is generically not accessible
in numerical simulations of interacting models. Perhaps not

surprisingly, compared to the computation of entanglement
entropies, an explicit determination of the entanglement
Hamiltonian has proven to be a considerably more difficult
problem, and only a few solvable results are available.
Aside from limiting cases, such as in the absence of
interactions between the two subsystems, or the high-
temperature limit, where the entanglement Hamiltonian
can be easily determined, a particularly important result
concerns a relativistic field theory in flat d-dimensional
Minkowski space. For a bipartition of the space into two
semi-infinite subsystems with no corners, translationally
invariant along d − 1 dimensions, the entanglement
Hamiltonian is given by an integral of the energy-momentum
tensor, with a weight proportional to the distance x from the
boundary, leading to the Bisognano-Wichmann (BW) form
of the entanglement Hamiltonian [11,12]. In the presence of
additional conformal symmetry, a mapping of the semi-
infinite space to a ball allows one again to express the
entanglement Hamiltonian as an integral of the energy-
momentum tensor, with a space-dependent weight [13].
Reference [14] provides a recent review of the cases in
1þ 1 CFTwhere the entanglement Hamiltonian is obtained
as a weighted integral of the energy-momentum tensor.
Concerning condensed matter models on a lattice, the

entanglement Hamiltonian is exactly known only in a few
cases in one dimension and for a semi-infinite line sub-
system: the noncritical transverse-field Ising model and
the XXZ model in the massive phase [15,16]. Even in the
deceptively simple case of a free (nonrelativistic) fermionic
chain, the explicit computation of the entanglement
Hamiltonian for a segment proved to be a rather difficult
task. Although for a free fermionic system an exact formula
for the entanglement Hamiltonian is known [17], its explicit
calculation for a finite segment embedded in a chain has
eluded an analytical treatment so far. All lattice models
mentioned above share the property of being described by a
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τ=1

Lτ

∏
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

≡ Û
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Half-filled Landau levels: A continuum and sign-free regularization
for three-dimensional quantum critical points
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We explore a method for regulating 2+1D quantum critical points in which the ultraviolet cutoff is provided by
the finite density of states of particles in a magnetic field rather than by a lattice. Such Landau-level quantization
allows for numerical computations on arbitrary manifolds, like spheres, without introducing lattice defects. In
particular, when half-filling a Landau level with N = 4 electron flavors, with appropriate interaction anisotropies
in flavor space, we obtain a fully continuum regularization of the O(5) nonlinear sigma model with a topological
term, which has been conjectured to flow to a deconfined quantum critical point. We demonstrate that this
model can be solved by both infinite density-matrix renormalization group (DMRG) calculations and sign-free
determinantal quantum Monte Carlo. DMRG calculations estimate the scaling dimension of the O(5) vector
operator to be in the range !V ∼ 0.55–0.7, depending on the stiffness of the nonlinear sigma model. Future
Monte Carlo simulations will be required to determine whether this dependence is a finite-size effect or further
evidence for a weak first-order transition.

DOI: 10.1103/PhysRevB.98.235108

I. INTRODUCTION

Understanding the space of two-plus-one dimensional con-
formal field theories (CFT) remains a central challenge in
strongly interacting physics. In contrast to two-dimensions
[1], comparatively little is known about the space of possible
fixed points beyond large-N , supersymmetric, and pertur-
bative approaches. Where available, our knowledge relies
heavily on numerical Monte Carlo simulations, and more
recently, the conformal bootstrap, making it possible to com-
pare numerical estimates of scaling exponents with rigorous
analytic bounds. A class of particular interest is the deconfined
quantum critical points (DQCP), which are of interest both
to condensed matter, where they arise as Landau-forbidden
phase transitions between magnetic orders with differing or-
der parameters, and high energy, where they are thought to
provide realizations of the noncompact CP1 nonlinear sigma
model and QED3 [2–5]. While numerics support the basic
picture of an emergent SO(4) or SO(5) symmetry larger than
the microscopic one [6–8], it has proven difficult to obtain
converged scaling exponents, or even conclusively determine
whether the transition is a CFT [7,9–11]. Perplexingly, nu-
merical estimates of the vector operator’s scaling dimension
appear to contradict bounds from the conformal bootstrap
[12–14].

Previous numerical studies of the DCQP considered lattice
models of spins [6,15–24], 3D loop models [7,8,11], hard-
core bosons [25], or fermions [26,27]. In these models, many
of the symmetries, both internal and space-time, emerge only
in the IR. In this paper, we consider a continuum regular-
ization of the DQCP and other 3D CFTs which preserve
these symmetries exactly in the UV; rather than discretizing

space, the Hilbert space is made finite by Landau-level (LL)
quantization. The idea is to embed the critical fluctuations
into an N -component “flavor” degree of freedom carried
by itinerant fermions in the continuum [28]. The motion of
the fermions is then quenched by a strong magnetic field.
When the fermions fill N/2 of the N -fold degenerate LLs
(“half-filling”), fluctuations in the flavor-space give rise to a
nonlinear sigma model (NLSM). This is the famous problem
of quantum Hall ferromagnetism [29] realized experimentally
both in GaAs (N = 2) and graphene (N = 4). In the N = 4
case, the resulting SO(5) NLSM has the Wess-Zumino-Witten
term thought to stabilize a DQCP [30–33]. We demonstrate
that this model can be studied with both density-matrix renor-
malization group calculations and sign-free determinantal
quantum Monte Carlo (DQMC).

Models with exact UV symmetries have several potential
numerical advantages. The continuum formulation allows for
the model to be defined on any manifold, such as a sphere,
without introducing lattice defects. This should enable scaling
dimensions to be measured using the operator-state correspon-
dence, as well as explorations of the F -theorem [34]. Second,
this realization of the DQCP has an exact SO(4) or SO(5)
symmetry, whereas on a lattice it putatively emerges only in
the IR at the critical point. Because the model is essentially an
explicit regularization of an SO(5)-NLSM, it straightforward
to identify the microscopic operators corresponding to the
stiffness, vector, and symmetric-tensor perturbations of the
NLSM. As such, the DQCP should exist as a phase, e.g., with-
out tuning, which greatly simplifies scaling collapses, and the
chief question is whether the model actually flows to a CFT.

The paper is structured as follows. In Sec. II, we review
the model of electrons in graphene with N = 4 flavors, its
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We consider the interplay between the antiferromagnetic and Kekulé valence bond solid orderings in the
zero energy Landau levels of neutral monolayer and bilayer graphene. We establish the presence of Wess-
Zumino-Witten terms between these orders: this implies that their quantum fluctuations are described by
the deconfined critical theories of quantum spin systems. We present implications for experiments,
including the possible presence of excitonic superfluidity in bilayer graphene.
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Introduction.—A number of recent experimental [1–7]
and theoretical [8–19] works have focused on the presence
of antiferromagnetism in neutral monolayer and bilayer
graphene in an applied magnetic field. It has also been
argued that a nonmagnetic state with lattice symmetry
breaking in the Kekulé valence bond solid (VBS) pattern
(see Fig. 1) is proximate to the antiferromagnetic (AF) state
[13,14,17,18]. Bilayer graphene offers a particularly attrac-
tive area for studying the interplay between the AF and
VBS order because it may be possible to tune between them
by applying a transverse electric field [1,14,18].
The presence of the competing AF and VBS orders sets

up the possibility [18] of novel quantum criticality between
these orders, similar to that found in insulating quantum
spin models [20–30]. However, these quantum spin models
apply in the limit of very large on-site Coulomb repulsion
between the electrons, and this is not the appropriate
parameter regime for graphene. Here we examine a com-
plementary limit of large magnetic field and moderate
interactions, so that it is permissible to project onto an
effectiveHamiltonian acting only on the zero energyLandau
levels. Such a limit has been widely used with considerable
success in describing the properties of graphene. (Note,
however, that we are still in the regime where the cyclotron
gap is still smaller than the tight-binding hopping param-
eters, with magnetic fields smaller than 10 T.) Our main new
result is that the Landau level projected effective action for
the AF and VBS orders has a topological Wess-Zumino-
Witten (WZW) term [31–33] for both the monolayer and
bilayer cases.
The WZW term has a quantized coefficient, and it

computes a Berry phase linking together spatial and
temporal textures in the AF and VBS orders. It can be
viewed as a higher dimensional generalization of the Berry
phase of a single spin Sdegree of freedom, which is equal
to S times the area enclosed by the spin worldline on the
unit sphere. Similarly, the WZW term here measures the
area on the surface of the sphere in the five-dimensional AF
and VBS order parameter space. The presence of this term

implies [34–36] that the field theories of deconfined
criticality [21,22] apply to graphene. Such theories describe
the quantum phase transition not in the conventional
Landau terms of fluctuating order parameters, but using
fractionalized degrees of freedom coupled to emergent
gauge fields. We will also discuss experimental implica-
tions of these results.
Model and results.—We begin by directly stating the

Hamiltonian of the low energy graphene bands (see, e.g.,
Refs. [16,18] for details)

H ¼ v
!

0 aq

a†q 0

"
; ð1Þ

where v is a Fermi velocity, a¼px−ipy−ðe=cÞðAx−iAyÞ
with ðpx; pyÞ the electron momentum, ðAx; AyÞ is the vector
potential of the applied magnetic field, the matrix acts on
the graphene sublattice index, and q¼ 1 for monolayer
graphene, while q¼ 2 for the bilayer case. For bilayers, the
sublattice index coincides with the layer index. For both
monolayers and bilayers, there is an additional twofold
valley degeneracy, along with the usual twofold spin
degeneracy (in the absence of a Zeeman coupling).

FIG. 1 (color online). AF (left) and Kekulé VBS states of
bilayer graphene. The blue (red) lines indicate the honeycomb
lattice of the top (bottom) layer. The ellipses in the VBS state
denote the links between the top and bottom layers which are
equivalently distorted with respect to the parent lattice.
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Auxiliary field  QMC.  Sign problem Generically the action will be complex    
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Auxiliary field  QMC.  Sign problem Generically the action will be complex    

But in the low temperature limit:

  
eiϕ Φ{ }( )

P
= Z / Z ∝ e−βN e0−e0( ) = e−βNδ

  

Δ Z /Z( )
Z /Z

<< 1 but Δ Z /Z( ) ≈ 1
CPU

so that CPU >>  2βVδ
e

Ø δ is method dependent. 

Note:
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Hubbard model on square lattice  away from half-filling

− U
2 n̂i,↑ − n̂i,↓( )2 =U n̂i,↑ −

1
2( ) n̂i,↓ − 1

2( )− 1
4

eΔτU n̂i ,↑−n̂i ,↓( )2 /2 = γ (l)e ΔτU /2η(l ) n̂i ,↑−n̂i ,↓( )
l=±1,±2
∑ + O(Δτ 4 )



Fermion Monte Carlo: the auxiliary field 
determinantal approach

1) Trotter

2) Hubbard Stratonovitch

3) Integrating out the fermions 

4) Measurements 

5) Wicks theorem

6) Absence of sign problem

7) Organization of the code  and fast updates. 

8) Stabilization

9) ALF examples

Auxiliary field  QMC.  BSS:  R. Blankenbecler, D. J. Scalapino, R. L. Sugar (1981)

✔
✔

✔

✔

✔
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Sum over HS fields à Metropolis importance sampling.  Adopt a  sequential single  spin-flip 
upgrading scheme.  

All in all we have: 

Φi,τ → Φ 'i,τ
B(Φτ )→ B(Φ 'τ ) = (1+ Δ)B(Φτ )

The equal time Green function matrix is the central quantity of the algorithm. It determines 

i) The Monte Carlo dynamics
ii) All  equal time   observables  (Wick’s theorem)  
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Organiza(on of the code.

Real space la6ce, with replica at each imaginary (me slice.

Independent Hubbard Stratonovitch field at each imaginary (me
and la6ce site.    Φi,τ
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la9ce and flip spin sequen(ally
Accept move  with probability:   
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Organiza(on of the code.

Fast updates: 
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Organiza(on of the code.

Propagate  the Green func(on 
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GΦ(τ −1) = 1+ B(Φτ−1)!B(Φ1)B(ΦLτ

)!B(Φτ )( )−1
= B−1(Φτ )GΦ(τ )B(Φτ )

τ = 1Retrace your steps back to 



Fermion Monte Carlo: the auxiliary field 
determinantal approach

1) Trotter

2) Hubbard Stratonovitch

3) Integrating out the fermions 

4) Measurements 

5) Wicks theorem

6) Absence of sign problem

7) Organization of the code  and fast updates. 

8) Stabilization

9) ALF examples

Auxiliary field  QMC.  BSS:  R. Blankenbecler, D. J. Scalapino, R. L. Sugar (1981)

✔
✔

✔

✔

✔

✔
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   U (l) = B(Φl )!B(Φ1)1 1:

QR (Gram Schmidt) 

   U (l)=U1D1V1   U1 :

Numerical stabiliza/on:   Problem.  e−βH

When  β gets  big, then vectors become 

linearly  dependent and the Green function

is ill defined.  

   U1
†U1 = 1, V1 :Unit triangular Real Diagonal

    

U (2l)= B(Φ2l )!B(Φl+1)U1( )D1

U2D2V
" #$$$$ %$$$$

V1= U2D2 V V1

V2

&

Do not mix scales during propagation.

Handle scales  only when computing the Green function.    Internal check:  difference between wrapped and 
freshly computed Green functions 

ALF:   l = NWRAP Variable: Precision Green  Mean, Max   in info file

  D1 :
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1) Trotter

2) Hubbard Stratonovitch

3) Integrating out the fermions 

4) Measurements 

5) Wicks theorem

6) Absence of sign problem

7) Organization of the code  and fast updates. 

8) Stabilization

9) ALF examples

Auxiliary field  QMC.  BSS:  R. Blankenbecler, D. J. Scalapino, R. L. Sugar (1981)

✔
✔

✔

✔

✔

✔
✔
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ĉ
†
x�sV

(ks)
xy ĉy�s
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Potential (sum of perfect squares)

Coupling of fermions  to Ising field with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2003 standard

Ø MPI implementation

Ø Parallel tempering, projective and finite T  approaches

Ø Long range Coulomb M. Bercx, F. Goth, J. S. Hofmann  and F. F. Assaad,  SciPost Phys. 3 (2017), 013

F. Goth       M. Bercx J. Hoffmann  M. Ulybyshev

Wissenschaftliche 
Literaturversorgungs
und Informationssysteme  (LIS)

http://alf.physik.uni-wuerzburg.de/
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Potential (sum of perfect squares)Kinetic

SU(N)  Hubbard model on the  square lattice.

  
Ĥ = ĉi,σ

† Ti, j
i, j ,σ =1

N

∑ ĉ j ,σ + U
N

(ĉk ,σ
† ĉk ,σ −

1
2 )

σ =1

N

∑⎛⎝⎜
⎞
⎠⎟k

∑
2

Ø Lattice vectors                                                 à Lattice class will make the lattice (tilted lattices are possible)
Ø Ndim =  # of lattice sites 
Ø Nfl =  1
Ø Ncol =  N
Ø MT = 1      (Possible to include checkerboard decomposition MT = 2*Ndim )
Ø T         =  Hopping matrix (bipartite)
Ø Uk =  U/N
Ø MV          =  # of lattice sites

Ø

Ø αks =  - ½      

   
!a1 = (1,0), !a2 = (0,1)

  
V (k )( )

i, j
= δ i,k δ k , j

Here i,j,k denote 
Wannier orbitals

Da Wang, Yi Li, Zi Cai, Zhichao Zhou, Yu Wang, and Congjun Wu, Phys. Rev. Le:. 112 
(2014), 156403.

Example

No sign problem for even values of N

http://alf.physik.uni-wuerzburg.de/
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ToCoTronics Center of excellence – complexity and 

topology in quantum matter

Fermion Monte Carlo: the auxiliary field 
determinantal approach

Conclusions   Lecture 1

Challenges 

Recent  progress allows to simulate an ever growing class of models without encountering the negative
sign problem 

Sign problem.  Can one find  new sign free formulations  for an even bigger class of models?

Global updates.    Single spin  flip formulations will suffer from critical slowing down.
Ergodicity issues for some problems.  

Order Nβ methods.   Present fermion QMC algorithms scale as  N3β.   à Pseudofermions?

.....
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Fermion Monte Carlo: the auxiliary field 
determinantal approach

Lecture 2.  Selected applications

Ø Superconductivity from condensation of  skyrmions in a quantum spin Hall insulator

Y. Liu, Z. Wang, T. Sato, M. Hohenadler, C. Wang,  W. Guo and FFA   arXiv:1811.02583



Superconductivity from condensation of topological defects in QSH insulator 

Why would it be interesting to dynamically generate a QSH state? 
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S. Fig. 5. Density of states N(!) of Hamiltonian (24) for a uniform polarisation, b a ‘single skyrmion’ configuration with
Q ⇡ �0.989. We have included an artificial broadening by using the form D(!) = �⇡�1

P
n Im (! � "n + i�)�1, where "n are

the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the

Hamiltonian

Ĥ = �t
X

hiji

⇣
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†
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where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵

�ĉi,"
ĉi,#

�
T̂ = ↵

� ĉi,#
�ĉi,"

�
, Kramers’ theorem holds and stipulates that all

eigenstates are doubly degenerate.
On the honeycomb lattice, the Pontryagin index is defined as

Q =
1

8⇡

X

x

N(x) · (N(x+ a1)�N(x))⇥ [(N(x)�N(x+ a2)) + (N(x)�N(x� a1 + a2))] (25)

with unit vectors a1 = (1, 0) and a2 = ( 1
2
,
p
3

2
).

For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as

P̂�1
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✓
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ĉ†i,#

◆
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ĉi,"

�ĉi,#
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where ⌘i = 1 (�1) for i 2 A(B), we have

P̂�1

z Ĵx
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A general P-H transformation can be written as

P̂ (✓,�) = Û�1(✓,�)P̂zÛ(✓,�) (28)

where

Û�1(✓,�)

✓
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cos(✓/2) � sin(✓/2)e�i�
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ĉi,"
ĉi,#

◆
. (29)

For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)

Uniform
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C. L. Kane and E. J. Mele, PRL,   2005
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the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the
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where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵
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, Kramers’ theorem holds and stipulates that all

eigenstates are doubly degenerate.
On the honeycomb lattice, the Pontryagin index is defined as
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For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as
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ĉi,"
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z Ĵy
i,jP̂z = Ĵy
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A general P-H transformation can be written as

P̂ (✓,�) = Û�1(✓,�)P̂zÛ(✓,�) (28)

where
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ĉi,#

◆
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For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)

Uniform One Skyrmion

Field theories of condensed matter physics. E. Fradkin
more information – www.cambridge.org/9780521764445

C. L. Kane and E. J. Mele, PRL,   2005

Q =
1

4⇡

Z
dxdyN(x) · (@xN(x)⇥ @yN(x)) = 1
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(ĉ†i ĉj +H.c.) + �

X

7=x

N(x) ·
X

hhi,jii27

⇣
i⌫ij ĉ
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where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the
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where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵
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ĉi,#

�
T̂ = ↵

� ĉi,#
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with unit vectors a1 = (1, 0) and a2 = ( 1
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For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as
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A general P-H transformation can be written as
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where
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For Hamiltonian (24), it yields

P̂�1(✓,�)Ĥ(N)P̂ (✓,�) = H(N 0) (30)
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the eigenvalues and � = 0.05. Here, L = 36, � = 0.5.

where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the
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where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵
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, Kramers’ theorem holds and stipulates that all
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Q =
1

8⇡

X

x

N(x) · (N(x+ a1)�N(x))⇥ [(N(x)�N(x+ a2)) + (N(x)�N(x� a1 + a2))] (25)

with unit vectors a1 = (1, 0) and a2 = ( 1
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For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as
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A general P-H transformation can be written as
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ĉi,#

◆
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For Hamiltonian (24), it yields
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Skyrmion carries charge 2e  à proliferation of  
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where Q is the Pontryagin index that counts the winding of the unit vector order parameter on the sphere.
Here, we substantiate this fact in terms of an explicit calculation for a lattice model. Our starting point is the
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where N(x) = (Nx(x), Ny(x), Nz(x)) is a unit vector at position x corresponding to the centre of a hexagon. Since
Ĥ is invariant under time reversal symmetry, T̂�1↵

�ĉi,"
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For an arbitrary vector field N(x), Hamiltonian (24) does not preserve particle-hole (P-H) symmetry. For example,
defining the P-H transformation as

P̂�1

z ↵

✓
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ĉi,"
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evant operator. This complication is completely avoided
in the model introduced here, where the DQCP sepa-
rates QSH and SC rather than AFM and VBS phases.
QSH and AFM order are both described by an SO(3)
order parameter. However, instead of the Z4 symmetry
broken by lattice VBS state, the SC phase breaks the
same global U(1) gauge symmetry (charge conservation)
on the lattice and in the continuum. Therefore, the num-
ber of skyrmion defects with charge 2e is conserved and
monopoles are absent.

The exciting prospects of (i) SC order from topo-
logical defects of a spontaneously generated QSH state
and (ii) a monopole-free realisation of a DQCP moti-
vate the search for a suitable lattice model amenable
to quantum Monte Carlo simulations without a sign
problem. Such e↵orts are part of the recent surge of
designer Hamiltonians aimed at studying exotic phases
and phase transitions.15–21 Here, we start from a tight-
binding model of Dirac fermions in the form of electrons
on the honeycomb lattice with nearest-neighbour hop-
ping (see Fig. 1b), as described by

Ĥt = �t
X

hi,ji

(ĉ†i ĉj +H.c.). (1)

The spinor ĉ
†
i =

�
ĉ†i,", ĉ

†
i,#
�
, where ĉ†i,� creates an elec-

tron at lattice site i with spin �. Equation (1) yields
the familiar graphene band structure with gapless, linear
excitations at the Dirac points.22 A suitable interaction
that generates the above physics is

Ĥ� = ��
X

7

 
X

hhi,jii27
i⌫ij ĉ

†
i�ĉj +H.c.

!2

. (2)

The first sum is over all the hexagons of a honeycomb
lattice with L⇥L units cells and periodic boundary con-
ditions. The second sum is over all pairs of next-nearest-
neighbour sites of a hexagon, see Fig. 1b. The quantity
⌫ij = ±1 is identical to the Kane-Mele model;1 for a path
from site i to site j (connected by Rij , see Fig. 1b) via
site k, ⌫ij = êz · (Rik ⇥Rkj)/|êz · (Rik ⇥Rkj)| with êz

a unit vector perpendicular to the honeycomb plane. Fi-
nally, � = (�x,�y,�z) with the Pauli spin matrices �↵.
The rationale for this choice of interaction is easy to un-
derstand. Without the square, and taking just one of the
three Pauli matrices, equation (2) reduces to the Kane-
Mele spin-orbit coupling that explicitly breaks SO(3) spin
symmetry. In contrast, this symmetry is preserved by Ĥ�

but spontaneously broken by long-range QSH order. For
� > 0, the model defined by Ĥ = Ĥt + Ĥ� can be simu-
lated without a sign problem by auxiliary-field quantum
Monte Carlo methods.23–25 In the following, we set t = 1
and consider a half-filled band with one electron per site.

A mean-field decomposition of equation (2) suggests a
transition from the Dirac semimetal to a QSH state at a
critical value �c1 > 0. However, it is highly non-trivial
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FIG. 2. Gross-Neveu semimetal-QSH transition. a
Correlation ratio RQSH

� [equation (5)] for di↵erent system sizes
L. The extrapolation of the crossing points of RQSH

� for L
and L+6 in the inset gives the critical value �c1 = 0.0187(2).
b Finite-size scaling based on equation (6) gives an inverse
correlation length exponent 1/⌫ = 1.14(9). c Estimation of
the anomalous dimension ⌘ = 0.79(5).

if the associated saddle point is stable. In fact, s-wave
pair hopping processes arise upon expanding the square
in equation (2) and can lead to superconductivity.26 The
exact phase diagram can be obtained by quantum Monte
Carlo simulations. Remarkably, as illustrated in Fig. 1a,
we find two distinct phase transitions. First, from the
semimetal to a QSH state at �c1, then from the QSH
state to an s-wave SC at �c2 > �c1.
The semimetal-QSH transition involves the breaking of

spin rotation symmetry and is expected to be in the O(3)
Gross-Neveu universality class for N = 8 Dirac fermions
(two sublattices, two Dirac points, � =", #). The local
vector order parameter takes the form of a spin current,

Ô
QSH

r,� = iĉ†r�ĉr+� +H.c., (3)

where r corresponds to a unit cell labelling a hexagon,
and r + � runs over all next-nearest neighbours. Be-
cause this order parameter is a lattice regularisation of
the three QSH mass terms in the Dirac equation, long-
range order implies a mass gap.1 To study the phase tran-
sition, we computed the associated susceptibility

�O
�,�0(q) =

1

L2

X

r,r0

Z �

0

d⌧eiq·(r�r0
)hÔr,�(⌧)Ôr0,�0(0)i.

(4)
Here, we omitted the vanishing background term and
concentrate on the largest eigenvalue of �O

�,�0(q) (see sup-

RQSH(L,�) = F (Lz/�, (�� �c)L
1/⌫ , L�!)
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I. INTRODUCTION

It is well known that the large overlap between the pz
orbitals from neighboring carbon atoms makes graphene an
excellent conductor.1 Nevertheless, one can conceive of situ-
ations in which the relative strength of the repulsive Cou-
lomb interaction between electrons would be higher so that
graphene would turn into a Mott insulator. A recent calcula-
tion suggests that just taking the graphene sheet away from
the substrate may gap out the Dirac points.2,3 If so, varying
the dielectric constant of the surrounding medium over a
sufficiently wide range could in principle be used to tune
through the metal-insulator !MI" transition in graphene. An-
other possibility would be stretching the sheet to reduce the
hopping between the pz orbitals. Such a quantum phase tran-
sition would be the analog of the Higgs mechanism for
gauge-neutral fermions in particle physics, with the Higgs
boson here as a composite field. It would represent maybe
the simplest example of fermionic quantum criticality, in
which the gapless fermions exist only near the isolated points
in the momentum space. A finite gap would also make
graphene more interesting for potential applications in
electronics.4

A unique feature of the Mott phase in graphene is that it
may come in several varieties: from the familiar Néel and
staggered-density phases,5,6 to the more exotic insulators that
break the time-reversal symmetry !TRS".7 There have been
several studies of the MI transition in graphene.2,6–12 Never-
theless, several fundamental questions still await answers.
Among these, the following qualitative issues seem particu-
larly pertinent: !1" what is the role of Dirac fermions in the
critical behavior, !2" how does the criticality depend on the
nature of the order parameter !OP" in the Mott insulator, !3"
what is the fate of fermions near the critical point, !4" is the
long-range tail of the Coulomb interaction relevant? Ques-
tions 1 and 3 echo some of the central themes of the wider
field of quantum critical phenomena,13,14 whereas the last
question, as we will argue, is related to the classic problem
of triviality of the continuum limit in nonasymptotically free-
field theories.

In this paper, we present an effective theory of the Mott
transition in graphene which allows us to address these and
related issues in a controlled and transparent way. Our action
contains both the self-interacting bosonic !or “Higgs”" OPs

and the Dirac fermions, coupled by Yukawa-like terms. It
represents a simple modification of the Gross-Neveu theory,
derived previously in the large-N limit,6 but with a crucial
feature: there is an upper critical !space" dimension in the
problem of three. This allows one to perform the !=3−d
expansion, with the Higgs and the fermionic fields at all
stages of the calculation treated on the same footing, thus
placing the Mott criticality in graphene at the same level of
rigor as the textbook "4 theory. We find the MI transition in
graphene to be of the second order, and to be governed by
the critical point laying at a finite Yukawa coupling !Fig. 1".
Although crucial for the critical behavior, Dirac fermions
acquire a small positive anomalous dimension, so that the
residue of the quasiparticle pole continuously vanishes as the
transition is approached from the metallic side. Whereas the
transition may be tuned by increasing the strength of Cou-
lomb repulsion, its #1 /r tail is in fact an irrelevant pertur-
bation to the leading order in !. We determine the depen-
dence of the critical exponents on the broken symmetry of
the Mott phase. Our analytical results compare favorably
with those of a recent numerical work.2 The emergent Lor-
entz symmetry near criticality implies the existence of a par-
ticular universal quantity: the ratio of the low-temperature
specific heats of the semimetal and of the rotationally non-
invariant insulator. Finally, possible analogies between the

�

�

�

!�"

#

FIG. 1. Schematic flow in the critical plane for Mott transitions
in graphene. For any positive bosonic quartic coupling # the tran-
sition is continuous and governed by the fermionic critical point F.
g is the Yukawa coupling between the OP and Dirac fermions. The
other marked fixed points are the Gaussian !G" and the Wilson-
Fisher !WF". The !unmarked" bicritical fixed point is unphysical, as
argued below.
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One expects  the  the SM-QSH quantum phase transition to belong to the same universality class as of the 
SM-AFM transition.
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I. INTRODUCTION

It is well known that the large overlap between the pz
orbitals from neighboring carbon atoms makes graphene an
excellent conductor.1 Nevertheless, one can conceive of situ-
ations in which the relative strength of the repulsive Cou-
lomb interaction between electrons would be higher so that
graphene would turn into a Mott insulator. A recent calcula-
tion suggests that just taking the graphene sheet away from
the substrate may gap out the Dirac points.2,3 If so, varying
the dielectric constant of the surrounding medium over a
sufficiently wide range could in principle be used to tune
through the metal-insulator !MI" transition in graphene. An-
other possibility would be stretching the sheet to reduce the
hopping between the pz orbitals. Such a quantum phase tran-
sition would be the analog of the Higgs mechanism for
gauge-neutral fermions in particle physics, with the Higgs
boson here as a composite field. It would represent maybe
the simplest example of fermionic quantum criticality, in
which the gapless fermions exist only near the isolated points
in the momentum space. A finite gap would also make
graphene more interesting for potential applications in
electronics.4

A unique feature of the Mott phase in graphene is that it
may come in several varieties: from the familiar Néel and
staggered-density phases,5,6 to the more exotic insulators that
break the time-reversal symmetry !TRS".7 There have been
several studies of the MI transition in graphene.2,6–12 Never-
theless, several fundamental questions still await answers.
Among these, the following qualitative issues seem particu-
larly pertinent: !1" what is the role of Dirac fermions in the
critical behavior, !2" how does the criticality depend on the
nature of the order parameter !OP" in the Mott insulator, !3"
what is the fate of fermions near the critical point, !4" is the
long-range tail of the Coulomb interaction relevant? Ques-
tions 1 and 3 echo some of the central themes of the wider
field of quantum critical phenomena,13,14 whereas the last
question, as we will argue, is related to the classic problem
of triviality of the continuum limit in nonasymptotically free-
field theories.

In this paper, we present an effective theory of the Mott
transition in graphene which allows us to address these and
related issues in a controlled and transparent way. Our action
contains both the self-interacting bosonic !or “Higgs”" OPs

and the Dirac fermions, coupled by Yukawa-like terms. It
represents a simple modification of the Gross-Neveu theory,
derived previously in the large-N limit,6 but with a crucial
feature: there is an upper critical !space" dimension in the
problem of three. This allows one to perform the !=3−d
expansion, with the Higgs and the fermionic fields at all
stages of the calculation treated on the same footing, thus
placing the Mott criticality in graphene at the same level of
rigor as the textbook "4 theory. We find the MI transition in
graphene to be of the second order, and to be governed by
the critical point laying at a finite Yukawa coupling !Fig. 1".
Although crucial for the critical behavior, Dirac fermions
acquire a small positive anomalous dimension, so that the
residue of the quasiparticle pole continuously vanishes as the
transition is approached from the metallic side. Whereas the
transition may be tuned by increasing the strength of Cou-
lomb repulsion, its #1 /r tail is in fact an irrelevant pertur-
bation to the leading order in !. We determine the depen-
dence of the critical exponents on the broken symmetry of
the Mott phase. Our analytical results compare favorably
with those of a recent numerical work.2 The emergent Lor-
entz symmetry near criticality implies the existence of a par-
ticular universal quantity: the ratio of the low-temperature
specific heats of the semimetal and of the rotationally non-
invariant insulator. Finally, possible analogies between the

�

�

�

!�"

#

FIG. 1. Schematic flow in the critical plane for Mott transitions
in graphene. For any positive bosonic quartic coupling # the tran-
sition is continuous and governed by the fermionic critical point F.
g is the Yukawa coupling between the OP and Dirac fermions. The
other marked fixed points are the Gaussian !G" and the Wilson-
Fisher !WF". The !unmarked" bicritical fixed point is unphysical, as
argued below.
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SM-QSH

One expects  the  the SM-QSH quantum phase transition to belong to the same universality class as of the 
SM-AFM transition.

The only difference between the         and                    is a sign difference between the two valleys. Since 
the transition is  a                   transition, we do not expect this  sign difference to  have any effect. 
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evant operator. This complication is completely avoided
in the model introduced here, where the DQCP sepa-
rates QSH and SC rather than AFM and VBS phases.
QSH and AFM order are both described by an SO(3)
order parameter. However, instead of the Z4 symmetry
broken by lattice VBS state, the SC phase breaks the
same global U(1) gauge symmetry (charge conservation)
on the lattice and in the continuum. Therefore, the num-
ber of skyrmion defects with charge 2e is conserved and
monopoles are absent.

The exciting prospects of (i) SC order from topo-
logical defects of a spontaneously generated QSH state
and (ii) a monopole-free realisation of a DQCP moti-
vate the search for a suitable lattice model amenable
to quantum Monte Carlo simulations without a sign
problem. Such e↵orts are part of the recent surge of
designer Hamiltonians aimed at studying exotic phases
and phase transitions.15–21 Here, we start from a tight-
binding model of Dirac fermions in the form of electrons
on the honeycomb lattice with nearest-neighbour hop-
ping (see Fig. 1b), as described by

Ĥt = �t
X

hi,ji

(ĉ†i ĉj +H.c.). (1)

The spinor ĉ
†
i =

�
ĉ†i,", ĉ

†
i,#
�
, where ĉ†i,� creates an elec-

tron at lattice site i with spin �. Equation (1) yields
the familiar graphene band structure with gapless, linear
excitations at the Dirac points.22 A suitable interaction
that generates the above physics is

Ĥ� = ��
X

7

 
X

hhi,jii27
i⌫ij ĉ

†
i�ĉj +H.c.

!2

. (2)

The first sum is over all the hexagons of a honeycomb
lattice with L⇥L units cells and periodic boundary con-
ditions. The second sum is over all pairs of next-nearest-
neighbour sites of a hexagon, see Fig. 1b. The quantity
⌫ij = ±1 is identical to the Kane-Mele model;1 for a path
from site i to site j (connected by Rij , see Fig. 1b) via
site k, ⌫ij = êz · (Rik ⇥Rkj)/|êz · (Rik ⇥Rkj)| with êz

a unit vector perpendicular to the honeycomb plane. Fi-
nally, � = (�x,�y,�z) with the Pauli spin matrices �↵.
The rationale for this choice of interaction is easy to un-
derstand. Without the square, and taking just one of the
three Pauli matrices, equation (2) reduces to the Kane-
Mele spin-orbit coupling that explicitly breaks SO(3) spin
symmetry. In contrast, this symmetry is preserved by Ĥ�

but spontaneously broken by long-range QSH order. For
� > 0, the model defined by Ĥ = Ĥt + Ĥ� can be simu-
lated without a sign problem by auxiliary-field quantum
Monte Carlo methods.23–25 In the following, we set t = 1
and consider a half-filled band with one electron per site.

A mean-field decomposition of equation (2) suggests a
transition from the Dirac semimetal to a QSH state at a
critical value �c1 > 0. However, it is highly non-trivial
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FIG. 2. Gross-Neveu semimetal-QSH transition. a
Correlation ratio RQSH

� [equation (5)] for di↵erent system sizes
L. The extrapolation of the crossing points of RQSH

� for L
and L+6 in the inset gives the critical value �c1 = 0.0187(2).
b Finite-size scaling based on equation (6) gives an inverse
correlation length exponent 1/⌫ = 1.14(9). c Estimation of
the anomalous dimension ⌘ = 0.79(5).

if the associated saddle point is stable. In fact, s-wave
pair hopping processes arise upon expanding the square
in equation (2) and can lead to superconductivity.26 The
exact phase diagram can be obtained by quantum Monte
Carlo simulations. Remarkably, as illustrated in Fig. 1a,
we find two distinct phase transitions. First, from the
semimetal to a QSH state at �c1, then from the QSH
state to an s-wave SC at �c2 > �c1.
The semimetal-QSH transition involves the breaking of

spin rotation symmetry and is expected to be in the O(3)
Gross-Neveu universality class for N = 8 Dirac fermions
(two sublattices, two Dirac points, � =", #). The local
vector order parameter takes the form of a spin current,

Ô
QSH

r,� = iĉ†r�ĉr+� +H.c., (3)

where r corresponds to a unit cell labelling a hexagon,
and r + � runs over all next-nearest neighbours. Be-
cause this order parameter is a lattice regularisation of
the three QSH mass terms in the Dirac equation, long-
range order implies a mass gap.1 To study the phase tran-
sition, we computed the associated susceptibility

�O
�,�0(q) =

1

L2

X

r,r0

Z �

0

d⌧eiq·(r�r0
)hÔr,�(⌧)Ôr0,�0(0)i.

(4)
Here, we omitted the vanishing background term and
concentrate on the largest eigenvalue of �O

�,�0(q) (see sup-
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†
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and L+6 in the inset gives the critical value �c1 = 0.0187(2).
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correlation length exponent 1/⌫ = 1.14(9). c Estimation of
the anomalous dimension ⌘ = 0.79(5).

if the associated saddle point is stable. In fact, s-wave
pair hopping processes arise upon expanding the square
in equation (2) and can lead to superconductivity.26 The
exact phase diagram can be obtained by quantum Monte
Carlo simulations. Remarkably, as illustrated in Fig. 1a,
we find two distinct phase transitions. First, from the
semimetal to a QSH state at �c1, then from the QSH
state to an s-wave SC at �c2 > �c1.
The semimetal-QSH transition involves the breaking of

spin rotation symmetry and is expected to be in the O(3)
Gross-Neveu universality class for N = 8 Dirac fermions
(two sublattices, two Dirac points, � =", #). The local
vector order parameter takes the form of a spin current,
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r,� = iĉ†r�ĉr+� +H.c., (3)

where r corresponds to a unit cell labelling a hexagon,
and r + � runs over all next-nearest neighbours. Be-
cause this order parameter is a lattice regularisation of
the three QSH mass terms in the Dirac equation, long-
range order implies a mass gap.1 To study the phase tran-
sition, we computed the associated susceptibility
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Here, we omitted the vanishing background term and
concentrate on the largest eigenvalue of �O
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Exponents are in agreement with 

Gross-Neveu 0(3) @ N=8 

SM-QSH

v =  0.84 4( )
η =  0.70 15( )
z = 1

F. Parisen Toldin, M. Hohenadler, 
F. F. Assaad, and I.  Herbut,
Phys. Rev. B 91 (2015), 165108.



Superconductivity from condensation of topological defects in QSH insulator 

How should we trigger the proliferation of  skyrmions in the QSH insulator? 

Add an attractive Hubbard U-term

(Is technically possible and does not trigger 
a negative sign problem)

QSH-SC
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Superconductivity from condensation of topological defects in QSH insulator 

How should we trigger the proliferation of  skyrmions in the QSH insulator? 

Add an attractive Hubbard U-term

(Is technically possible and does not trigger 
a negative sign problem)

Adding a Hubbard U-term is not necessary!
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Superconductivity from condensation of topological defects in QSH insulator 

λ
Semimetal 
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QSH s-wave superconductor

Quantum spin Hall s-wave superconductivity

3

plementary material), henceforth denoted as �O(q). To
detect the transition, we consider the renormalization-
group invariant correlation ratio

1� �O(Q+�q)

�O(Q)
= RO

�

⇣
L1/⌫

�
�� �O

c

�
, L�w

⌘
(5)

with |�q| = 4⇡p
3L

, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH

c1 . The correlation length
exponent was estimated from10

1

⌫O(L)
=

1

log r
log

 
d
d�R

O
� (�, rL)

d
d�R

O
� (�, L)

!�����
�=�O

c
(L)

(6)

with r = L+6

L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31

To detect SC order, we used the order parameter

ÔSC

r,�̃
=

1

2

⇣
ĉ†
r+�̃,"ĉ

†
r+�̃,# +H.c.

⌘
(7)

where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).

0.6

0.7

0.8

0.9

1.0

0.031 0.032 0.033 0.034 0.035

a

0.6

0.7

0.8

0.9

1.0

0.031 0.032 0.033 0.034 0.035

b

0.030

0.032

0.034

0.036

0.0 0.1 0.2

QSH

SC

R
Q
S
H

�

�

L = 6

L = 9

L = 12

L = 15

L = 18

L = 21

R
S
C

�

�

�
O c2
(
L
)

1/L

FIG. 3. Deconfined QSH-SC transition. a Correlation
ratio RQSH

� and b correlation ratio RSC

� for di↵erent system
sizes L. The extrapolation of the crossing points for L and
L + 6 using the form a + b/Lc (see inset of b) gives �QSH

c2 =
0.03322(3) and �SC

c2 = 0.0332(2).

The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH

c1 . The correlation length
exponent was estimated from10
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L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31

To detect SC order, we used the order parameter
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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3

plementary material), henceforth denoted as �O(q). To
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, the ordering wavevector Q =

0, the correlation length exponent ⌫, and the lead-
ing corrections-to-scaling exponent !. We set the in-
verse temperature � = L in our simulations based on
the assumption of a dynamical critical exponent z =
1.27 In contrast to previous analyses of Gross-Neveu
criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.

The results for the semimetal-QSH transition are
shown in Fig. 2. The finite-size estimate of the criti-
cal value, �QSH

c1 (L), corresponds to the crossing point of
RQSH

� for L and L + 6. Extrapolation to the thermody-

namic limit (inset of Fig. 2a) yields �QSH

c1 = 0.0187(2). As
shown in the supplementary material, the single-particle
gap is nonzero for � > �QSH

c1 . The correlation length
exponent was estimated from10
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with r = L+6

L . A similar equation can be used to de-
termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31

To detect SC order, we used the order parameter
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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the assumption of a dynamical critical exponent z =
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criticality28,29 we use susceptibilities rather than equal-
time correlators to suppresses background contributions
to the critical fluctuations.
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termine the exponent ⌘ from the divergence of the sus-
ceptibility (�O / L2�⌘) at criticality (see supplementary
material). Aside from a polynomial interpolation of the
data as a function of � for each L, this analysis does
not require any further fitting and, by definition, con-
verges to the correct exponents in the thermodynamic
limit with rate L�!. While previous estimates of the
critical exponents vary,28–30 the values 1/⌫ = 1.14(9) and
⌘ = 0.79(5) from Fig. 2 are consistent with ⌫ = 1.02(1)
and ⌘ = 0.76(2) from previous work.29 This suggest that
the semimetal-QSH transition is in the same universality
class as the semimetal-AFM transition.28,29,31
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where r + �̃ runs over the two orbitals of unit cell r. As
before, we computed the corresponding susceptibility and
used � = L in anticipation of z = 1. Fig 3 shows that,
within the very small error bars, the critical value for SC
order �SC

c2 = 0.0332(2) and the critical value for the dis-
appearance of long-range QSH order �QSH

c2 = 0.03322(3)
are identical, suggesting a direct QSH-SC transition. At
this transition, the single-particle gap remains of order
one and we find no evidence for a first-order transition
for the available system sizes (supplementary Fig. 2).
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The observed s-wave symmetry of the SC state emerges
directly from the perspective of Dirac mass terms. In 2+1
dimensions and for N = 8 Dirac fermions, there exist nu-
merous quintuplets of anti-commuting mass terms that
combine di↵erent order parameters in a higher SO(5)
symmetry group.32 A well-known example relevant for
DQCPs are the three AFM and two VBS mass terms.
The three QSH mass terms form a quintuplet with the
two s-wave SC mass terms. The resulting SO(5) order pa-
rameter allows for a very natural derivation of the Wess-
Zumino-Witten term,33,34 crucial for the DQCP, by in-
tegrating out the (massive) Dirac fermions.35

As argued in the introduction, the QSH-SC problem
is free of monopoles, so that our lattice model represents
an improved model to study the DQCP. Although sim-
ulations for fermions are limited to smaller system sizes
than for bosons, severe size e↵ects due to monopoles10

can be expected to be absent. Fig 4 shows a finite-
size analysis for the correlation length exponent and the
anomalous dimension, as obtained either from the QSH
or the SC correlation ratio. The resulting estimates
⌘QSH = 0.21(5) and ⌘SC = 0.22(6) compare favourably
with those from loop models11 where ⌘AFM = 0.259(6)
and ⌘VBS = 0.25(3). An alternative analysis in the sup-
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Gross-Neveu – QSH

Lmin �c RQSH

� (�c) 1/⌫ ! �2/DOF

6 0.01898(2) 0.6970(6) 1.26(2) n/a 94.6/34

9 0.01891(2) 0.693(1) 1.17(3) n/a 34.8/27

12 0.01882(4) 0.687(2) 1.17(5) n/a 18.6/20

15 0.01870(7) 0.678(5) 1.14(11) n/a 9.22/13

18 0.0186(2) 0.67(2) 1.3(4) n/a 1.90/6

Gross-Neveu – QSH

Lmin ⌘ �2/DOF

6 0.666(7) 210/33

9 0.70(1) 111/26

12 0.76(2) 28.6/18

15 0.78(2) 4.4/12

18 0.81(6) 1.9/6

TABLE III. Same as table I, but for the Gross-Neveu transition. Here n = 2, while scaling corrections are ignored.

Single-particle gap and free-energy derivative across the QSH-SC transition

The single-particle gap �sp is obtained from the single-particle Green function

G(k, ⌧) =
1

L2

X

r,r0,�,�

hĉ†r+�,�(⌧)ĉr+�,�(0)ieik·(r�r0
) (20)

where r + � runs over the two orbitals of the unit cell located at r. The single-particle gap is minimal at the Dirac
point K = ( 4⇡

3
, 0) and is extracted by noting that asymptotically

G(K, ⌧) / e��sp⌧ . (21)

Here, we used � = 36. S.Fig 4a demonstrates that �sp remains nonzero across the QSH-SC transition at �c2 ⇡ 0.033.
In order to clarify nature of the QSH-SC transition, we also calculated the first partial derivative of the free energy

density with respect to the coupling � (we use the same notation as in the main text)
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S.Fig 4b shows @F/@� for � = L in the vicinity of �c2 ⇡ 0.033. As expected for a continuous transition, we observe
no sign of a jump.

Charged skyrmion defects of the QSH state

In Ref.,6 it was shown that when a QSH state is generated by spontaneous symmetry breaking, skyrmion defects
of the vector order parameter will carry an electric charge of Qe = 2e, leading to the relation

Qe = 2eQ (23)
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together and terminate at a point. It is clear that such termi-
nation points may be associated with Z4 vortices—the clock
angle winds by 2! upon encircling such a termination point
(see Fig. 3). Z4 antivortices may be similarly defined.
What do such Z4 vortices correspond to in terms of the

underlying VBS configurations? An example is illustrated in
Fig. 4. A remarkable property of this cartoon is that at the
core of such a vortex there is a site with an unpaired spin—
i.e., a spin that is not part of any valence bond. It is easy to
see that this is a general property of any such vortex pattern
of the VBS order parameter. Furthermore, translating the en-
tire valence bond pattern by one lattice spacing reverses the
direction of the winding—thus the Z4 vortices are associated
with one sublattice, say the A sublattice, and the Z4 antivor-
tices with the B sublattice.
Thus in this particular quantum problem, the Z4 vortices

(and antivortices) carry an uncompensated spin-1 /2 moment.
They may therefore be identified with “spinons.” In the
VBS-ordered phase, the energy required to separate a vortex
from an antivortex increases linearly with distance, since
such a pair is necessarily accompanied by four domain walls
connecting the two defects (see Fig. 3). This means that the
spinons are confined and do not exist as free excitations in
this phase.

It is the nontrivial structure of the Z4 vortex in this prob-
lem that distinguishes the VBS state from a more ordinary
state with a Z4 order parameter. Such an ordinary state ob-
tains for instance in a simple lattice quantum O!2" rotor
model with a fourfold anisotropy. In this case the Z4 vortices
in the ordered state have featureless cores. The disordering
transition in this simple model may be described by the usual
three-dimensional classical Z4 model and is hence in the 3D
XY universality class (since the clock anisotropy is irrel-
evant). In contrast, disordering transitions out of the VBS
phase must necessarily take into account the presence of the
spin-1 /2 moment in the cores of the Z4 vortices. Any map-
ping to a classical 3D Z4 model is then complicated by the
need to incorporate this vortex structure.
Consider moving out of the VBS phase by proliferating

and condensing the Z4 vortices. Clearly once the vortices
proliferate, long-ranged Z4 order cannot be sustained. Fur-
thermore, as these vortices carry spin, the resulting state will
break spin symmetry, and as argued below may be identified
as the Néel state.
These simple considerations, therefore, provide a mecha-

nism for a direct second-order transition between the VBS
and Néel phases. As for the usual Z4 model, it is reasonable
to expect that the clock anisotropy will be irrelevant at this
transition as well. Indeed, as we will argue later, this is
strongly supported by the evidence from Refs. 1 and 2. For
the present, let us explore the consequences of the expected
irrelevance of the clock anisotropy.
The critical theory will then be that of a (quantum) XY

model in D=2+1 but with vortices that carry spin-1 /2 (See
Fig. 5). The spinon nature of these vortices will change the
universality class from D=3 XY to something different.
Clearly to expose this difference and to obtain a description
of the resulting new universality class, it will be most con-
venient to go to a dual basis in terms of the vortices and their
interactions (analogous to the familiar Coulomb gas descrip-
tion of classical 2D XY models).

FIG. 2. (Color online) An example of an elementary domain
wall in the VBS state across which the clock angle shifts by ! /2.

FIG. 3. (Color online) Macroscopic picture of a Z4 vortex as a
point where four oriented elementary domain walls meet and end.

FIG. 4. (Color online) The Z4 vortex in the columnar VBS state.
The blue lines represent the four elementary domain walls. At the
core of the vortex there is an unpaired site with a free spin-1 /2
moment.
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Superconductivity from condensation of topological defects in QSH insulator 
Effective field theory

The three quantum spin Hall mass terms are  part of the quintuplet of mutually anti-commuting 
QSH and  s-wave superconductivity mass terms.   
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Superconductivity from condensation of topological defects in QSH insulator 

This Lagrangian has an SO(5) symmetry 

Thereby the single particle gap is given by:      �sp = g|'|
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Assume that the single particle gap remains finite across the  transition, then one can omit 

amplitude fluctuations  of the field               and   retain  only  phase fluctuations                  '(x, ⌧)
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Effective field theory
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Superconductivity from condensation of topological defects in QSH insulator 

Integrating out the fermions gives and effective field theory for  the field '̂(x, ⌧)
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VBS from condensation of topological defects in AFM insulator 
Effective field theory

The three AFM mass  terms are  part of mutually anti-commuting quintuplet  of  AFM and VBS masses 

Why is  anti-ferromagnetism intertwined with  the valence bond solid ? 

M = {
MAFMz }| {

�x�0, �y�0, �z�0, i�0�3, i�0�5| {z }
MVBS

}
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Dirac Fermions with Competing Orders: Non-Landau
Transition with Emergent Symmetry
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We consider a model of Dirac fermions in 2þ 1 dimensions with dynamically generated, anticommuting
SO(3) Néel and Z2 Kekulé mass terms that permits sign-free quantum Monte Carlo simulations. The phase
diagram is obtained from finite-size scaling and includes a direct and continuous transition between the Néel
andKekulé phases. The fermions remain gapped across the transition, and our data support an emergent SO(4)
symmetry unifying the two order parameters.While the bare symmetries of ourmodel do not allow for spinon-
carrying Z3 vortices in the Kekulé mass, the emergent SO(4) invariance permits an interpretation of the
transition in terms of deconfined quantum criticality. The phase diagram also features a tricritical point at
which theNéel, Kekulé, and semimetallic phasesmeet. The present sign-free approach can be generalized to a
variety of other mass terms and thereby provides a new framework to study exotic critical phenomena.
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While some of the seminal theoretical works on
symmetry-brokenphases of two-dimensionalDirac fermions
date back to the 1980s [1,2], research along these lines was
boosted by the experimental realization of graphene [3]. Of
particular interest from the perspective of strongly correlated
fermions are interaction-driven phase transitions between the
semimetal and various ordered phases [4,5]. The latter
include not only the usual antiferromagnet (AFM) [6] and
charge-density-wave insulators [1] but also the more com-
plex Kekulé valence-bond solids (KVBSs) [7], as well as
quantum Hall and quantum spin Hall states [2,8,9].
Remarkably, the Dirac nature of the charge carriers changes
the nature of the phase transitions, so that the critical points
are described by Gross-Neveu field theories [10] rather than
Ginzburg-Landau-Wilson theory [11–18]. Exact quantum
Monte Carlo (QMC) simulations have played a key role for
our understanding of these phenomena.
The interplay of different order parameters is a funda-

mental aspect of many-body physics. Whereas phases with
different broken symmetries are, in general, connected by
intermediate phases or first-order transitions according to
Ginzburg-Landau theory, a third possibility exists for
quantum phase transitions, namely, deconfined quantum
critical points (DQCPs). Such DQCPs can be described in
terms of emergent spinon degrees of freedom that are
confined on either side of the transition but deconfined at
criticality [19,20]. The canonical example is the AFM-VBS
critical point of spin-12 quantum magnets on the square
lattice [19,20], which has been studied numerically using
quantum spin or classical loop models [21–23]. Competing
orders in Dirac systems have been numerically investigated
for spinless (N ¼ 1) fermions on the honeycomb lattice
[24]. While the topological Mott phase predicted by mean-
field theory [9,25,26] is destroyed by fluctuations [27], an
intricate interplay of different charge- and bond-ordered

phases is observed [27–31]. For N ¼ 2, the semimetal-
AFM transition [6,16–18,32,33] and the semimetal-KVBS
transition [34] were investigated by QMC simulations (for
the case where N > 2, see Refs. [35,36]). However, no
QMC results exist for competing order parameters because
a sign problem arises in simulations of minimal extended
Hubbard models.
In this Letter, we apply exact QMC simulations to a

model of N ¼ 2 Dirac fermions in 2þ 1 dimensions that
captures the interplay of the chiral SO(3) Néel mass term
and an Ising-type Kekulé mass term. We present the phase
diagram and evidence for a direct, second-order quantum
phase transition between the two ordered states with an
emergent SO(4) symmetry at criticality related to the
anticommuting nature of the mass terms.
Model.—To study the competition between the Néel and

Kekulé mass terms, we simulated a honeycomb lattice
model with Hamiltonian Ĥ ¼ Ĥ f þ Ĥ s þ Ĥ fs. Here,

Ĥ f ¼ −t
X

hiji;σ
ĉ†iσ ĉjσ þ U

X

i

!
n̂i↑ −

1

2

"!
n̂i↓ −

1

2

"
ð1Þ

corresponds to the Hubbard model, whereas

Ĥ s ¼ J
X

hij;kli
ŝzijŝ

z
kl − h

X

hiji
ŝxij ð2Þ

is a ferromagnetic, transverse-field Ising model defined on
the bonds hiji of the honeycomb lattice. The fermion-spin
coupling (ξij ¼ 0, % ξ; see Fig. 1) is given by

Ĥ fs ¼
X

hiji;σ
ξijŝ

z
ijĉ

†
iσ ĉjσ. ð3Þ

It defines a new unit cell with lattice vectors A⃗1 and A⃗2 and
allows for scattering between the Dirac cones and, thereby,
the Kekulé order. The full model has an SU(2) spin

PRL 119, 197203 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

10 NOVEMBER 2017

0031-9007=17=119(19)=197203(5) 197203-1 © 2017 American Physical Society



VBS from condensation of topological defects in AFM insulator 

This Lagrangian has an SO(5) symmetry 

Thereby the single particle gap, the mass is given by:      �sp = g|'|
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Assume that the single particle gap remains finite across the  transition, then one can omit 

amplitude fluctuations  of the field               and   retain  only  phase fluctuations                  '(x, ⌧)
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L0 = LDirac + g †(x, ⌧)
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Effective field theory

'̂(x, ⌧), |'̂(x, ⌧)| = 1
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VBS from condensation of topological defects in AFM insulator 

Integrating out the fermions gives and effective field theory for  the field '̂(x, ⌧)
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Superconductivity from condensation of topological defects in QSH insulator 
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B. Classification of five tuplets of masses in graphene and
!-flux phases

Mass matrices that commute pairwise generate competing
local order parameters. Conversely, mass matrices that anti-
commute pairwise generate compatible local order param-
eters.

All but one PHS masses anticommute with 16 out of the
36 PHS masses. The Haldane mass is unique in that it com-
mutes with all PHS masses.

There are 560 sets of three mutually anticommuting PHS
masses. These triplets are generalizations of the triplet of
compatible masses !=Re !+ i Im ! and "s. Integration over
the Dirac fermions in the presence of any one of these mass
triplets of mass m in competition with the Haldane mass #
induces an O!3" NLSM in !2+1"-dimensional space and
time with or without a Hopf term for m$ ### and ###$ m,
respectively, as was derived in Ref. 15.

There are 280 sets of four mutually anticommuting PHS
masses and the maximum number of pairwise anticommut-
ing PHS mass matrices is 5. Out of ! 36

5 "=376 992 possibili-
ties, there are 56 distinct five tuplets of compatible PHS mass
matrices. They are enumerated in Table III. !If PHS is not
imposed, the maximum number of pairwise anticommuting
mass matrices in the 64 mass matrices is 7. There are 288
distinct seven tuplets of compatible mass matrices."

In the background of each of these five tuplets, integration
over the Dirac fermions yields an O!5" NLSM in
!2+1"-dimensional space and time augmented by a Wess-
Zumino-Witten !WZW" term as was derived in Refs. 59 and
60. Defects-driven continuous phase transition between
phases of matter unrelated by symmetries !i.e., Landau for-
bidden" become possible whenever the quantum numbers of
the defective order parameters in a given five tuplet are dual
in the sense of BF Chern-Simons field theories.61 We illus-
trate this idea with the following examples.

TABLE III. Enumeration of the 56 distinct five-tuplets of maximally pairwise anticommuting PHS X"1"2"3"4
. The 56 five-tuplets are

broken into 28 pairs related by the operation of C conjugation !9.12".

Five tuplet Partner five-tuplet by C conjugation

$Re VBS, Im VBS, Re SSC, Im SSC, CDW% $Re VBS, Im VBS, Néelx, Néely, Néelz%

$Im VBS, CDW, Re VBSx, Re VBSy, Re VBSz% $Im VBS, Néelz, Im TSC32z, Re TSC32z, Re VBSz%
$Re VBS, CDW, Im VBSx, Im VBSy, Im VBSz% $Re VBS, Néelz, Re TSC02z, Im TSC02z, Im VBSz%

$Re SSC, Im SSC, QSHEx, QSHEy, QSHEz% $Néelx, Néely, Im TSCz, Re TSCz, QSHEz%

$Re VBS, Re SSC, Re TSC02x, Im TSC02y, Re TSC02z% $Re VBS, Néelx, Re TSC02x, Im TSC02x, Im VBSx%
$Re VBS, Im SSC, Im TSC02x, Re TSC02y, Im TSC02z% $Re VBS, Néely, Im TSC02y, Re TSC02y, Im VBSy%
$Im VBS, Im SSC, Re TSC32x, Im TSC32y, Re TSC32z% $Im VBS, Néely, Re TSC32y, Im TSC32y, Re VBSy%

$Im VBS, Re SSC, Im TSC32x, Re TSC32y, Im TSC32z% $Im VBS, Néelx, Im TSC32x, Re TSC32x, Re VBSx%
$CDW, Im SSC, Im TSCx, Re TSCy, Im TSCz% $Néelz, Néely, Im TSCx, Re TSCx, QSHEx%
$CDW, Re SSC, Re TSCx, Im TSCy, Re TSCz% $Néelz, Néelx, Re TSCy, Im TSCy, QSHEy%

$Im VBSx, QSHEy, Im VBSz, Re TSC32y, Im TSC32y% $Re TSC02z, Re TSCz, Im VBSz, Re TSC32x, Im TSC32y%
$Im VBSx, QSHEy, Re VBSx, Néelx, QSHEz% $Re TSC02z, Re TSCz, Im TSC32z, Re SSC, QSHEz%

$Im VBSx, Re TSC32y, Im TSC32z, Im TSC02x, Im TSCx% $Re TSC02z, Re TSC32x, Re VBSx, Im TSC02y, Im TSCx%
$Im VBSx, Re TSC32z, Re TSC02x, Re TSCx, Im TSC32y% $Re TSC02z, Re VBSy, Re TSC02x, Re TSCy, Im TSC32y%

$Im VBSx, Re TSC32z, Im TSC32z, Im VBSy, QSHEz% $Re TSC02z, Re VBSy, Re VBSx, Im TSC02z, QSHEz%
$Im VBSx, Re TSCx, Im TSCx, CDW, Re VBSx% $Re TSC02z, Re TSCy, Im TSCx, Néelz, Im TSC32z%

$QSHEy, Im VBSz, QSHEx, Re VBSz, Néelz% $Re TSCz, Im VBSz, Im TSCz, Re VBSz, CDW%
$QSHEy, Re TSC02y, Re TSCy, Im SSC, Im TSC32y% $Re TSCz, Re TSC02y, Re TSCx, Néely, Im TSC32y%

$QSHEy, Re TSC02y, Im TSC02y, Re VBSx, Re VBSz% $Re TSCz, Re TSC02y, Im TSC02x, Im TSC32z, Re VBSz%
$QSHEy, Re TSC32y, Im TSC02y, Im TSCy, Re SSC% $Re TSCz, Re TSC32x, Im TSC02x, Im TSCy, Néelx%

$Re VBSy, Néely, QSHEx, Im VBSy, QSHEz% $Re TSC32z, Im SSC, Im TSCz, Im TSC02z, QSHEz%
$Re VBSy, Re TSCy, Im TSCy, CDW, Im VBSy% $Re TSC32z, Re TSCx, Im TSCy, Néelz, Im TSC02z%

$Re VBSy, Re TSC32y, Im TSCy, Im TSC02z, Im TSC02x% $Re TSC32z, Re TSC32x, Im TSCy, Im VBSy, Im TSC02y%
$Re VBSy, Re TSC02x, Im TSC02x, QSHEx, Re VBSz% $Re TSC32z, Re TSC02x, Im TSC02y, Im TSCz, Re VBSz%

$Néely, Re TSC32y, Im TSC02y, Im TSCz, Im TSCx% $Im SSC, Re TSC32x, Im TSC02x, QSHEx, Im TSCx%
$Im VBSz, Re TSC32y, Im TSC02z, Im TSCz, Im TSC32x% $Im VBSz, Re TSC32x, Im VBSy, QSHEx, Im TSC32x%
$Re TSC02y, Re TSCy, Im TSC32z, Im TSC32x, Im VBSy% $Re TSC02y, Re TSCx, Re VBSx, Im TSC32x, Im TSC02z%

$Re TSCy, Re TSC02x, Im TSCz, Im TSC32x, Néelx% $Re TSCx, Re TSC02x, QSHEx, Im TSC32x, Re SSC%
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Superconductivity from condensation of topological defects in QSH insulator 

Is the transition   from QSH to SC  different than  the one from AFM to VBS ? 

(a)

DQCPAF U(1) SL

λ4

VBS

(b)

DQCPQSH SSC

On the lattice the U(1) 
symmetry gives way to 
a C4 .  This introduces a 
second  length scales and 
complicates the analysis of the
DQCP

On the lattice the U(1)  symmetry 
of the  SC is conserved.

à No dangerously irrelevant 
operator. 

à Improved model for DQCP

Picture from W. Guo

Critical exponents

AFM-VBS

QSH-SC
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FIG. 4. Critical exponents for the QSH-SC transition.
a, b Critical exponents 1/⌫SC = 1.8(2), 1/⌫QSH = 1.7(4),
⌘SC = 0.22(6), and ⌘QSH = 0.21(5) from finite-size scaling of
the crossing points for L and L+ 6. c Ratio of the QSH and
SC susceptibilities for di↵erent system sizes L.

plementary material yields similar values. Given the very
similar anomalous dimensions ⌘QSH and ⌘SC of QSH and
SC fluctuations, the ratio of the QSH and SC susceptibil-
ities is expected to be a renormalization group invariant,
as confirmed by Fig. 4c. However, a crossing of di↵er-
ent curves at �c2 is a necessary but not su�cient condi-
tion for an emergent SO(5) symmetry at the DQCP. In
fact, a continuous transition with emergent SO(5) sym-
metry can be essentially excluded here in the light of
the condition ⌘ > 0.52 from the conformal bootstrap
method.36 The latter also yields a bound of 1/⌫ < 1.957
for a unitary conformal field theory with only one tun-
ing parameter37 that is satisfied by 1/⌫SC = 1.8(2) and
1/⌫QSH = 1.7(4) from Fig. 4a but not by 1/⌫ = 2.24(4).10

Simulations of the monopole-free model on even larger
lattices are required for a conclusive answer.

Our model provides a realisation of a QSH insulator
emerging from spontaneous symmetry breaking. The
corresponding SO(3) order parameter permits both long-
wavelength Goldstone modes and topological skyrmion
defects. By means of a single parameter �, we can trig-
ger continuous quantum phase transitions to either a
semimetal or an s-wave SC state. For the semimetal-
QSH transition, the critical exponents are consistent with
Gross-Neveu universality.28,29 The QSH-SC transition is
of particular interest since it provides a monopole-free,
improved model of deconfined quantum criticality with
only one length scale. The mechanism for SC order

from the QSH state is the condensation of skyrmion de-
fects of the QSH order parameter with charge 2e. For
the QSH-SC transition, our values of the anomalous di-
mension match those of previous work on the AFM-
VBS transition,11,14 which are inconsistent with results
from conformal bootstrap studies if an SO(5) symme-
try emerges at the critical point (as is supported by
numerical and analytical studies). One possible reso-
lution is the scenario of ‘pseudo-criticality’ or ‘walking
coupling constant’.9,11,38,39 In contrast, our estimate of
1/⌫ is still within the conformal bootstrap bound,37 al-
though a bound-violating result is not completely ruled
out given the numerical uncertainty. Consequently, it is
of considerable interest to exploit the full potential of
quantum Monte Carlo methods in order to access even
larger lattices. Other promising approaches that can shed
further light on DQCPs make use of a lattice discretisa-
tion scheme based on projection onto a Landau level that
does not break continuum symmetries.40

A monopole-free realisation of DQCPs is impossible in
traditional settings because of an anomaly9 associated
with the SO(3)⇥U(1) symmetry. In the standard reali-
sation, this anomaly is matched by the non-onsite nature
of lattice rotation symmetries,41 but since lattice rota-
tions are discrete, monopoles can never be completely
suppressed. Alternatively, the anomaly can be eliminated
by properly enlarging the SO(3)⇥U(1) symmetry, essen-
tially allowing microscopic degrees of freedom that carry
‘fractional’ symmetry quantum numbers. This is what is
being done in this work, where the fermions carry half-
spin and half-charge (in terms of Cooper pair charges).
An even simpler extension of the symmetry that elim-
inates the anomaly is SU(2)⇥U(1), meaning that mi-
croscopically there are charged spinless bosons, together
with both charged and neutral spin-1/2 bosons. A chal-
lenge for future studies is to find a reasonably simple
Hamiltonian that realises a DQCP and is amenable to
sign-free bosonic QMC simulations in, e.g., the stochas-
tic series expansion representation.42

The SC phase generated from skyrmion defects moti-
vates further investigations. Its vortex excitations carry
a spin-1/2 degree of freedom,6 so that in the quantum
critical fan thermal melting will yield a spin liquid.43 It
is also possible to add an independent attractive Hub-
bard interaction to explore a semimetal-QSH-SC tri-
critical point (as opposed to the recently discovered
semimetal-AFM-VBS tricritical point21) with predicted
SO(5) Gross-Neveu criticality.44 The vector form of Ĥ�

makes it straight forward to reduce the SO(3) QSH sym-
metry to U(1) and thereby investigate easy-plane real-
isation of DQCPs with a U(1)⇥U(1) symmetry on the
lattice. Work along these directions is in progress.

Critical exponents

⌘QSH = 0.21(5), ⌘SC = 0.22(6)
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⌘AFM = 0.259(6), ⌘VBS = 0.25(3)
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Compares well with
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From conformal bootstrap: 

for  emergent SO(5) symmetry.

⌘ > 0.52
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FIG. 4. Critical exponents for the QSH-SC transition.
a, b Critical exponents 1/⌫SC = 1.8(2), 1/⌫QSH = 1.7(4),
⌘SC = 0.22(6), and ⌘QSH = 0.21(5) from finite-size scaling of
the crossing points for L and L+ 6. c Ratio of the QSH and
SC susceptibilities for di↵erent system sizes L.

plementary material yields similar values. Given the very
similar anomalous dimensions ⌘QSH and ⌘SC of QSH and
SC fluctuations, the ratio of the QSH and SC susceptibil-
ities is expected to be a renormalization group invariant,
as confirmed by Fig. 4c. However, a crossing of di↵er-
ent curves at �c2 is a necessary but not su�cient condi-
tion for an emergent SO(5) symmetry at the DQCP. In
fact, a continuous transition with emergent SO(5) sym-
metry can be essentially excluded here in the light of
the condition ⌘ > 0.52 from the conformal bootstrap
method.36 The latter also yields a bound of 1/⌫ < 1.957
for a unitary conformal field theory with only one tun-
ing parameter37 that is satisfied by 1/⌫SC = 1.8(2) and
1/⌫QSH = 1.7(4) from Fig. 4a but not by 1/⌫ = 2.24(4).10

Simulations of the monopole-free model on even larger
lattices are required for a conclusive answer.

Our model provides a realisation of a QSH insulator
emerging from spontaneous symmetry breaking. The
corresponding SO(3) order parameter permits both long-
wavelength Goldstone modes and topological skyrmion
defects. By means of a single parameter �, we can trig-
ger continuous quantum phase transitions to either a
semimetal or an s-wave SC state. For the semimetal-
QSH transition, the critical exponents are consistent with
Gross-Neveu universality.28,29 The QSH-SC transition is
of particular interest since it provides a monopole-free,
improved model of deconfined quantum criticality with
only one length scale. The mechanism for SC order

from the QSH state is the condensation of skyrmion de-
fects of the QSH order parameter with charge 2e. For
the QSH-SC transition, our values of the anomalous di-
mension match those of previous work on the AFM-
VBS transition,11,14 which are inconsistent with results
from conformal bootstrap studies if an SO(5) symme-
try emerges at the critical point (as is supported by
numerical and analytical studies). One possible reso-
lution is the scenario of ‘pseudo-criticality’ or ‘walking
coupling constant’.9,11,38,39 In contrast, our estimate of
1/⌫ is still within the conformal bootstrap bound,37 al-
though a bound-violating result is not completely ruled
out given the numerical uncertainty. Consequently, it is
of considerable interest to exploit the full potential of
quantum Monte Carlo methods in order to access even
larger lattices. Other promising approaches that can shed
further light on DQCPs make use of a lattice discretisa-
tion scheme based on projection onto a Landau level that
does not break continuum symmetries.40

A monopole-free realisation of DQCPs is impossible in
traditional settings because of an anomaly9 associated
with the SO(3)⇥U(1) symmetry. In the standard reali-
sation, this anomaly is matched by the non-onsite nature
of lattice rotation symmetries,41 but since lattice rota-
tions are discrete, monopoles can never be completely
suppressed. Alternatively, the anomaly can be eliminated
by properly enlarging the SO(3)⇥U(1) symmetry, essen-
tially allowing microscopic degrees of freedom that carry
‘fractional’ symmetry quantum numbers. This is what is
being done in this work, where the fermions carry half-
spin and half-charge (in terms of Cooper pair charges).
An even simpler extension of the symmetry that elim-
inates the anomaly is SU(2)⇥U(1), meaning that mi-
croscopically there are charged spinless bosons, together
with both charged and neutral spin-1/2 bosons. A chal-
lenge for future studies is to find a reasonably simple
Hamiltonian that realises a DQCP and is amenable to
sign-free bosonic QMC simulations in, e.g., the stochas-
tic series expansion representation.42

The SC phase generated from skyrmion defects moti-
vates further investigations. Its vortex excitations carry
a spin-1/2 degree of freedom,6 so that in the quantum
critical fan thermal melting will yield a spin liquid.43 It
is also possible to add an independent attractive Hub-
bard interaction to explore a semimetal-QSH-SC tri-
critical point (as opposed to the recently discovered
semimetal-AFM-VBS tricritical point21) with predicted
SO(5) Gross-Neveu criticality.44 The vector form of Ĥ�

makes it straight forward to reduce the SO(3) QSH sym-
metry to U(1) and thereby investigate easy-plane real-
isation of DQCPs with a U(1)⇥U(1) symmetry on the
lattice. Work along these directions is in progress.

Critical exponents

Compares with

From conformal bootstrap

for continuous transition
(Unitary CFT with one relevant scalar).  
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1/⌫QSH = 1.7(4), 1/⌫SC = 1.8(2)
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1/⌫ = 2.24(4)
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1/⌫ < 1.957
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Superconductivity from condensation of topological defects in QSH insulator 
Critical exponents

How should one reconcile  conformal bootstrap and  numerical results? 

1)   Pseudo criticality  Unitary CFT  with  SO(5) emergent symmetry lies ”close”  to  accessible   

parameter space   (e.g.                                     ).   In this case the cited bootstrap 

bounds are not valid, and the RG flow is very slow in the proximity of the

fixpoint.  Correlation length   is greater than accessible lattice sizes and the 

phase transition is ultimately first order. 

C.Wang, A. Nahum, M. A. Metlitski, C. Xu, and T. Senthil, PRX 7, (2017), 031051.
P. Serna and A. Nahum, arXiv:1805.03759.

2) Continuous transition          
Unitary CFT without SO(5)  symmetry.      The bound                         is  satisfied.

Should be checked with  our improved model. 

1/⌫ < 1.957
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3) ……..

Dc = (2 + 1 + ✏)
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Superconductivity from condensation of topological defects in QSH insulator 

Ø Competing mass terms in Dirac fermions  à Route to generate  exotic phase transition (topological terms).

Ø Novel route to superconductivity 

Ø Improved model to study deconfined quantum critical points (DQCP) 

Ø Doping? Thermodynamics?  Additional attractive U terms ?

Y. Liu, Z. Wang, T. Sato, M. Hohenadler, C. Wang, W. Guo,   FFA, arXiv:1811.02583
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†
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The discovery that spin-orbit coupling can generate a new state of matter in the form of quantum
spin-Hall (QSH) insulators has brought topology to the forefront of condensed matter physics. While
QSH states from spin-orbit coupling can be fully understood in terms of band theory, fascinating
many-body e↵ects are expected if the state instead results from interaction-generated symmetry
breaking. In particular, topological defects of the corresponding order parameter provide a route to
exotic quantum phase transitions. Here, we introduce a model in which the condensation of skyrmion
defects in an interaction-generated QSH insulator produces a superconducting (SC) phase. Because
vortex excitations of the latter carry a spin-1/2 degree of freedom numbers, the SC order may be
understood as emerging from a gapless spin liquid normal state. The QSH-SC transition is an
example of a deconfined quantum critical point (DQCP), for which we provide an improved model
with only a single length scale that is accessible to large-scale quantum Monte Carlo simulations.

In the Kane-Mele model for the QSH insulator,1 the
original SU(2) spin symmetry is explicitly broken by
spin-orbit coupling. Here, we instead consider the case
where this symmetry is preserved by the Hamiltonian but
spontaneously broken by an interaction-generated QSH
state.2 At the mean-field level, the latter is characterised
by an SO(3) order parameter constant in space and time
and a band structure with a non-trivial Z2 topological
index.1,3,4 Long-wavelength fluctuations of this order pa-
rameter include in particular the Goldstone modes that
play a key role for phase transitions to, e.g., a Dirac
semimetal. Such a transition, illustrated in Fig. 1a, is
described by a Gross-Neveu-Yukawa field theory5 with
QSH order encoded in a mass in the underlying Dirac
equation. Fluctuations can also take the form of topolog-
ical (‘skyrmion’) defects that correspond to a nontrivial
winding of the order parameter vector. Due to the topo-
logical nature of the QSH state itself, such skyrmions
carry electric charge 2e:6 as illustrated in the supplemen-
tal material, the insertion of a skyrmion in a system with
open boundaries pumps a pair of charges from the valence
to the conduction band through the helical edge states.
The condensation of skyrmion defects—which coincides
with the destruction of the QSH state—represents a new
route to generate a SC state. In contrast to a weakly
coupled Bardeen-Cooper-Schrie↵er-type SC, its vortices
enclose a spin-1/2 degree of freedom corresponding to the
fractionalized QSH order parameter.6

A direct QSH-SC phase transition (Fig. 1a) is an in-
stance of a DQCP,7–9 the concept of which relies on the
topological defects of one phase carrying the charge of the
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other phase. Defect condensation then provides a mecha-
nism for a continuous transition between two states with
di↵erent broken symmetries (SO(3) for QSH, U(1) for
SC) that is forbidden by Landau theory. Despite consid-
erable numerical e↵orts,10,11 DQCPs remain a subject of
intense debate. Important questions include their very
nature—weakly first order or continuous9—and the role
of emergent symmetries.12 One of the di�culties lies in
the fact that previous lattice realizations11,13,14 involve
antiferromagnetic (AFM) and valence bond solid (VBS)
phases. For the widely studied square lattice, the VBS
state breaks the discrete Z4 rotation symmetry, whereas
the field theory has a U(1) symmetry. The latter is re-
covered on the lattice exactly at the critical point, but
in general the Z4 symmetry breaking term is relevant.
The additional length scale at which the Z4 symmetry
becomes visible obscures the numerical analysis. In the
field theory, this translates into the notion that quadruple
skyrmion addition (monopole) events of the AFM SO(3)
order parameter are irrelevant at criticality but prolif-
erate slightly away from this point to generate the VBS
state.7 Hence, the theory is subject to a dangerously irrel-

FIG. 1. Phase diagram and model. a Schematic ground-
state phase diagram with semimetallic, QSH, and SC phases.
b Illustration of nearest- and next-nearest neighbours and the
vector Rij on a plaquette of the honeycomb lattice.

Skyrmions of the QSH order parameter carry charge 2e.  When they condense they disorder to QSH 

state and create an s-wave superconductor. 

U(1)  charge conservation is not broken by lattice à only a single length scale.  
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Coupling of fermions  to Ising field with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2003 standard

Ø MPI implementation

Ø Parallel tempering, projective and finite T  approaches

Ø Long range Coulomb M. Bercx, F. Goth, J. S. Hofmann  and F. F. Assaad,  SciPost Phys. 3 (2017), 013
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