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Dissipation
Non-Hermitian Hamiltonians               describe dissipation

Review article: Martinez Alvarez, Barrios Vargas, Berdakin, 
and Foa Torres, Eur. Phys. J. Spec. Top. 227, 1295 (2018).

Relevant for, e.g., optical systems with gain and loss

Toy alternative of the Lindblad master equation
PT symmetry: real spectrum in the PT-unbroken phase Bender and Boettcher, PRL 80, 5243 (1998).

Experimental observation of Fermi 
arcs in two dimensions

Zhou et al., Science 359, eaap9859 (2018).

Spectrum features exceptional points, which behave 
vastly different from their Hermitian counterparts
Unidirectional transmission

Chen et al., Nature 548, 192 (2017).

Enhanced sensitivity

Peng et al., PNAS 113, 6845 (2016).



In this talk
Discuss basics of non-Hermitian matrices
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Generic appearance of exceptional structures
In the presence of symmetries

Biorthogonal bulk-boundary correspondence
In first-order topological systems

And in higher-order models
Elisabet Edvardsson, Flore K. Kunst, and Emil J. 
Bergholtz, arXiv:1812.09060. Phys. Rev. B Rapid, in 
press.



Choose to form a biorthogonal set 
when

Right and left eigenvectors are inequivalent

Eigenvalues are generally complex
The imaginary part is associated with a lifetime

Basics
Simple 2x2 non-Hermitian model

Non-orthonormal eigenvectors



Only one eigenvector remains

Degeneracy
The energy is doubly degenerate for

The Hamiltonian is defective
The eigenvectors coalesce, i.e., the geometric multiplicity is not equal to the 
algebraic multiplicity

Such degeneracies are called exceptional points
Heiss, J. Phys. A: Math. Theor. 45, 444016 (2012).



In this talk
Discuss basics of non-Hermitian matrices
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Jan Carl Budich, Johan Carlström, Flore K. Kunst, and 
Emil J. Bergholtz, Phys. Rev. B 99, 041406(R) (2019). 
Editors’ Suggestion

Flore K. Kunst, Elisabet Edvardsson, Jan Carl Budich, 
and Emil J. Bergholtz, Phys. Rev. Lett. 121, 026808 
(2018). Editors’ Suggestion

Generic appearance of exceptional structures
In the presence of symmetries

Biorthogonal bulk-boundary correspondence
In first-order topological systems

And in higher-order models
Elisabet Edvardsson, Flore K. Kunst, and Emil J. 
Bergholtz, arXiv:1812.09060. Phys. Rev. B Rapid, in 
press.



Example: Weyl node

Generic two-band model

Eigenvalues

Hermitian case
In the Hermitian case, two bands cross generically in three 
dimensions

Need to tune three parameters to find a degeneracy
Generic in three dimensions, but requires fine tuning in two dimensions



Exceptional points

Berry, Czech. J. Phys. 54, 1039 (2004). 
Carlström and Bergholtz, Phys. Rev. A 98, 042114 (2018).

Generic in two dimensions

Eigenvalues

Generic two-band model

Non-Hermitian case
In the non-Hermitian case, two bands cross generically in two 
dimensions

Need to tune two parameters to find a degeneracy



i-Fermi arc:
Fermi arc:

Generic Fermi arcs
Generic Fermi arcs appear

Kozii and Fu, arXiv:1708.05841. 
Carlström and Bergholtz, Phys. Rev. A 98, 042114 (2018).



Explicit example

Exceptional points appear when                 and

Exceptional points are non-analytical

Exceptional points

Expanding around the exceptional point yields

They are connected by Fermi arcs



Generic two-band model:

An example:

43 symmetry classes exist for non-Hermitian systems

Symmetries

Bernard and LeClair, arXiv:cond-mat/0110649 (2001).

This is a trivial, unitary transformation in the Hermitian case

Choice one: Makes the Hamiltonian Hermitian
Choice two:

Budich, Carlström, Kunst, and Bergholtz, Phys. Rev. B 99, 041406(R) (2019).



We only need to tune one parameter to find a degeneracy

Generic exceptional surfaces

1D: generic exceptional points
2D: generic exceptional lines
3D: generic exceptional surfaces

They form boundaries for    -dimensional Fermi volumes

In the presence of symmetries, exceptional structures of    
dimensions appear generically in    -dimensional systems
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<latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit>

ky
<latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit>

kx
<latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit><latexit sha1_base64="UYgFRijsJ24+yTrzqMYgXDS9s5M=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdRjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQmv/YzLJDUo2fKjMBXExGR+NxlyhcyIqQXKFLe7EjamijJj0ynZELzVk9ehfVX1LN/VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP19Kjcw=</latexit>

ky
<latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit><latexit sha1_base64="lMxvlX0nEUG+7h8RvfS2qyqVYZ4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+iuGNnwuVpMgVW34UppJgTOZ3k5HQnKHMLFCmhd2VsAnVlKFNp2JD8FZPXofOVd2zfN+oNRtFHGU4g3O4BA+uoQl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWDOjc0=</latexit>

Budich, Carlström, Kunst, and Bergholtz, Phys. Rev. B 99, 041406(R) (2019).

This is drastically different from 
the Hermitian case



In this talk
Discuss basics of non-Hermitian matrices

Re[�E]
<latexit sha1_base64="T2LlBMDr8jeMqmg3/TdJ5vY/+1E=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUMFlFXuBJJTJ9KQdOpOEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpS27W+rtLa+sblV3q7s7O7tH1QPj7oqTiWFDo15LPsBUcBZBB3NNId+IoGIgEMvmFzN6r1HkIrF0YPOEvAFGUUsZJRoYw2qtdyTAt/D1MXeNXBN8I0/qNbthj0XXgWngDoq1B5Uv7xhTFMBkaacKOU6dqL9nEjNKIdpxUsVJIROyAhcgxERoPx8fvwUnxpniMNYmhdpPHd/T+REKJWJwHQKosdquTYz/6u5qQ4v/ZxFSaohootFYcqxjvEsCTxkEqjmmQFCJTO3YjomklBt8qqYEJzlL69C97zhGL5r1lvNIo4yOkYn6Aw56AK10C1qow6iKEPP6BW9WU/Wi/VufSxaS1YxU0N/ZH3+AGmtk+g=</latexit><latexit sha1_base64="T2LlBMDr8jeMqmg3/TdJ5vY/+1E=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUMFlFXuBJJTJ9KQdOpOEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpS27W+rtLa+sblV3q7s7O7tH1QPj7oqTiWFDo15LPsBUcBZBB3NNId+IoGIgEMvmFzN6r1HkIrF0YPOEvAFGUUsZJRoYw2qtdyTAt/D1MXeNXBN8I0/qNbthj0XXgWngDoq1B5Uv7xhTFMBkaacKOU6dqL9nEjNKIdpxUsVJIROyAhcgxERoPx8fvwUnxpniMNYmhdpPHd/T+REKJWJwHQKosdquTYz/6u5qQ4v/ZxFSaohootFYcqxjvEsCTxkEqjmmQFCJTO3YjomklBt8qqYEJzlL69C97zhGL5r1lvNIo4yOkYn6Aw56AK10C1qow6iKEPP6BW9WU/Wi/VufSxaS1YxU0N/ZH3+AGmtk+g=</latexit><latexit sha1_base64="T2LlBMDr8jeMqmg3/TdJ5vY/+1E=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUMFlFXuBJJTJ9KQdOpOEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpS27W+rtLa+sblV3q7s7O7tH1QPj7oqTiWFDo15LPsBUcBZBB3NNId+IoGIgEMvmFzN6r1HkIrF0YPOEvAFGUUsZJRoYw2qtdyTAt/D1MXeNXBN8I0/qNbthj0XXgWngDoq1B5Uv7xhTFMBkaacKOU6dqL9nEjNKIdpxUsVJIROyAhcgxERoPx8fvwUnxpniMNYmhdpPHd/T+REKJWJwHQKosdquTYz/6u5qQ4v/ZxFSaohootFYcqxjvEsCTxkEqjmmQFCJTO3YjomklBt8qqYEJzlL69C97zhGL5r1lvNIo4yOkYn6Aw56AK10C1qow6iKEPP6BW9WU/Wi/VufSxaS1YxU0N/ZH3+AGmtk+g=</latexit><latexit sha1_base64="T2LlBMDr8jeMqmg3/TdJ5vY/+1E=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUMFlFXuBJJTJ9KQdOpOEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpS27W+rtLa+sblV3q7s7O7tH1QPj7oqTiWFDo15LPsBUcBZBB3NNId+IoGIgEMvmFzN6r1HkIrF0YPOEvAFGUUsZJRoYw2qtdyTAt/D1MXeNXBN8I0/qNbthj0XXgWngDoq1B5Uv7xhTFMBkaacKOU6dqL9nEjNKIdpxUsVJIROyAhcgxERoPx8fvwUnxpniMNYmhdpPHd/T+REKJWJwHQKosdquTYz/6u5qQ4v/ZxFSaohootFYcqxjvEsCTxkEqjmmQFCJTO3YjomklBt8qqYEJzlL69C97zhGL5r1lvNIo4yOkYn6Aw56AK10C1qow6iKEPP6BW9WU/Wi/VufSxaS1YxU0N/ZH3+AGmtk+g=</latexit>

Im[�E]
<latexit sha1_base64="HA0agqpjM6eVW7iHjQWzRQJCXmc=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUEF3FewFklAm00k7dCYJMydCCPVV3LhQxK0P4s63cdpmoa0/DHz85xzOmT9IBNdg299WaW19Y3OrvF3Z2d3bP6geHnV1nCrKOjQWseoHRDPBI9YBDoL1E8WIDATrBZOrWb33yJTmcfQAWcJ8SUYRDzklYKxBtZZ7SuI7OXWxd80EEHzjD6p1u2HPhVfBKaCOCrUH1S9vGNNUsgioIFq7jp2AnxMFnAo2rXipZgmhEzJirsGISKb9fH78FJ8aZ4jDWJkXAZ67vydyIrXOZGA6JYGxXq7NzP9qbgrhpZ/zKEmBRXSxKEwFhhjPksBDrhgFkRkgVHFzK6ZjoggFk1fFhOAsf3kVuucNx/B9s95qFnGU0TE6QWfIQReohW5RG3UQRRl6Rq/ozXqyXqx362PRWrKKmRr6I+vzB2gUk+c=</latexit><latexit sha1_base64="HA0agqpjM6eVW7iHjQWzRQJCXmc=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUEF3FewFklAm00k7dCYJMydCCPVV3LhQxK0P4s63cdpmoa0/DHz85xzOmT9IBNdg299WaW19Y3OrvF3Z2d3bP6geHnV1nCrKOjQWseoHRDPBI9YBDoL1E8WIDATrBZOrWb33yJTmcfQAWcJ8SUYRDzklYKxBtZZ7SuI7OXWxd80EEHzjD6p1u2HPhVfBKaCOCrUH1S9vGNNUsgioIFq7jp2AnxMFnAo2rXipZgmhEzJirsGISKb9fH78FJ8aZ4jDWJkXAZ67vydyIrXOZGA6JYGxXq7NzP9qbgrhpZ/zKEmBRXSxKEwFhhjPksBDrhgFkRkgVHFzK6ZjoggFk1fFhOAsf3kVuucNx/B9s95qFnGU0TE6QWfIQReohW5RG3UQRRl6Rq/ozXqyXqx362PRWrKKmRr6I+vzB2gUk+c=</latexit><latexit sha1_base64="HA0agqpjM6eVW7iHjQWzRQJCXmc=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUEF3FewFklAm00k7dCYJMydCCPVV3LhQxK0P4s63cdpmoa0/DHz85xzOmT9IBNdg299WaW19Y3OrvF3Z2d3bP6geHnV1nCrKOjQWseoHRDPBI9YBDoL1E8WIDATrBZOrWb33yJTmcfQAWcJ8SUYRDzklYKxBtZZ7SuI7OXWxd80EEHzjD6p1u2HPhVfBKaCOCrUH1S9vGNNUsgioIFq7jp2AnxMFnAo2rXipZgmhEzJirsGISKb9fH78FJ8aZ4jDWJkXAZ67vydyIrXOZGA6JYGxXq7NzP9qbgrhpZ/zKEmBRXSxKEwFhhjPksBDrhgFkRkgVHFzK6ZjoggFk1fFhOAsf3kVuucNx/B9s95qFnGU0TE6QWfIQReohW5RG3UQRRl6Rq/ozXqyXqx362PRWrKKmRr6I+vzB2gUk+c=</latexit><latexit sha1_base64="HA0agqpjM6eVW7iHjQWzRQJCXmc=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiuCqJFHRZUEF3FewFklAm00k7dCYJMydCCPVV3LhQxK0P4s63cdpmoa0/DHz85xzOmT9IBNdg299WaW19Y3OrvF3Z2d3bP6geHnV1nCrKOjQWseoHRDPBI9YBDoL1E8WIDATrBZOrWb33yJTmcfQAWcJ8SUYRDzklYKxBtZZ7SuI7OXWxd80EEHzjD6p1u2HPhVfBKaCOCrUH1S9vGNNUsgioIFq7jp2AnxMFnAo2rXipZgmhEzJirsGISKb9fH78FJ8aZ4jDWJkXAZ67vydyIrXOZGA6JYGxXq7NzP9qbgrhpZ/zKEmBRXSxKEwFhhjPksBDrhgFkRkgVHFzK6ZjoggFk1fFhOAsf3kVuucNx/B9s95qFnGU0TE6QWfIQReohW5RG3UQRRl6Rq/ozXqyXqx362PRWrKKmRr6I+vzB2gUk+c=</latexit>
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Generic appearance of exceptional structures
In the presence of symmetries

Biorthogonal bulk-boundary correspondence
In first-order topological systems

And in higher-order models
Elisabet Edvardsson, Flore K. Kunst, and Emil J. 
Bergholtz, arXiv:1812.09060. Phys. Rev. B Rapid, in 
press.



Breakdown of bulk-boundary correspondence

We study a non-Hermitian SSH chain

The spectrum is sensitive to boundary conditions

Topological invariants fail to describe the physics

Need to consider a model with open boundary conditions 
from the start

“Bulk” states pile up at the edges

Non-Hermitian skin effect

But the biorthogonal product 
does not



Biorthogonal quantum mechanics
The eigensystem of a non-Hermitian Hamiltonian reads

Away from the exceptional points, a complete biorthonormal 
basis can be formed

The biorthogonal expectation value is used to find the 
eigenvalues

The biorthogonal projection operator reads

Biorthogonal quantum mechanics can be seen as a 
generalization of ordinary quantum mechanics

Brody, J. Phys. A: Math. Theor. 47, 035305 (2013).



Consider

This is an exact wave-function solutions with energy

Hermitian SSH chain

SSH, Phys. Rev. B 22, 2099 (1980).

Real-space Hamiltonian with open boundary conditions

End state: localized to the left when
localized to the right when

Bulk state:



Consider

Exact solution with              broken unit cell

Hermitian SSH chain

-2 -1 0 1 2

-2

0

2

-2 -1 0 1 2

-2

0

2

Odd

Even

SSH, Phys. Rev. B 22, 2099 (1980).SSH, Phys. Rev. B 22, 2099 (1980).

Destructive interference on B yields

Approximate solution without broken unit cell
Kunst, Trescher, and Bergholtz, Phys. Rev. B 96, 085443 (2017). 

Kunst, van Miert, and Bergholtz, Phys. Rev. B 97, 241405(R) (2018). 
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085426 (2019). 
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085427 (2019).



Consider

Weight of the wave function on each    motif 

Non-Hermitian SSH chain

Look for eigenstates of the form

Exact destructive interference on    yields

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Biorthogonal polarization

{

Non-Hermitian SSH chain

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).

Biorthogonal bulk-boundary correspondence

when
when

jumps when

{{ {{



Crossover at exponentially small

Couple the ends of the chain

Boundary conditions

(a) (b) (c)

(d) (e) (f)

Understood from non-Hermitian skin effect

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Domain wall

Hermitian chain

Non-Hermitian chain

(a)

(d)

(b) (c)

(e) (f)

Large gap GaplessCrossover gap

Couple the ends via a Hermitian chain

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Non-Hermitian Chern insulator

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).

Non-Hermitian 
Chern insulator (b)(a) (c)

From               (a) (b)

4

2

2(a)

(b) (d)(c) (e)

(f) (g) (h) (i)



Further generalization

Kunst, van Miert, and Bergholtz, Phys. Rev. B 97, 241405(R) (2018). 
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085426 (2019).

Edvardsson, Kunst, and Bergholtz, arXiv:1812.09060.

Consider a mirror symmetric lattice



Non-Hermitian Hamiltonians possess many unexpected features,  
e.g., exceptional points, skin effect, …

Conclusion
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Gap closings are generic in 1D in the 
presence of symmetries

Biorthogonal bulk-boundary correspondence 
directly in systems with open boundaries



Non-Hermitian Hamiltonians possess many unexpected features,  
e.g., exceptional points, skin effect, …

Conclusion
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Gap closings are generic in 1D in the 
presence of symmetries

Biorthogonal bulk-boundary correspondence 
directly in systems with open boundaries
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Four symmetry relations 

where                 are unitary transformations, and 

Bernard-LeClair Classification
Bernard and LeClair, arXiv:cond-mat/0110649 (2001).

chiral symmetry

time-reversal symmetry

particle-hole symmetry

pseudo Hermiticity
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