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Dissipation

Non-Hermitian Hamiltonians H # H 'describe dissipation
Relevant for, e.qg., optical systems with gain and loss

PT symmetry: real spectrum in the PT-unbroken phase Bender and Boettcher, PRL 80, 5243 (1998).
Toy alternative of the Lindblad master equation -

Review article: Martinez Alvarez, Barrios Vargas, Berdakin,
and Foa Torres, Eur. Phys. J. Spec. Top. 227, 1295 (2018).

Experimental observation of Fermi

arcs in two dimensions
Zhou et al., Science 359, eaap9859 (2018).
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Spectrum features exceptional points, which behave
vastly different from their Hermitian counterparts
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Peng et al., PNAS 113, 6845 (2016). Chen et al., Nature 548, 192 (2017).
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Basics

Simple 2x2 non-Hermitian model H — (2 g) a 7 B*

H+HT
Eigenvalues are generally complex Ei = 4++/af3
The imaginary part is associated with a lifetime Im(E) ~ 1/7‘

Non-orthonormal eigenvectors (

R
HOR = B, |08 (Wh|H = B (wh| YEX

Right and left eigenvectors are inequivalent

(W) £ OF -

Choose to form a biorthogonal set /L |\ Ry — 5 -
when a3 # 0 W 1P5) +




Degeneracy

1
The energy is doubly degenerate for 8 = 0 H = (O )

Only one eigenvector remains !t — (é) Ul = (() 1)

The Hamiltonian is defective

The eigenvectors coalesce, I.e., the geometric multiplicity is not equal to the
algebraic multiplicity

Such degeneracies are called exceptional points

Heiss, J. Phys. A: Math. Theor. 45, 444016 (2012).
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Hermitlan case

In the Hermitian case, two bands cross generically in three

dimensions H(k) = (do(k) +d, (k) dy(k)— z‘dy(k)>

Generic two-band model dy(k) +idy(k) do(k) — d,(k)
=d(k) - o + do(k)og

Figenvalues E. (k) = do(k) + \/d2 ) + d2(k) + d2 (k)

Need to tune three parameters to find a degeneracy
Generic in three dimensions, but requires fine tuning in two dimensions

Example: Weyl node




Non-Hermitian case

In the non-Hermitian case, two bands cross generically in two

dimensions
Generic two-band model Hk)=d(k)- o d(k) =dgr(k) +id;(k)

Eigenvalues F4 (k) = + \/d2 ) + 2tdr(k) - d;(k)

Need to tune two parameters to find a degeneracy

Generic in two dimensions

() — 4300 = 0 dalle i =2

Exceptional

Berry, Czech. J. Phys. 54, 1039 (2004).
Carlstrdm and Bergholtz, Phys. Rev. A 98, 042114 (2018).



GGeneric Fermi arcs

Generic Fermi arcs appear

i (k) = +1/d% (k) — d3(k) + 2id (k) - d; (k)

d% (k) — dj(k) >0

dp (k) -
dR(k) ° d](k) >0
Fermi arc: Re(E) = 0 dR I(k) =0 d7 (k) —dj(k) <0
-Fermi arc: Im(E) = 0 dr(k)-d;(k) =0 d7 (k) — d7(k) > 0

Kozii and Fu, arXiv:1708.05841.
Carlstrdom and Bergholtz, Phys. Rev. A 98, 042114 (2018).



Exceptional points

Exceptional points are non-analytical
Explicit example

H(k) = kyo, + kyo, + iv0,
EL(k) =+ \/ k2 + k2 — 42 + ivk,

Exceptional points appear when k,, = () and ky = -

They are connected by Fermi arcs

Expanding around the exceptional point yields

E| ~ v/|k — kgp]




Symmetries

43 symmetry classes exist for non-Hermitian systems
Bernard and LeClair, arXiv.cond-mat/0110649 (2001).

An example: H = qHqu_1 qTq_l — qu —
This is a trivial, unitary transformation in the Hermitian case

Generic two-band model: H=d - o + dyog
Choiceone: ¢ — 0g —— Makes the Hamiltonian Hermitian

Choicetwo: ¢ = 0, —> dx,d() c R dy,dz c 1R
— dgr-d; =0

— B4 :\/cﬁz —d

Budich, Carlstrom, Kunst, and Bergholtz, Phys. Rev. B 99, 041406(R) (2019).



Generic exceptional surfaces

We only need to tune one parameter to find a degeneracy

1D: generic exceptional points

2D: generic exceptional lines
3D: generic exceptional surfaces

In the presence of symmetries, exceptional structures of d — 1
dimensions appear generically in d -dimensional systems

—— They form boundaries for d -dimensional Fermi volumes
dy (k) = (2 — cosk, — cosky) d,(k)=1/4

This is drastically ditferent from
the Hermitian case

Budich, Carlstrom, Kunst, and Bergholtz, Phys. Rev. B 99, 041406(R) (2019).
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Breakdown of bulk-lboundary correspondence

We study a non-Hermitian SSH chain
- ¢ o\/o v 5 ¢ ® ¢ ]\04 1 \ Y N,
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—— Non-Hermitian skin effect

Topological invariants tail to describe the physics

Need to consider a model with open boundary conditions
from the start




Blorthogonal qguantum mechanics

The eigensystem of a non-Hermitian Hamiltonian reads
H |\PR,n> = Ly, ‘\IJR,n> HY \IJL,N> — E;; |\IJL,n>

Away from the exceptional points, a complete biorthonormal
basis can be formed (U1 CRm) = Onm (UL [UR ) =0

The biorthogonal expectation value is used to find the
eigenvalues (U W |H[Ug,) = B, E,eC

The biorthogonal projection operator reads
1L, = ‘\IJR,n> <\IJL,n| ZHn =1

Biorthogonal quantum mechanics can be seen as a
generalization of ordinary guantum mechanics

Brody, J. Phys. A: Math. Theor. 47, 035305 (2013).



Hermitian SSH chain

Consider 1;1 1.33 A T N ® S ¢
m =1 3 M

SSH, Phys. Rev. B 22, 2099 (1980).

Real-space Hamiltonian with open boundary conditions

0t 0 0 0 O ( 1 \
t1 0t 0 0 O 0
M Ot20t10 0 —tl/tg
H" =10 01t 0t 0 v~ 0
0 0 0ty O --- (—t1/t2)?

\00002‘-./ \/

This is an exact wave-function solutions with energy £ = 0

End state: localized to the left when ‘tl/tz‘ <1
localized to the right when [t1 /to| > 1

Bulk state: |t1 /to| =1




Hermitian SSH chain

t ts | | Odd

Consider 1;1 lo? o ¢ e ® PS ¢ PS
m =1 3 e M

SSH, Phys. Rev. B 22, 2099 (1980).

Destructive interference on 5 yields

Exact solution with |/ = () broken unit cell

T:—tl/tg

Approximate solution without broken unit cell
Kunst, Trescher, and Bergholtz, Phys. Rev. B 96, 085443
Kunst, van Miert, and Bergholtz, Phys. Rev. B 97, 241405(R)
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085426
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085427
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Non-Hermitian SSH chain

. A
Consider P
m

Look for eigenstates of the form [¥r) NZ rpch , 10) 10 NZ rcl |0

Exact destructive interference on Byields

b= e ey
(1) Q=1+t (TR) @@
. TR:_tlt;W # rr :_tlt—;—W

Weight of the wave function on each A motif ~ m)ao = (Yalllm|¥ar)

iy = leam) (eam| +leBm) (€B,ml

(M) g ~ Irel™™ (W) g, ~ Iz In) g ~ (rprR)™

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Non-Hermitian SSH chain

P=0=1P=0R=pP=0

—> Biorthogonal bulk-boundary correspondence

Biorthogonal polarization

P =0 when |rirg| > 1
P=1- lim (g [ VR —> P =1 when |rirr| <1

M — o0 :
P jumps when |rirr| =1

tl — 7Y

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Boundary conditions

: -10;
Couple the ends of the chain
F -20;
— T ~ _ap
(™ @ @ “ @ o C @ =
=
Crossover at exponentially small 1’ _40
-50¢
Understood from non-Hermitian skin effect 0 10 20 30 40 50 60 70

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Domain wall

Couple the ends via a Hermitian chain

Hermitian chain
C. @ . . v . ®
¢

¢
o ¢ - ¢ v o— O )
Non-Hermitian chain

Crossover gap Gapless

Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Non-Hermitian Chern insulator

Non-Hermitian
Chern insulator
t1 =1+ dcos(k)

to =t — 6 cos(k)
d,(k) = —Asin(k)

From |rzrr| =1
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Kunst, Edvardsson, Budich, and Bergholtz, Phys. Rev. Lett. 121, 026808 (2018).



Further generalization

t1 =t + 0 cos(k)

Consider a mirror symmetric lattice to =t — & cos(k)
: A B 751/_\’72”_??__2_\}x Asin(k) —A;iﬂ(k )
R S ® ® o © o © o (s “
m =1 ~ 3 M
o ¢ o ¢ t1 + 7y |
e o ¢ ¢ ¢ o ¢ o o t — to —Assin(k) Asin(k)
A B 2
SRR AR c o 6 6 o o \‘o ﬂ‘/
o o o o ¢ m = 1 S~ 7 3 M
¢ t1 Ty
Wr(k) =N Y ra(R)]" (~1)™ ¢ *
UL(k)) =NL > [ro(k)]™(=1)™ ¢ :
. _ h =7 ’
R .

Kunst, van Miert, and Bergholtz, Phys. Rev. B 97, 241405(R) (2018).
Kunst, van Miert, and Bergholtz, Phys. Rev. B 99, 085426 (2019).
Edvardsson, Kunst, and Bergholtz, arXiv:1812.09060.



Conclusion

Non-Hermitian Hamiltonians possess many unexpected features
e.qg., exceptional points, skin effect, .

Gap closings are generic in 1D in the
presence of symmetries

Jan Carl Budich, Johan Carlstrdm, Flore K. Kunst, and Emil J. Bergholtz,
Phys. Rev. B 99, 041406(R) (2019). Editors’ Suggestion

Biorthogonal bulk-boundary correspondence
directly in systems with open boundaries = ¢ '

Flore K. Kunst, Elisabet Edvardsson, Jan Carl Budich and Emil J.
Bergholtz, Phys. Rev. Lett. 121, 026808 (2018). Editors’ Suggestion

Edvardsson, Kunst, and Bergholtz, arXiv:1812.09060. Phys. Rev. B Rapid,
in press.
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Bernard-LeClair Classification

Bernard and LeClair, arXiv.cond-mat/0110649 (2001).
Four symmetry relations

P: H=—pHp ' p*=I chiral symmetry
C: H=ce.cH" ¢, el =41 time-reversal symmetry\>
K: H=ekHE ', Ekk* =4I particle-hole symmetry /'_

Q: H= equTq_l, ¢ ¢t =1 pseudo Hermiticity

where p, ¢, k, ¢ are unitary transformations, and € = =%



