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The Big Picture
Quantum Many-Body Systems:  
usually very difficult problems 
for classical math / algorithms

Classical Hardware reaching limit  
& exploding Big Data:  

demand for a new information age

Quantum Information Science
• Q-communication & Q-cryptography [ready!]

• Q-Computer (fully digital) [long-time!]

• Q-Simulator (analog) [near-term!]

Geometrical  
constraints

(background)  
gauge fields

interaction  
range & strength

Synthetic Quantum Matter

Among many recipes for qubits:  
topological states of matter

Still difficult to access & control …

Condensed Matter Physics Quantum Optics & Atomic physics
Control of single quantum objects,  

long coherence times, …

new understanding of  
entanglement properties:  

Tensor Networks
HPC Numerical Methods 
for strongly-correlated systems
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The Big Picture

Geometrical  
constraints

(background)  
gauge fields

interaction  
range & strength

=
Access to  synthetic topological matter & more !

Here:
Fermionic Models: studies via Mappings & Tensor Networks

Quantum Simulation with Cold Atomic Gases
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Synthetic Quantum Matter

I. Bloch, et al. RMP 80, 885 (2008)

Bottom-up  engineering

L. Tarruell, et al., Nature 483, 302 (2012)

Ramanathan et al., PRL 106, 130401 (2011);
A. Fetter, RMP 81, 647 (2009)

J. Dalibard, et al., RMP 83, 1523 (2011)
N. Goldman, et al., RPP 77, 126401 (2014)

trapped ions,  superconducting qubits,  quantum dots,  NV centers,   etc.

Hamiltonian  engineering
cold atomic gases,  photonic systems, …

C.Chin,et al.,RMP 82,1225 (2010) 
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Synthetic Quantum Matter

I. Bloch, et al. RMP 80, 885 (2008)

Bottom-up  engineering

L. Tarruell, et al., Nature 483, 302 (2012)

Ramanathan et al., PRL 106, 130401 (2011);
A. Fetter, RMP 81, 647 (2009)

J. Dalibard, et al., RMP 83, 1523 (2011)
N. Goldman, et al., RPP 77, 126401 (2014)

trapped ions,  superconducting qubits,  quantum dots,  NV centers,   etc.

Hamiltonian  engineering
cold atomic gases,  photonic systems, …

M. Schreiber, et al.,  
Science 349, 842 (2015)

J. Billy, et al.,  
Nature 453, 891 (2008)
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Hubbard models

D. Jaksch et al., PRL 81 3108 (1998)

Tight-binding model
out of localized
(single particle)

Wannier functions

M. Greiner, et al., Nature 415, 39 (2002)

Superfluid

Mott 
Insulator

real space momentum space

nowadays: spectacular progresses with 2D Fermi-Hubbard!
e.g., Greiner & Bloch & Esslinger labs

Sherson, et al. Nature 467, 68 (2010).
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Hubbard models

D. Jaksch et al., PRL 81 3108 (1998)

Tight-binding model
out of localized
(single particle)

Wannier functions

multi-flavor / multi-orbital Hubbard models
nuclear / hyperfine levels

synthetic (extra-)dimension
A. Celi et al., PRL 108, 133001 (2012) & 112, 043001 (2014)

M. Greiner, et al., Nature 415, 39 (2002)

Superfluid

Mott 
Insulator

real space momentum space
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Synthetic ladders

+ many more related experiments @ Harvard, MIT, Munich, Paris, etc.

Chiral edge currents & skipping orbits

M. Mancini, et al., Science 349, 1510 (2015) B.K. Stuhl, et al., Science 349, 1514 (2015)
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The Big Picture

Geometrical  
constraints

(background)  
gauge fields

interaction  
range & strength

Synthetic Quantum Matter

Among many recipes for qubits:

Still difficult to access & control …

Condensed Matter Physics Quantum Optics & Atomic physics
Control of single quantum objects,  

long coherence times, …

Quantum Many-Body Systems:  
usually very difficult problems 
for classical math / algorithms

Classical Hardware reaching limit  
& exploding Big Data:  

demand for a new information age

Quantum Information Science
• Q-communication & Q-cryptography [ready!]

• Q-Computer (fully digital) [long-time!]

• Q-Simulator (analog) [near-term!]

new understanding of  
entanglement properties:  

Tensor Networks
HPC Numerical Methods 
for strongly-correlated systems

topological states of matter
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OUTLINE
• The Creutz-Hubbard Ladder: general features

• Topology & Interactions

• SPT vs orbital magnetism at half-filling

• relation to high-energy models

• interacting SPT phases at fractional filling

• Tuning the Drude Weight of Dirac fermions

• Other related works & plans
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         measured in cold gases 
via Ramsey interferometry

M. Atala,  et al., Nat. Phys. 9, 795 (2013)e.g., S. Ryu, et al., NJP 12, 065010 (2010),   D. Xiao, et al., RMP 82, 1959 (2010)
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Aharanov-Bohm cages
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character! (SPT)

Vidal, Mosseri, & Doucot, PRL 81, 5888 (1998)

Basis of localized states         ,
a.k.a. Aharanov-Bohm cages

<latexit sha1_base64="FzoECsByLm7NDQ1+uXG81lz2hU4="></latexit>

S. Ryu and Y. Hatsugai, PRL 89, 077002 (2002)
P. Delplace, et al., PRB 84, 195452 (2011)

OBC: Mid-gap zero-energy edge states (   ,    ), 
[bulk-edge correspondence]

<latexit sha1_base64="+D1AmWKoVUY23SN8GRp9JE6f+a8="></latexit> <latexit sha1_base64="RUjrtxgKPla81N/NZGaoEiDfZ/4="></latexit>
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

Aharanov-Bohm cages
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character! (SPT)

Vidal, Mosseri, & Doucot, PRL 81, 5888 (1998)

Basis of localized states         ,
a.k.a. Aharanov-Bohm cages

<latexit sha1_base64="FzoECsByLm7NDQ1+uXG81lz2hU4="></latexit>

S. Ryu and Y. Hatsugai, PRL 89, 077002 (2002)
P. Delplace, et al., PRB 84, 195452 (2011)

OBC: Mid-gap zero-energy edge states (   ,    ), 
[bulk-edge correspondence]

<latexit sha1_base64="+D1AmWKoVUY23SN8GRp9JE6f+a8="></latexit> <latexit sha1_base64="RUjrtxgKPla81N/NZGaoEiDfZ/4="></latexit>

Tovmasyan, van Nieuwenburg, & Huber, PRB 88, 220510(R) (2013)  
Takayoshi, Katsura, Watanabe, & Aoki, PRA 88, 063613 (2013)  

Huber & Altman, PRB 82, 184502 (2010)
Tovmasyan, Peotta, Törmä,̈ & Huber, PRB 94, 245149 (2016)  
Sticlet, Seabra, Pollmann, & Cayssol, PRB 89, 115430 (2014)

a workhorse for flat-band & SPT physics: Bragg techniques 
to measure edge states
in ultracold cold atoms

Goldman,Beugnon, Gerbier,  
PRL 108, 255303 (2012)
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

SPT - Trivial transition
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

SPT - Trivial transition
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>

Class BDI of AZ table
Altland, Zirnbauer, PRB 55, 1142 (1997)

<latexit sha1_base64="CX60aVgPgCghvqna9w4TanDBPKg=">AAADYnicfVJbixMxFM62Xtbx1rqP+hAsQlfYMlMFRRCKi8uyTyvY3YWmljNp2sZJMkOSWSnZ/B1/ja8KvvtDTLvjalv1QODLOd93LslJC8GNjePvW7X6tes3bm7fim7fuXvvfqP54MTkpaasT3OR67MUDBNcsb7lVrCzQjOQqWCnaba/iJ+eM214rt7becGGEqaKTzgFG1yjRm//FSYYE8OnEkbPMJFgZxSEO/Sj+MPT9l62+z v4Gu+tEtrZ7qjRijvx0vAmSCrQQpUdj5q1iIxzWkqmLBVgzCCJCzt0oC2ngvmIlIYVQDOYskGACiQzQ7cc1eMnwTPGk1yHoyxeev9UOJDGzGUamItGzXps4fxXbJHRrNR3qVy9l4LJtQ7t5OXQcVWUlil62eCkFNjmePHeeMw1o1bMAwCqeZgR0xlooDb8ShQRxT7RXEpQY0cyZv0gGToy5qYQMDd2Lpi7aCVEg5qGt/Gr/FTDX/hELMm4lVysCwqdf/SD7kaFwMVVDXwl727I4Xz633q/cniM15RHbw8OvCMzsO5qgY6892F7kvVd2QQn3U4Sd5J3z1u9N9UebaOH6DFqowS9QD10iI5RH1H0GX1BX9G32o96VG/Wdy6pta1Ks4NWrP7oJ0ybGXQ=</latexit>

<latexit sha1_base64="x0IaFcfxkP82+puTz6eFWpOj5Zc=">AAADYnicfVJbixMxFM62Xtbxsq37qA/BInQVy0wRFEEoisuyTytsdxeaWs6kaRubZIYkszJk83f8Nb4q+O4PMe3W1WnVA4Ev53zfuSQnzQU3No6/b9Xq167fuLl9K7p95+69nUbz/onJCk1Zn2Yi02cpGCa4Yn3LrWBnuWYgU8FO0/nbRfz0nGnDM3Vsy5wNJUwVn3AKNrhGjd7xK0wwJoZPJYwSTCTYGQXhDvwo/vCk/Wy+9z v4Gj+tEtrzvVGjFXfipeFNkKxAC63saNSsRWSc0UIyZakAYwZJnNuhA205FcxHpDAsBzqHKRsEqEAyM3TLUT1+HDxjPMl0OMripfdPhQNpTCnTwFw0atZjC+e/YouMplLfpbJ6LwSTax3aycuh4yovLFP0ssFJIbDN8OK98ZhrRq0oAwCqeZgR0xlooDb8ShQRxT7RTEpQY0fmzPpBMnRkzE0uoDS2FMxdtBKiQU3D2/gqP9XwFz4RSzJuJRfrglxnH/2gu1EhcPGqBr6SdzfkcD79b71fOTzGa8rDd/v73pEZWHe1QIfe+7A9yfqubIKTbieJO8n7563em9UebaMH6BFqowS9QD10gI5QH1H0GX1BX9G32o96VG/Wdy+pta2VZhdVrP7wJ245GX8=</latexit>
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

SPT - Trivial transition
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

isolated Dirac cone 
[no Fermion doubling]

Creutz, Horváth, PRD 50, 2297 (1994)
Creutz, PRL 83, 2636 (1999)

<latexit sha1_base64="WJZU1GXkB2LH6PPKtZZR4BgY/OI=">AAADXnicfVJRa9RAEN5etNbT2lZfBF8Wg+DTkRyCgogFsUifKnht5RLKZDN3t97uJuxuKmGbX+Gr/jDf/ClurlG8nDqw8GXm+2YmH5OVghsbRd+3BsGNm9u3dm4P79zdvbe3f3D/1BSVZjhhhSj0eQYGBVc4sdwKPC81gswEnmXLN2397BK14YX6YOsSUwlzxWecgfWpj5K+onP/7MV+GI2iVdBNEHcgJF2cXBwMXid5wSqJyj IBxkzjqLSpA205E9gMk8pgCWwJc5x6qECiSd1q44Y+8Zmczgrtn7J0lf1T4UAaU8vMMyXYhenX2uS/am1HszbfZXL9uxIoexva2YvUcVVWFhW7XnBWCWoL2tpGc66RWVF7AExz/4+ULUADs97c4TBR+JkVUoLKXbJE20zj1CU5N6WA2thaoLsK40SDmntvmnV+puEv/ESsyDSMr/qCUhefmul4Y4Ln0m4G/S0fb8jhcv7feb96NJT2lMdvj44alyzAuqT1noFwx02/P+eNc4mWlPcriF2l9cCfXNw/sE1wOh7F0Sh+/yw8fNkd3w55RB6TpyQmz8kheUdOyIQwIskX8pV8G/wItoPdYO+aOtjqNA/IWgQPfwI6FBru</latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

SPT - Trivial transition
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>

constrained in               plane
<latexit sha1_base64="ay9tBYEiQOWeJOWkmDhMhokkNdk="></latexit>

by chiral symmetry:

<latexit sha1_base64="yjyc/R0JLYVOXv7kvkCs2Lk51CQ="></latexit>

(SPT)

<latexit sha1_base64="bHX9WWRtM/Ah3rru9YqXnpqkRTA="></latexit>

isolated Dirac cone 
[no Fermion doubling]

Creutz, Horváth, PRD 50, 2297 (1994)
Creutz, PRL 83, 2636 (1999)

<latexit sha1_base64="WJZU1GXkB2LH6PPKtZZR4BgY/OI=">AAADXnicfVJRa9RAEN5etNbT2lZfBF8Wg+DTkRyCgogFsUifKnht5RLKZDN3t97uJuxuKmGbX+Gr/jDf/ClurlG8nDqw8GXm+2YmH5OVghsbRd+3BsGNm9u3dm4P79zdvbe3f3D/1BSVZjhhhSj0eQYGBVc4sdwKPC81gswEnmXLN2397BK14YX6YOsSUwlzxWecgfWpj5K+onP/7MV+GI2iVdBNEHcgJF2cXBwMXid5wSqJyj IBxkzjqLSpA205E9gMk8pgCWwJc5x6qECiSd1q44Y+8Zmczgrtn7J0lf1T4UAaU8vMMyXYhenX2uS/am1HszbfZXL9uxIoexva2YvUcVVWFhW7XnBWCWoL2tpGc66RWVF7AExz/4+ULUADs97c4TBR+JkVUoLKXbJE20zj1CU5N6WA2thaoLsK40SDmntvmnV+puEv/ESsyDSMr/qCUhefmul4Y4Ln0m4G/S0fb8jhcv7feb96NJT2lMdvj44alyzAuqT1noFwx02/P+eNc4mWlPcriF2l9cCfXNw/sE1wOh7F0Sh+/yw8fNkd3w55RB6TpyQmz8kheUdOyIQwIskX8pV8G/wItoPdYO+aOtjqNA/IWgQPfwI6FBru</latexit>

<latexit sha1_base64="O2kMaY7+1iYqlUPj9+E97NCxSdU="></latexit>

transition to trivial gap
<latexit sha1_base64="N7VCEnW/LpHqIg5iUaN5PAdxR1Y="></latexit>

<latexit sha1_base64="zbTPTqTjyyrsP1FEoxdft3+iVy0="></latexit>

<latexit sha1_base64="aagVvqqf2AJv3XH3U2fW7hbHdOw="></latexit>

no more edge states
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<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

<latexit sha1_base64="FSZyxwMV1M47OpvCMB+bDM9uIQw="></latexit>

AIII SPT phase
synthetic  
dimension

<latexit sha1_base64="LNLupRmPIqifJMUrQYdj7g4IhJw="></latexit>

<latexit sha1_base64="Xa//mIZMjrpuZGyWPZOpqzRm6W8="></latexit>

spatial dimension <latexit sha1_base64="IUgOd8xaSrxD57SCkM1dLPFa/rY="></latexit>

<latexit sha1_base64="pAt+MLlp/FDwzehYh3Bt+Aj496s="></latexit>

<latexit sha1_base64="OVl1mhAu5tombOIBcQHnGApuOn8="></latexit>

<latexit sha1_base64="IWxzxINCdU82iw+FMqir3z8Yer0="></latexit><latexit sha1_base64="B0xptCGlc+/lSbmnSnlLx7ufH0k="></latexit>

<latexit sha1_base64="u60J7HjtBn5z0bn2sp+8I4CHvoU="></latexit>

<latexit sha1_base64="B9FQEIxHwEHds1JD5Rx5rC88RWM="></latexit>

<latexit sha1_base64="G0qPzLjt7aSOGVkQnGYWW7l6104="></latexit>

<latexit sha1_base64="LnXzR9bflRmegupX3rGfRdcO08w="></latexit>

flat bands,  with topological character!

<latexit sha1_base64="yKRtqFQBts/sJdFnLfiPgkiAWHg="></latexit>

<latexit sha1_base64="DHMFIAWj+EGOcweX4Xu0vI1OgKQ="></latexit>

<latexit sha1_base64="aNXUW4XNF/rya3PGyVNh8DrfF/I="></latexit>
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Experimental schemes
An optical-lattice-based quantum simulator for 

relativistic field theories and topological insulators
A. Bermudez, et al., PRL 105, 190404 (2010);  

L. Mazza, et al., NJP 14 015007 (2012);  
MR, PoS - SISSA 193, 036 (2014)

A shaken lattice proposal  
for the Creutz ladder

J. Jünemann, et al., PRX 7, 031057 (2017)

Realization of a cross-linked chiral ladder  
by orbital-momentum coupling
J.H. Kang, J.H. Han, & Y. Shin, arXiv:1807.01444

on-going collaboration with LENS, Florence
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MPS

Interaction effects

Jünemann, et al., PRX 7, 031057 (2017)
Topological Phase vs. Orbital Magnetism

Bermudez, et al., Ann. Phys. 339, 149 (2018)
Gross-Neveu-Wilson model 
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Tunable Drude Weight of Dirac Fermions
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bTTNhalf-filling
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Fractional topological phases

quarter-filling
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OUTLINE
• The Creutz-Hubbard Ladder: general features

• Topology & Interactions

• SPT vs orbital magnetism at half-filling

• relation to high-energy models

• interacting SPT phases at fractional filling

• Tuning the Drude Weight of Dirac fermions

• Other related works & plans
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Phase diagram (half-filling)
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Weak interactions
Exact (non-local) mapping of non-interacting H  

onto two Ising models
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For a more complete RG treatment  
(possibly extensible to more than 1D)
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Weak interactions
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Weak interactions
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Strong interactions
2nd-order perturbation theory [singly occ. rungs]

gives single Ising model
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on the basis of Aharanov-Bohm cages
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Weak imbalance
on the basis of Aharanov-Bohm cages

• imbalance induced hopping
• n.n. interactions
• pair tunnelling
• density-assisted tunnelling

exotic Hubbard model 
[without dipolar atoms or other “strange” schemes]
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Weak imbalance
on the basis of Aharanov-Bohm cages

bulk-mediated [à la Fano-Anderson]  
edge-edge interactions

• imbalance induced hopping
• n.n. interactions
• pair tunnelling
• density-assisted tunnelling

exotic Hubbard model 
[without dipolar atoms or other “strange” schemes]
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Weak imbalance
rewriting on singly-occupied AB cages

gives single Ising model
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Entanglement analysis via MPS
CFT central charge

Vidal, Latorre, Rico & Kitaev, PRL 90, 227902 (2003)
Calabrese & Cardy, JSTAT P06002 (2004)
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entanglement spectrum (SPT)

Li & Haldane, PRL 101 010504 (2015)
F. Pollmann,  et al, PRB 81 064439 (2010)
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Gross-Neveu model
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D.J. Gross and A. Neveu, PRD 10, 3235 (1974)

(1+1)D toy model for QCD 
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Various methods at hand, nowadays:  
lattice QMC,  large-N expansion, MPS for small N,  quantum simulation with atoms, …

Gross-Neveu model
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oPM oPM Explanation 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Topological CDW
Can intrinsically interacting SPT phases arise 

at                      for which non-interacting system is trivial?
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Creutz-Hubbard ladder

Projection on lowest band  
& approximate cage basis:  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double degeneracy with PBC
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& approximate cage basis:  

… n.n. interactions …

mailto:matteo.rizzi@fz-juelich.de


matteo.rizzi@fz-juelich.de

arXiv:1810.02337
Genuine SPT density waves 

at fractional filling

Entanglement in Strongly 
Correlated Systems 

Benasque 2019

0 0.5 1
-6.0019

-6.0018

-6.0017

-6.0016

-6.0015
 

0 0.5 1
-6.1
-6

-5.9
 

10-4 10-2 100
0.99

0.995

1

1.005

1.01
 

100
0.99

0.995

1

1.005

1.01
 

0 0.1 0.2 0.3 0.4
0.75

0.8

0.85

0.9

0.95

1
 

4 6 8 10 12
10-6

10-4

10-2
 

(c) (d)
W

(b)

L

�E

'n/2⇡

E1

E2

'n/2⇡

(a)

E1 E2

E3

�E

W

M/t�✏/t

Topological CDW

<latexit sha1_base64="2VjIZ39Vj1mDtnggbmbe2Ayj0DI="></latexit>

&
double degeneracy with PBC

Twisted PBC
<latexit sha1_base64="SG0qVuVkQH0aPxJU7R7RhxhX+Ck="></latexit>

<latexit sha1_base64="G/uAaFpGt/HX47+vRkOY+didO2g="></latexit>

gapped phase at           & critical      
<latexit sha1_base64="3hSv96bu1dZtQQLoNNERAoguFB0="></latexit>

<latexit sha1_base64="iz9TkfsNEu+dl+1I6pGD0XYiULo="></latexit>

mailto:matteo.rizzi@fz-juelich.de


matteo.rizzi@fz-juelich.de

arXiv:1810.02337
Genuine SPT density waves 

at fractional filling

Entanglement in Strongly 
Correlated Systems 

Benasque 2019

0 0.5 1
-6.0019

-6.0018

-6.0017

-6.0016

-6.0015
 

0 0.5 1
-6.1
-6

-5.9
 

10-4 10-2 100
0.99

0.995

1

1.005

1.01
 

100
0.99

0.995

1

1.005

1.01
 

0 0.1 0.2 0.3 0.4
0.75

0.8

0.85

0.9

0.95

1
 

4 6 8 10 12
10-6

10-4

10-2
 

(c) (d)
W

(b)

L

�E

'n/2⇡

E1

E2

'n/2⇡

(a)

E1 E2

E3

�E

W

M/t�✏/t

Topological CDW

<latexit sha1_base64="2VjIZ39Vj1mDtnggbmbe2Ayj0DI="></latexit>

&
double degeneracy with PBC

<latexit sha1_base64="zDnJZoHzyXBgaVcLzG5wcLkK+pw="></latexit>

F. Wilczek &A. Zee., PRL 52, 2111 (1984) 

generalized SPT invariant

Twisted PBC
<latexit sha1_base64="SG0qVuVkQH0aPxJU7R7RhxhX+Ck="></latexit>

<latexit sha1_base64="vIr2mU0edhLFggldfzHCrbfHu/Q="></latexit>

explicitly breaking chiral symm.

<latexit sha1_base64="i4+q31K4WUzRVY82HT95aqvP0xc="></latexit>

<latexit sha1_base64="zZX8l8zupHLtDYmZ5fGVpCkFkGY="></latexit>

<latexit sha1_base64="vdU2FmGsNuqhi0xRs0bPChfCdJ4="></latexit>

destroyed by

<latexit sha1_base64="G/uAaFpGt/HX47+vRkOY+didO2g="></latexit>

gapped phase at           & critical      
<latexit sha1_base64="3hSv96bu1dZtQQLoNNERAoguFB0="></latexit>

<latexit sha1_base64="iz9TkfsNEu+dl+1I6pGD0XYiULo="></latexit>

mailto:matteo.rizzi@fz-juelich.de


matteo.rizzi@fz-juelich.de

arXiv:1810.02337
Genuine SPT density waves 

at fractional filling

Entanglement in Strongly 
Correlated Systems 

Benasque 2019

Topological CDW

↵
2 4 6 8 10 12

10-10

10-8

10-6

10-4

10-2

100
 

�
↵

1 2

0.4
0.5
0.6

 1 2

0.4
0.5
0.6

 
M = 0

M 6= 0

<latexit sha1_base64="2VjIZ39Vj1mDtnggbmbe2Ayj0DI="></latexit>

&
double degeneracy with PBC

generalized SPT invariant

<latexit sha1_base64="vIr2mU0edhLFggldfzHCrbfHu/Q="></latexit>

explicitly breaking chiral symm.

<latexit sha1_base64="i4+q31K4WUzRVY82HT95aqvP0xc="></latexit>

<latexit sha1_base64="zZX8l8zupHLtDYmZ5fGVpCkFkGY="></latexit>

<latexit sha1_base64="vdU2FmGsNuqhi0xRs0bPChfCdJ4="></latexit>

destroyed by Same happens for
for entanglement spectrum!

<latexit sha1_base64="G/uAaFpGt/HX47+vRkOY+didO2g="></latexit>

gapped phase at           & critical      
<latexit sha1_base64="3hSv96bu1dZtQQLoNNERAoguFB0="></latexit>

<latexit sha1_base64="iz9TkfsNEu+dl+1I6pGD0XYiULo="></latexit>

mailto:matteo.rizzi@fz-juelich.de


Exploring Synthetic Quantum Matter 
with Tensor Networks

matteo.rizzi@fz-juelich.deEntanglement in Strongly 
Correlated Systems 

Benasque 2019

OUTLINE
• The Creutz-Hubbard Ladder: general features

• Topology & Interactions

• SPT vs orbital magnetism at half-filling

• relation to high-energy models

• interacting SPT phases at fractional filling

• Tuning the Drude Weight of Dirac fermions

• Other related works & plans

mailto:matteo.rizzi@fz-juelich.de


Tuning the Drude Weight  
of 1D Dirac fermions

matteo.rizzi@fz-juelich.de

PRB 96, 241112(R) (2017)

Entanglement in Strongly 
Correlated Systems 

Benasque 2019

Dirac Fermions
For graphene (i.e., 2D Dirac Fermions),  
interactions give positive correction 

to magnetic susceptibility         ! 

McClure, PR 104, 666 (’56) & PR 119, 606 (‘60)  
Sharma, Johnson, and McClure, PRB 9, 2467 (’74)

Principi, et al., PRL 104, 225503 (‘10)
& many more!!!

1D Systems:

• Dirac-like dispersions possible, too

• no true electric/magnetic field distinction  

M.Z. Hasan and C.L. Kane, RMP 82, 3045 (‘10)

X.-L. Qi and S.-C. Zhang, RMP 83, 1057 (‘11)

QUESTION HERE:  
do many-body effects (i.e., interactions)  

lead to a qualitative change of the transport properties  
of 1D Dirac Fermions?
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Model & Methods 

1

M. Gerster, MR, et al. ,
PRB 90, 125154 (‘15)
NJP 18, 015015 (’16)

PRB 96, 195123 (2017)

P. Silvi, MR, et al. ,
arXiv:1710.03733v1

Tree Tensor Networks DMRG calculationsPerturbative calculations

Drude WeightPersistent Current
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Rings are not essential  
to measure transport,  
e.g., D from quenches

C. Karrasch, et al.,  
PRB 95, 060406(R) (2017)
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Key Results
Non-interacting:  

just a factor 2 (# lin. disp.)
w.r.t. Hubbard U=0

Sticlet, Dóra, Cayssol, PRB 88, 205401 (‘13) 

Robust effect  
against on-site terms!
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qualitative difference,  
tunable Drude Weight !
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Drude Weight suppression!
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Jünemann, et al., PRX 7, 031057 (2017)

Bermudez, et al., Ann. Phys. 339, 149 (2018)

Bischoff, et al., PRB 96, 241112(R) (2017)

Barbarino, et al., arXiv:1810.02337
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Other related works

A. Haller, MR, M. Burrello,  
New J. Phys. 20, 053007 (2018)

… in quantum ladders
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topological states

with M. Burrello (Copenhagen) & L. Mazza (Paris)

multi-leg ladders + density-assisted hoppings 
to go towards Majorana & “parafermions”
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FIG. 11: (a): The entanglement spectrum as a function of the dispersion from uniform filling �N of the number of bosons for
the cut after C. As in the rest of the text, � = 0 denotes the unfrustrated case (�), � = ⇡ denotes the fully frustrated case (?) and
� = 0.9⇡ for intermediate frustration (⇤), simulated at J = 0.9U. A solid line is used to join the degenerate eigenvalues in both
cases. (b): Approximate parabolas for � = 0, � = 0.9⇡ and � = ⇡ (left to right) based on the length L = 226. In the right plot
di↵erent colours are used to highlight the di↵erence between the even and odd curves. In the third panel di↵erent colours denote
the possible curve fitting to even and odd. (c): The unfrustrated ES for a cut after C at L = 226 with the thermodynamic limit
approximation shown by the parabolas. The legend shows the degeneracy of each parabola.

on the nature of the PLL-LL transition (possibly once the PLL
region is also extended to simplify things); iii) deepen the un-
derstanding of the striking change in the entanglement spec-
trum, possibly by also explicitly enforcing the extensive num-
ber of Z2 symmetries41,52 in the numerics.
Moreover, it would be very interesting to examine the dynam-
ics of our interacting chain, in order to formulate experimental
detection strategies, now that platforms for artificial flat-band
systems are flourishing again21,55,56.
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Vidal, S. Al-Assam and A. Haller. The authors are grateful for
the computational time from the Mogon cluster of the JGU
(made available by the CSM and AHRP), and S. Montangero
for a long-standing collaboration on the flexible Abelian
Symmetric Tensor Networks Library employed here. CC
wishes to thank the EPSRC and the Professor Caldwell Travel
Studentship for support.

1 R. Moessner and A. P. Ramirez, Phys. Today 59, 24 (2006). 2 L. Balents, Nature 464, 199 (2010).

signature in ES ?

AB caging 
+ 

emerging  
Z2 local sym.

Square-Root TI: quantized pumping?

Time evolution of energy bands

0.0 0.2 0.4 0.6 0.8 1.0

-3

-2

-1

0

1

2

3

t/T

ϵ α

(a) Using µ´
1

.

0.0 0.2 0.4 0.6 0.8 1.0
-3

-2

-1

0

1

2

3

t/T

ϵ α

(b) Using µ`
1

.

Figure: Color indicates localization, red: localized on the right edge, blue:
localized on the left edge.

21 / 26

<latexit sha1_base64="1p+76wu5JyltgoMiz5M7L09ezIQ="></latexit>

M. Kremer, et al., 1805.05209 

<latexit sha1_base64="vZA5eZirXKvefbttRWUWYqwOciU="></latexit>

mailto:matteo.rizzi@fz-juelich.de


Outlook & Other Works
matteo.rizzi@fz-juelich.deEntanglement in Strongly 

Correlated Systems 
Benasque 2019

Other related works

MR, Cataudella, Fazio PRB 73, R100502 & 144511 (’06)
C. Cartwright, G. deChiara, MR PRB 98, 184508 ('18)

Robustness(?) of Pair Luttinger Liquid

flat-band bosonic systems

1

0.8

0.6

0.4

0.2

0

MI

LL

PLL

0 0.2 0.4 0.6 0.8 1

1
0.8
0.6
0.4
0.2
0

<latexit sha1_base64="O0ckwsjAMnqILArqCSUGBicAkC4="></latexit>

<latexit sha1_base64="O0ckwsjAMnqILArqCSUGBicAkC4="></latexit>

<latexit sha1_base64="O0ckwsjAMnqILArqCSUGBicAkC4="></latexit>

B. Doucot, J. Vidal,  
PRL 88, 227005 (2002)

-6 -4 -2 0 2 4 6
0
2
4
6
8
10 6

4
3
1
1

-6 -4 -2 0 2 4

2

4

-4 -2 0 2 4 -4 -2 0 2 4 6

-6 -4 -2 0 2 4 6

1

2

3

=0
=0.9
=

11

-6 -4 -2 0 2 4 6

1

2

3

=0
=0.9
=

(a)

-6 -4 -2 0 2 4 6
0
2
4
6
8
10 6

4
3
1
1

(b)

-6 -4 -2 0 2 4

2

4

-4 -2 0 2 4 -4 -2 0 2 4 6

(c)

FIG. 11: (a): The entanglement spectrum as a function of the dispersion from uniform filling �N of the number of bosons for
the cut after C. As in the rest of the text, � = 0 denotes the unfrustrated case (�), � = ⇡ denotes the fully frustrated case (?) and
� = 0.9⇡ for intermediate frustration (⇤), simulated at J = 0.9U. A solid line is used to join the degenerate eigenvalues in both
cases. (b): Approximate parabolas for � = 0, � = 0.9⇡ and � = ⇡ (left to right) based on the length L = 226. In the right plot
di↵erent colours are used to highlight the di↵erence between the even and odd curves. In the third panel di↵erent colours denote
the possible curve fitting to even and odd. (c): The unfrustrated ES for a cut after C at L = 226 with the thermodynamic limit
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on the nature of the PLL-LL transition (possibly once the PLL
region is also extended to simplify things); iii) deepen the un-
derstanding of the striking change in the entanglement spec-
trum, possibly by also explicitly enforcing the extensive num-
ber of Z2 symmetries41,52 in the numerics.
Moreover, it would be very interesting to examine the dynam-
ics of our interacting chain, in order to formulate experimental
detection strategies, now that platforms for artificial flat-band
systems are flourishing again21,55,56.
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