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From particles to fields to scattering amplitudes

Perturbation theory and diagrams

Loops and divergences

Renormalization

A list of topics
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Schedule

Tutorials:

Monday 9th, 16:00 to 17:00

Wednesday 11th, 17:00 to 18:00

Lectures:

Monday 9th, 9:00 to 11:00 (with a 5 minutes break)

Tuesday 10th, 9:00 to 10:00

 Wednesday 11th, 11:30 to 12:30 

Tutor: Jorge Alda. 
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A sample of textbooks

L. Álvarez-Gaumé & M.A. Vázquez-Mozo, “An Invitation to Quantum Field Theory”, Springer 
2012.

M.E. Peskin & D.V. Schroeder, “An Introduction to Quantum Field Theory”, Perseus Books 
1995.

C. Quigg, “Gauge theories of the strong, weak, and electromagnetic interactions” (2nd 
edition), Princeton University Press 2013.

M. Schwartz, “Quantum field theory and the standard model”,  Cambridge 2014.
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A note about conventions:

 We use the “mostly minus” metric (a.k.a. West Coast metric):

 Unless otherwise said, natural units are used throughout:

276 A Notation, Conventions and Units.

Fµν

0 Ex Ey Ez
Ex 0 Bz By
Ey Bz 0 Bx
Ez By Bx 0

, Fµν

0 Bx By Bz
Bx 0 Ez Ey
By Ez 0 Ex
Bz Ey Ex 0

, (A.4)

with E Ex,Ey,Ez and B Bx,By,Bz the electric and magnetic fields. Similar
expressions are valid in the nonabelian case.

Pauli and Dirac matrices.

We have used the notation σ µ 1, σi where σi are the Pauli matrices

σ1
0 1
1 0 , σ2

0 i
i 0 , σ3

1 0
0 1 . (A.5)

They satisfy the identity

σiσ j δi j1 εi jkσk, (A.6)

from where their commutator and anticommutator can be easily obtained.
Dirac matrices have always been used in the chiral representation

γµ
0 σ µ

σ µ 0 . (A.7)

The chirality matrix is normalized as γ25 1 and defined by γ5 iγ0γ1γ2γ3. In
many places we have used the Feynman’s slash notation a γµaµ .

Units.

Unless stated otherwise, we work in natural units h̄ c 1. Electromagnetic
Heaviside-Lorentz units have been used, where the Coulomb and Ampère laws take
the form

F
1
4π

qq
r3
r,

dF
dℓ

1
2πc2

II
d

. (A.8)

In these units the fine structure constant is

α
e2

4π h̄c
. (A.9)

The electron charge in natural units is dimensionless and equal to e 0.303.

 We use Heaviside-Lorentz electromagnetic units:

⌘µ⌫ =

0

BB@

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

1

CCA

r ·E = ⇢

r ·B = 0

r⇥E = �@B

@t

r⇥B = j+
@E

@t

↵ =
e2

4⇡
(fine structure constant)
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From elementary particles to 
quantum fields

Part I



M.Á. Vázquez-Mozo                                                                                    Quantum Field Theory                                                                    Taller de Altas Energías 2019

Quantum mechanics, even relativistic, is not enough to describe these high energy 
experiments…

Elementary particles are studied through scattering experiments, typically

p1 p2

q1
q2

qn�1
qn

. . . . . .

. . .. . .

Interaction
region
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Let us consider the relativistic quantum evolution of a localized, single-particle 
wave packet:

 (t,x) = e�it
p
�r2+m2

�(3)(x) =

Z
d3k

(2⇡)3
eik·x�it

p
k2+m2

(H =
p

p2 +m2

The integral can be regularized by                 , to give t ! t� i✏

 (t,x) = � i

2⇡2

m2t

t2 � x2
K2

⇣
im

p
t2 � x2

⌘

The probability                 spills outside the light-cone| (t,x)|2

Causality is violated!

positive
frequency

=
1

4⇡2

Z 1

0
k2dk

Z 1

�1
d(cos ✓)eik|x| cos ✓�it

p
k2+m2

=
1

2⇡2|x|

Z 1

0
kdk sin(k|x|)e�it

p
k2+m2

<latexit sha1_base64="Tenkb2TkTJOxUtNkx2qufcmgJJc=">AAACd3icdU/LTsJAFJ3WF9YX6tKFRBJTopAOkrgyEt24xEQeiQNkOgww6dPOYCTDrP1GPsWdLTRGLN7VyTnn3nOuHbqMC8uaa/rG5tb2Tm7X2Ns/ODzKH5+0eDCJCG2SwA2ijo05dZlPm4IJl3bCiGLPdmnbdh4Tvf1OI84C/0VMQ9r18MhnQ0awiKl+fn4nIQpiR6GGQtaTVaUQ80VfWqonYzQUU+Uk9MBZ8mUYC1ANTEQCLpEYU4FVyaA9yZwZ8rAY20P5oWaJvFTLTCD+Fgm5uHPlLUKU8RNcTYN/b68pERe4Rpz55kpMKQ5eH9DPF62KtZhCFsAUFEE6jX7+Ew0CMvGoL4iLOX+FVii6EkeCEZcqA004DTFx8IhK7HE+9ewMmRTLkGSwSiWmiA/5PyeNuDn82zMLWtUKvKlUn2vF+kP6Qw6cgQtgAghuQR08gQZoAqLda1TztUD70s/1S91cWnUt3TkFK6PDb1OYxUA=</latexit>

| (t,x)|2
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Let us consider the relativistic quantum evolution of a localized, single-particle 
wave packet:

 (t,x) = e�it
p
�r2+m2

�(3)(x) =

Z
d3k

(2⇡)3
eik·x�it

p
k2+m2

(H =
p

p2 +m2

The integral can be regularized by                 , to give t ! t� i✏

 (t,x) = � i

2⇡2

m2t

t2 � x2
K2

⇣
im

p
t2 � x2

⌘

The probability                 spills outside the light-cone| (t,x)|2

Causality is violated!

What we are computing is the propagator of a 
relativistic particle:

 (t,x) = hx|e�itH |0i ⌘ G(t,x; 0,0)

Relativistic quantum mechanics propagates states 
outside the light cone

G(t0,x0; t,x) 6= 0 when (t0 � t)2 � (x0 � x)2 < 0

positive
frequency

=
1

4⇡2

Z 1

0
k2dk

Z 1

�1
d(cos ✓)eik|x| cos ✓�it

p
k2+m2

=
1

2⇡2|x|

Z 1

0
kdk sin(k|x|)e�it

p
k2+m2
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| (t,x)|2
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But when                      there are frames in which          happens before         .  Thus,t2 � x2 < 0 (t,x) (0,0)

 (t,x) =

(
hx|e�itH |0i

hx|e�itH |0i+ h0|eitH |xi = 2Re hx|e�itH |0i

when t2 � x2 > 0

when t2 � x2 < 0

But since we have computed

hx|e�itH |0i = � i

2⇡2

m2t

t2 � x2
K2

⇣
im

p
t2 � x2

⌘

the result is

 (t,x) = � i

2⇡2

m2t

t2 � x2
K2

⇣
im

p
t2 � x2

⌘
✓(t2 � x2)

Causality is restored!

| (t,x)|2
<latexit sha1_base64="PZ0/ewRsa3F8EizIzQj9PSgFVDQ=">AAABtnicdY9LT8JAFIXv4Avrq+rGxA2RDSamaSsJsiO6cYmJBRILZDpccMK0nXQGIym49Y+41f/jv5FHXRDCWZ1899ybcwMpuNK2/UtyW9s7u3v5fePg8Oj4xDw9a6h4lDD0WCzipBVQhYJH6GmuBbZkgjQMBDaD4cN83nzDRPE4etZjie2QDiLe54zqGeqaFxNfKl7SN35I9WvQT9+n15NO6k67ZtG2qgsVlqZSzkzVKTiWvVARMtW75qffi9koxEgzQZV6cWyp2ylNNGcCp4Y/UigpG9IBpjRUahwGa3DeYQ2y3iqahxLVVxtOGrPm//UKm03DtZxby30qF2v32Q95uIQrKIEDFajBI9TBAwYf8AXf8EPuSIcgGSyjOZLtnMOKiPwDnC16Vg==</latexit>
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p
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Causality is restored!

t t0

x x0
boost along x

x0 = �(x� vt)

t0 = �(t� vx)

(t0, x0)

(t00, x
0
0)

t0
x0

< 1
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We have to allow particles travelling backward in time!!

Richard Feynman
(1918-1988)

Their wave functions are

Thus, under any global U(1) symmetry

these particles have oposite charges,                    (but the same mass!                                 )

To restore causality we are forced to introduce antiparticles!!

q+ = �q*

 (t,x)+ �! e�iq✓ (t,x)+ (t,x)* �! eiq✓ (t,x)*

 (t,x)+ = h0|eitH |xi = hx|e�itH |0i⇤ =  (t,x)⇤*

Ernst Stückelberg
(1905-1984)

H*,+ =
p

�r2 +m2
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We have to allow particles travelling backward in time!!

Richard Feynman
(1918-1988)

Their wave functions are

Thus, under any global U(1) symmetry

these particles have oposite charges,                    (but the same mass!                                 )

To restore causality we are forced to introduce antiparticles!!

q+ = �q*

 (t,x)+ �! e�iq✓ (t,x)+ (t,x)* �! eiq✓ (t,x)*

 (t,x)+ = h0|eitH |xi = hx|e�itH |0i⇤ =  (t,x)⇤*

Ernst Stückelberg
(1905-1984)

H*,+ =
p

�r2 +m2

States moving backward in time can be reinterpreted as 
negative frequency states with reversed momentum, 
propagating forward in time:

 (t,x)+ =

Z
d3k

(2⇡)3
e�ik·x+it

p
k2+m2

=

Z
d3k

(2⇡)3
ei(�k)·x�it(�

p
k2+m2)

negative
frequency
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Switching on interactions, charge conservation allows the creation of particle-
antiparticle pairs, provided enough energy is available.

For example, localizing particle below their Compton wavelength

�x�p ⇠ 1

�x ⇠ 1

m �p ⇠ m �E ⇠ m

and due to energy quantum fluctuations the creation of particle-antiparticle pairs 
cannot be prevented.

We have to give up the single-particle description!
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Lorentz invariant (exercise)

|fi =
Z "

nY

i=1

d3pi
(2⇡)3

1

2!pi

#
f(p1, . . . ,pn)a(p1)

† . . . a(pn)
†|0i

Thus, relativistic quantum mechanics is a dead end for high energy particle physics…

To handle many particles, second quantization seems the best approach, introducing 
creation-annihilation operators for particles with on-shell momentum p

[a(p), a(p0)†] = (2⇡)3(2!p)�
(3)(p� p0)

[a(p), a(p0)] = [a(p)†, a(p0)†] = 0!p =
p
p2 +m2

Lorentz invariant (exercise)

a(p), a(p)†

(Multi-)particle states are obtained from the Poincaré-invariant vacuum |0i

|pi = a(p)†|0i hp|p0i = (2⇡)3(2!p)�
(3)(p� p0)

p2 = m2

Lorentz invariant (exercise)
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|fi =
Z "

nY

i=1

d3pi
(2⇡)3

1

2!pi

#
f(p1, . . . ,pn)a(p1)

† . . . a(pn)
†|0i
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creation-annihilation operators for particles with on-shell momentum p

[a(p), a(p0)†] = (2⇡)3(2!p)�
(3)(p� p0)

[a(p), a(p0)] = [a(p)†, a(p0)†] = 0!p =
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a(p), a(p)†

(Multi-)particle states are obtained from the Poincaré-invariant vacuum |0i

|pi = a(p)†|0i hp|p0i = (2⇡)3(2!p)�
(3)(p� p0)

p2 = m2

Lorentz invariant (exercise)

U (⇤)a(p)U (⇤)† = a(⇤p)

U (⇤)|pi = |⇤pi

where

U (⇤)|0i = e�ia·P |0i = |0i

U (⇤) 2 SO(1,3)
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Free fields are linear combinations of creation-annihilation operators. E.g., for a free 
Hermitian scalar field

�(x) =

Z
d3p

(2⇡)3
1

2!p

h
f(x,p)a(p) + f(x,p)⇤a(p)†

i
�(x) = �(x)†

Imposing the equations of motion,

(⇤+m2)�(x) = 0 f(x,p) = e�i!pt+ip·x

The free quantum field satisfies:

 Equal-time canonical commutation relations

 Microcausality

[�(t,x),�(t,x0)] = [�̇(t,x), �̇(t,x0)] = 0

[�(x),�(x0)] = 0 when (x� x0)2 < 0

[�(t,x), �̇(t,x0)] = i�(3)(x� x0),

!p =
p
p2 +m2p2 = m2
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frequency
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i
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[�(t,x),�(t,x0)] = [�̇(t,x), �̇(t,x0)] = 0

[�(x),�(x0)] = 0 when (x� x0)2 < 0

[�(t,x), �̇(t,x0)] = i�(3)(x� x0),

!p =
p
p2 +m2p2 = m2
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The many-particle Fock states diagonalize the free field Hamiltonian

H =
1

2

Z
d
3
x

h
�̇
2 + (r�)2 +m

2
�
2
i

=

Z
d3p

(2⇡)3
1

2!p

h
!pa(p)

†a(p)
i
+ E0

(exercise)

Subtracting the (divergent) zero-point energy

H =
1

2

Z
d
3
p

(2⇡)3

h
a(p)†a(p) + (2⇡)3!p�

(3)(0)
i

H|pi = 1

2

Z
d
3
k

(2⇡)3
a(k)†a(k)a(p)†|0i = !p|pi

[a(p), a(p0)†] = (2⇡)3(2!p)�
(3)(p� p0)

H|p1, . . . , pni ⌘ Ha(p1)
†
. . . a(pn)

†|0i =
 

nX

i=1

!pi

!
|p1, . . . , pni

Particles are the low-lying excitations of quantum fields

E0

IR divergence

UV divergence

(exercise)

(exercise)

E0 = h0|H|0i = V

(2⇡)3

X

p

1

2
!p

<latexit sha1_base64="AdHL3SJRGQ+nuAx/Lu7t7e+oTfs=">AAAB+nicdU+7TsMwFL3hWcorwMhS0aUsldMiMVWqQEgdi0QfEi6R47rBqp1EsYNUuZn5DzbEyhfwF/wBK3wBfWQpEWc695xzX14kuNIIfVpr6xubW9uFneLu3v7BoX103FVhElPWoaEI475HFBM8YB3NtWD9KGZEeoL1vPH13O89sVjxMLjTk4gNJPEDPuKU6Jnk2vjGNShtYEECX7ASmramCMeLomG6OJz1lio1HPHzB1NPU6wS6RosiX70RiZKU+MsM7UUh5L5ZMV07TKqogVKeeJkpAwZ2q79jIchTSQLNBVEqXsHRXpgSKw5FSwt4kSxiNAx8ZkhUqmJ9HLifH1OpMNVaR6K1Uj9M7I4u9z5e2eedGtVp16t3V6Um1fZDwU4hTOogAOX0IQWtKEDFD7gC77hx5paL9ar9baMrllZzwmswHr/BRIflkg=</latexit>
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To do particle physics, we have to choose the appropriate interpolating field:

A particle is characterized by a number of “Casimirs”:

Poincaré group:

n
Mass

Spin

Wµ =
1

2
✏µ⌫↵�J⌫↵P�

Pauli-Lubański vector

PµP
µ = m2

WµW
µ = �m2s(s+ 1)

Internal symmetry groups:

n
electric charge
…

It transforms correctly (i.e., the right value for the “Casimirs”)

It creates the corresponding particle out of the vacuum:

h0|�(x)|pi 6= 0

W 0 = �J ·P
<latexit sha1_base64="gP5ieODo8bhNXFmqf+IRjV3J6oQ=">AAABvnicdU89T8MwED2Xr1K+AowsFV1YiJJSiQkpggUxBYk2lUiJHMcpVu04sl1EFWWFP8MK/4V/QwthKBFvevfu3d27OOdMG8f5RI2V1bX1jeZma2t7Z3fP2j8YaDlVhPaJ5FINY6wpZxntG2Y4HeaKYhFzGsSTq0U/eKJKM5ndmVlORwKPM5Yygs1ciqx28FA45cVpKLB5jNPipgxJIs1v6ZeR1XFs5xvtOnEr0oEKfmS9hokkU0EzQzjW+t51cjMqsDKMcFq2wqmmOSYTPKYFFlrPRFwTF9drIkmWpYVJ6VT/s7I1T+7+zVkng67tntnd217Hu6x+aMIRHMMJuHAOHlyDD30g8AJv8A4fyEMpEkj+WBuomjmEJaDnLzWjfS8=</latexit>

helicity
for

(generically)
WµW

µ 6= 0 m = 0
<latexit sha1_base64="P96ffdbipVFFD3NRgPZr851TBBk=">AAABxnicdU9NT8JAEJ3iF+JX1aOXRi7EQ7NFE04mRC8cMRFKYrHZLgNs2G1rd6shTRNv3vw1XvV/+G8E7AUb32Ve3ryZeRPEgitNyLdR2djc2t6p7tb29g8Oj8zjk76K0oRhj0UiSgYBVSh4iD3NtcBBnCCVgUA3mN0u++4zJopH4b2exziUdBLyMWdULyTfbLh+5sk0dx9XxQvxySKWN1UxZXiREbvFZG7Ja+KbdWKTFawycQpShwJd33zzRhFLJYaaCarUg0NiPcxoojkTmNe8VOHiyIxOMKNSqbkMSqKkeloS2WhdWpoSNVb/rKwtkjt/c5ZJv2k7l3bz7qrevil+qMIZnEMDHGhBGzrQhR4weIcP+IQvo2OERmq8/ForRjFzCmswXn8A9tV/RA==</latexit>

For             , in the rest framem 6= 0
<latexit sha1_base64="cabb+nzgcsM6wej/TuWWPpEjX3k=">AAABo3icdY/NS8NAEMVn61eNX1GPXopB8BQ2VfBa9CJ4qdI0BRPKZjutS3eTuLsRSvHs2av+Zf43tppLDb7T4zdvhjdpIYWxlH6Rxtr6xuZWc9vZ2d3bP3APj/omLzXHkOcy14OUGZQiw9AKK3FQaGQqlRil05vlPHpBbUSe9eyswESxSSbGgjO7QJGKM3xu0aHrUZ/+qFU3QWU8qNQdum/xKOelwsxyyYx5DGhhkznTVnCJr05cGiwYn7IJzpkyZqbSGlTMPtUgH62iZUibsfnnpLNoHvztWTf9th9c+O37S69zXf3QhBM4hXMI4Ao6cAtdCIHDFN7hAz7JGbkjD6T3G22QaucYVkSSbydPce4=</latexit>

W 0 = 0, W = mJ
<latexit sha1_base64="lCa1pJIaN8Ib91GyShnZ9EbGtxU=">AAABzXicdU/LSsNAFL1TX7W+oi7dBLsRkTipgqtC0Y24sYJtCqaWyXTaDp1JQmYilBi3/QK/xq1+hH9jonFRg2d1OPfce871QsGVxvgTVZaWV1bXquu1jc2t7R1jd6+rgjiirEMDEUQ9jygmuM86mmvBemHEiPQEc7zpVT53nlikeODf61nI+pKMfT7ilOhMGhinzmOC0yY+Md2JCgllxwm2bCpT05VET7xR4qRN+ctv0oFRxxb+hlkmdkHqUKA9MObuMKCxZL6mgij1YONQ9xMSaU4FS2turFiWOyVjlhCp1Ex6JTFPL4l0uCjlpkiN1D8na1lz+2/PMuk2LPvMatyd11uXxQ9VOIBDOAIbLqAF19CGDlB4hTd4hw90i2L0jF5+rBVU7OzDAtD8C3z1gjA=</latexit>
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(resp. anticommutators for Fermi fields)

The x-dependence is fixed by the Poincaré invariance of the vacuum

h0|�(x)|pi = h0|eiP ·x�(0)e�iP ·x|pi = h0|�(0)|pie�ip·x

The fields can be canonically normalized, such that:

Scalar field: 

Dirac field:

Photon field:

h0|�(0)|pi = 1

h0|Aµ(0)|p,�i = "(�)µ (p)

n
h0| ↵(0)|p,�; 0i = u(�)

↵ (p)

h0| ↵(0)|0; p,�i = v(�)↵ (p)

Any properly normalized interpolating field does the job, provided it satisfies 
microcausality

[�(x),�(x0)] = 0 when (x� x0)2 < 0

Borchers classes
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(resp. anticommutators for Fermi fields)

The x-dependence is fixed by the Poincaré invariance of the vacuum

h0|�(x)|pi = h0|eiP ·x�(0)e�iP ·x|pi = h0|�(0)|pie�ip·x

The fields can be canonically normalized, such that:

Scalar field: 

Dirac field:

Photon field:

h0|�(0)|pi = 1

h0|Aµ(0)|p,�i = "(�)µ (p)

n
h0| ↵(0)|p,�; 0i = u(�)

↵ (p)

h0| ↵(0)|0; p,�i = v(�)↵ (p)

Any properly normalized interpolating field does the job, provided it satisfies 
microcausality

[�(x),�(x0)] = 0 when (x� x0)2 < 0

Borchers classes

To describe massive scalar particles, instead of         we can 
also use

�(x)

�(x) = � 1

m2
⇤�(x)

h0|�(x)|pi = � 1

m2
⇤h0|�(x)|pi = � 1

m2
⇤e�ip·x = e�ip·x

and

[�(x),�(x0)] =
1

m4
⇤x⇤x0 [�(x),�(x0)] = 0

for (x� x0)2 < 0
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Still, to do particle physics we need to introduce interactions…

In interacting field theories, particles still emerge as weakly coupled excitations:

L (�, @�) = L (�, @�)free +
X

i

giOi(�, @�)

where       is “small” and

dimensionless 
effective couplings

ground state of
the full theory

nonquadratic terms

gi

 Particles are identified by quantizing the free theory.

 Interactions are treated in perturbation theory.

Thus:

h⌦|�(x)|pi = �(p)e�ip·x one-particle 
wave function
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Still, to do particle physics we need to introduce interactions…

In interacting field theories, particles still emerge as weakly coupled excitations:

L (�, @�) = L (�, @�)free +
X

i

giOi(�, @�)

where       is “small” and

dimensionless 
effective couplings

ground state of
the full theory

nonquadratic terms

gi

 Particles are identified by quantizing the free theory.

 Interactions are treated in perturbation theory.

Thus:

h⌦|�(x)|pi = �(p)e�ip·x one-particle 
wave function

Examples

QED: electrons+photons

QCD (high energies): quarks+gluons

QCD (low energies): pions (+nucleons)

L = �1

4
Fµ⌫F

µ⌫ +  (�µ@µ �m) � qAµ �
µ 

L = �1

4
F a
µ⌫F

aµ⌫ +
6X

f=1

Qf (�
µ@µ �mf )Qf � gAa

µ

6X

f=1

QfT
a�µQf

L =
1

2
tr
⇣
@µ⇡@

µ⇡
⌘
� 1

3f2
⇡

tr
⇣
@µ⇡[⇡, [⇡, @

µ⇡]]
⌘
+ . . .
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p1 p2

q1
q2

qn�1
qn

. . . . . .

. . .. . .

Interaction
region

A scattering experiment is characterized by its initial (in) and final (out) multiparticle state:

|p1, p2iin |q1, q2, . . . , qn�1, qniout

Both are Heisenberg-picture (i.e., time-independent) states in a very complicated 
interacting theory. 

Our aim is to compute the probability amplitude:

S(i �! f) = outhq1, . . . , qn|p1, p2iin
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These states can also be seen as belonging to the free, multiparticle Fock space

|p1, p2iin |q1, q2, . . . , qn�1, qniout

|p1, p2i, |q1, q2, . . . , qni 2 F ⌘
1M

n=0

H1⌦ (n). . . ⌦H1

The scattering experiment is then described by the S-matrix operator

S : F �! F

The S-matrix operator satisfies a number of properties:

 Unitarity: S† = S�1

 Lorentz invariance:                                     with 

                                   is analytic in the external momenta.hq1, . . . , qn|S|p1, p2i

U (⇤)SU (⇤)† = S ⇤ 2 SO(1,3)

S(i �! f) = outhq1, . . . , qn|p1, p2iin ⌘ hq1, . . . , qn|S|p1, p2i
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i�

i+

i0

I �

I +

r
=

0

i�

i+

i0

I �

I +

r
=

0

The S-matrix is a kind of holographic quantity in Minkowski space-time: in- and out-
states live on its boundary.

massive states massless states

|piin

|piin

|piout

|piout
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We can isolate nontrivial scattering in the S-matrix by writing

S = 1+ iT

so the matrix elements have the structure

hq1, . . . , qn|S|p1, p2i = hq1, . . . , qn|p1, p2i+ hq1, . . . , qn|iT |p1, p2i

= hq1, . . . , qn|p1, p2i+ (2⇡)4�(4)
 
p1 + p2 �

nX

i=1

qi

!
iMi!f

invariant
amplitude

In terms of the invariant amplitude, the differential cross section is given by

( (
phase space factorobserver dependent

incoming flux

d� =
|iMi!f |2

4!p1!p2 |v1 � v2|
(2⇡)4�(4)

 
p1 + p2 �

nX

i=1

qi

!
nY

k=1

d3qk
(2⇡)3

1

2!qk
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We can isolate nontrivial scattering in the S-matrix by writing

S = 1+ iT

so the matrix elements have the structure

hq1, . . . , qn|S|p1, p2i = hq1, . . . , qn|p1, p2i+ hq1, . . . , qn|iT |p1, p2i

= hq1, . . . , qn|p1, p2i+ (2⇡)4�(4)
 
p1 + p2 �

nX

i=1

qi

!
iMi!f

invariant
amplitude

In terms of the invariant amplitude, the differential cross section is given by

( (
phase space factorobserver dependent

incoming flux

In the case of particle decay,

d� =
|iMi!f |2

4!p1!p2 |v1 � v2|
(2⇡)4�(4)

 
p1 + p2 �

nX

i=1

qi

!
nY

k=1

d3qk
(2⇡)3

1

2!qk

 the decay width is given by

|pi |q1, . . . , qni

d� =
|iMi!f |2

2!p
(2⇡)4�(4)

 
p�

nX

i=1

qi

!
nY

k=1

d3qk
(2⇡)3

1

2!qk
<latexit sha1_base64="fyVhJozSwJCWL+RVhAZlGcb7Voc="></latexit>
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The computation of the S-matrix in terms of the 
interacting field theory is done using the Lehmann-
Symanzik-Zimmermann (LSZ) reduction 
formula.

Harry Lehmann
(1924-1998)

Kurt Symanzik
(1923-1983)

Wolfhart Zimmermann
(1928-2016)

+iZ�1/2

Z
d4x e�ip1·x(⇤+m2) outhq1, . . . , qn|�(x)|p2iin

outhq1, . . . , qn|p1, p2iin =
nX

i=1

(2⇡)3(2!qi)�
(3)(qi � p1) outhq1, . . . , bqi, . . . , qn|p2iin

p1

p2

q1
q2

q3

qn

… =

nX

i=1 p2

q1
q2

qn

…
…

qi

p1 qi

p2

q1
q2

q3

qn

…�(x)

  
+

Symbolically:

  
(⇤+m2)

" "

FT
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Iterating the procedure, we trade all incoming and outgoing particles by time-ordered field 
insertions:

hq1, . . . , qn|S|p1, p2i = disconected terms

+i(Z�1/2)n+2

Z
d4x1d

4x2e
�ip1x1�ip2x2

Z
d4y1 . . . d

4yne
iq1y1+...+iqnyn

⇥(⇤+m2)x1(⇤+m2)x2(⇤+m2)y1 . . . (⇤+m2)ynh⌦|T [�(x1)�(x2)�(y1) . . .�(yn)]|⌦i

T [�(x)�(y)] = ✓(x0 � y0)�(x)�(y)

+✓(y0 � x0)�(y)�(x)
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Iterating the procedure, we trade all incoming and outgoing particles by time-ordered field 
insertions:

hq1, . . . , qn|S|p1, p2i = disconected terms

+i(Z�1/2)n+2

Z
d4x1d

4x2e
�ip1x1�ip2x2

Z
d4y1 . . . d

4yne
iq1y1+...+iqnyn

⇥(⇤+m2)x1(⇤+m2)x2(⇤+m2)y1 . . . (⇤+m2)ynh⌦|T [�(x1)�(x2)�(y1) . . .�(yn)]|⌦i

Inverse free propagators

S-matrix amplitudes are computed in terms of time-ordered (amputated) correlation 
functions

G(x1, . . . , xn) = h⌦|T [�(x1) . . .�(xn)]|⌦i

T [�(x)�(y)] = ✓(x0 � y0)�(x)�(y)

+✓(y0 � x0)�(y)�(x)

Fourier 
transforms
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We have reduced the problema of computing scattering observables to that of 
evaluating time-ordered (Green) correlation functions

h⌦|T [�(x1) . . .�(xn)]|⌦i
<latexit sha1_base64="OvUaFpHPlSxM2aJL2jYNtL75AlU=">AAAB2XicdY87TwJBFIXv4AvxtWppY6SBhuyiiYUN0cZOTHglDNnMDpdlwuwjM4ORAIWVxtZf4K+x1dJ/I4+1wI2nOvnuuTfnerEU2tj2N8msrW9sbmW3czu7e/sH1uFRQ0dDxbHOIxmplsc0ShFi3QgjsRUrZIEnsekNbubz5gMqLaKwZkYxdgLmh6InODMz5FpXVLLQl0jvAvTZpNamcV8UHt2xMy1S2Y2M/gXhtNiZLGNULXZcK2+X7IVO08ZJTB4SVV3rmXYjPgwwNFwyrduOHZvOmCkjuMRpjg41xowPmI9jFmg9CrwUDJjppyDvrqJ5SOme/udkbtbc+dszbRrlknNeKt9f5CvXyQ9ZOIEzKIADl1CBW6hCHTi8wwd8whdpkyfyQl6X0QxJdo5hReTtB6AyiJc=</latexit>

hq1, . . . , qn�2|S|p1, p2i
<latexit sha1_base64="gjWXaJ6j2tj5bQ3Jttmc6ZWI2vc=">AAABz3icdY/LTgIxFIZP8YZ4G3XphsjGBZLpaOKW6MYlRLkkDpl0ygEbOhfboiEwxp3xCXwat/oMvo0DzgYn/ovm79f/nPz1Yym0se1vUlhZXVvfKG6WtrZ3dves/YO2jsaKY4tHMlJdn2mUIsSWEUZiN1bIAl9ixx9dzd87j6i0iMJbM4mxF7BhKAaCM5Miz6KuZOFQYvnBm9Kk6sp+ZHQ1vYSnTjK7mcULnJ5O4qpF0rMqds1eqJw3NDMVyNTwrFe3H/FxgKHhkml9R+3Y9KZMGcElJiV3rDFmfMSGOGWB1pPAz8GAmfsc5P1lNA8pPdD/rCylzenfnnnTdmr0rOY0zyv1y+wPRTiCYzgBChdQh2toQAs4vMMHfMIXaZIn8kxefqMFks0cwpLI2w8pZoP6</latexit>

iMi!f
<latexit sha1_base64="cegnSqx+Ht6E3zWL32feUYeCxrI=">AAABu3icdY/NSsNAFIXv1L8a/6IuRShm4yokteBKKLpxI1QwbcGUMJlO0rGTTJiZKCVk5cJncatP49vYaDY1eFaH7557OTfMOFPacb5Qa219Y3OrvW3s7O7tH5iHR0MlckmoRwQXchxiRTlLqaeZ5nScSYqTkNNROL+p5qNnKhUT6YNeZHSS4DhlESNYL1FgnjI/wXqmiCzuyqBgvmTxTGMpxUsnKgPTcmznR52mcWtjQa1BYL75U0HyhKaacKzUo+tkelJgqRnhtDT8XNEMkzmOaYETpRZJ2IBVnwYk01VUhaSK1D8njWVz92/Pphl2bffC7t73rP51/UMbTuAMzsGFS+jDLQzAAwKv8A4f8ImuEEFPiP9GW6jeOYYVofwbCcR8hQ==</latexit>

d�

d⌦
<latexit sha1_base64="tUWaiaeUndJcXoItd/tGaBDlyXs=">AAABtHicdY+9TsNAEIT3wl8wfwYkGpoIN1SRHRC0ETR0BAknkXBknc8bc8qdbd2dkSKTmveghRfibXDATbCYavTt7Go2ygXXxnW/SGttfWNzq71t7ezu7R/Yh0dDnRWKoc8ykalxRDUKnqJvuBE4zhVSGQkcRbPb5Xz0gkrzLH008xwnkiYpn3JGTYVC+6SMA80TSYOsinXi4F5iQheh7bhd90edpvFq40CtQWi/BXHGCompYYJq/eS5uZmUVBnOBC6soNCYUzajCZZUaj2XUQNKap4bkMWraBlSeqr/OWlVzb2/PZtm2Ot6F93ew6XTv6l/aMMpnME5eHANfbiDAfjA4BXe4QM+yRUJCCP4G22ReucYVkTSb8YPeQI=</latexit>

LSZ

We need a method to compute time-ordered Green functions in an interacting theory.

QFT

Experiment
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This procedure to compute scattering amplitudes might seem like overkilling…

 S-matrix approach (1960s): use the mathematical properties of the 
S-matrix (Lorentz invariance, analyticity, unitarity and crossing) to 
“bootstrap” the result

Geoffrey Chew
(1924-2019)

 Double copy (KLT relations, BCJ color-kinematics duality,…): construct gravitational 
amplitudes “algebraically” from gauge theory amplitudes, “gravity = (gauge)2”.

String theory

Lately, a number of developments have revived the “S-matrix spirit”:

 Britto-Cachazo-Feng-Witten (BCFW) recursion relations: express scattering 
amplitudes in terms of amplitudes with fewer particles.

 Amplituhedron (Arkani-Hamed & Trnka): find underlying mathematical structures 
(positive Grassmannian) in the amplitude from where properties like unitarity and locality 
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Once we managed to identify the weakly coupled degrees of freedom in our system, 
we can treat interactions in perturbation theory

S[�] = S0[�] + �Sint[�]
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quadratic in the field higher orders

“small”

Time-ordered correlation functions can be written in terms of functional integrals

When 𝝺 is “small”, we can expand the right-hand side in powers of the coupling 
constant. The resulting series involves functional integrals with the structure

Z
D�O[�(x1), . . . ,�(xn)]e

iS0[�] ⇠ h0|T
h
O[�(x1), . . . ,�(xn)]

i
|0i
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free theory (Fock) vacuum

These free time-ordered Green functions are computable using the Wick theorem!

h⌦|T [�(x1) . . .�(xn)]|⌦i =
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Z
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All Wick contractions at each order in perturbation theory can be systematically computed 
using Feynman diagrammatics 

Richard Feynman
(1918-1988)

Each theory is characterized by its propagators and vertices. For �4

To compute the contribution to a process at order n in perturbation theory, we construct 
all possible connected amputated diagrams with n vertices and as many 
external legs as particles involved

For example, for a two-to-two particle scattering

+ + + +…

n = 1
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The contribution of each terms is computed using the Feynman rules.
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12.3 The φ4 Theory: A Case Study 237

L = 1
2
∂µφ∂

µφ − 1
2

m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
∫

d d xL (φ, ∂µφ). (12.21)

Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1

Dφ = d − 2
2

. (12.22)

The same analysis can be done for fermions and gauge fields with the respective
result

Dψ = d − 1
2

, DA = d − 2
2

. (12.23)

The energy dimensions of the parameter of the scalar theory (12.20) are

Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.

For a       scalar theory, the Feynman rules in momentum space are

whereas for QED
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opposite directions. These are the only two diagrams that can be drawn to this order
in perturbation theory.

It should be noticed that the two diagrams contribute with opposite signs. The
reason is that the second diagram can be obtained from the first one by interchanging
the incoming positron external line attached to the vertex on the left with that of
the outgoing electron coming from the vertex on the right. This permutation of two
fermions introduces the minus sign.

We have learned how to draw Feynman diagrams in QED. Now it is time to
compute the contribution of each one to the amplitude using the Feynman rules. The
idea is simple: each of the diagram’s building blocks (vertices as well as external and
internal lines) comes associated with a term. Putting all of them together according
to certain rules results in the contribution of the corresponding diagram to the ampli-
tude. In the case of QED in the Feynman gauge (ξ = 1), we have the following
correspondence for vertices and internal propagators:

In addition, each vertex carries a factor (2π)4δ(4)(p1 + p2 + p3) implementing
momentum conservation, where we take the convention that all momenta are entering
the vertex. The Feynman rules for other values of the gauge fixing parameter ξ only
differ from the ones above by an extra term in the photon propagator. In addition,
one has to perform an integration over the momenta running in internal lines with
the measure

∫
d4 p

(2π)4 , (6.42)

and introduce a factor of −1 for each fermion loop in the diagram.5

5 The contribution of each diagram comes also multiplied by a symmetry factor that takes into
account in how many ways a given Wick contraction can be done. In QED, however, these factors
are equal to one for many diagrams.
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A number of integrations over the internal momenta can be eliminated using the
delta functions from the vertices. The result is a global delta function implementing
the total momentum conservation in the diagram [cf. Eq. (6.8)]. In fact, there is a
whole class of diagrams for which all integrations can be eliminated in this way.
These are the so-called tree level diagrams containing no closed loops. As a general
rule, there will be as many remaining integrations as the number of independent
loops in the diagram.

Generically, finding the contribution of a Feynman diagram with ℓ independent
loops involves the calculation of integrals of the form

I ( p 1, . . . , p n) =
∫

d4q 1

(2π)4 . . .
d4q ℓ
(2π)4 f (q 1, . . . , q ℓ; p 1, . . . , p n), (6.43)

where f (q 1, . . . , q ℓ; p 1, . . . , p n) is a rational function of its arguments and
p 1, . . . , p n are the external momenta. In many cases these integrals are divergent.
When the divergence is associated with the limit of small loop momenta it is called
an infrared divergence. They usually cancel once all diagrams contributing to a given
order in perturbation theory are added together. The second type of divergences that
one expects in the integrals (6.43) comes from the region of large loop momenta.
These are called ultraviolet divergences. They cannot be cancelled by adding the
contribution of different diagram and have to be dealt with using the procedure of
renormalization. We will discuss this problem in some detail in Chaps. 8 and 12.

This is not the end of the story. In the calculation of S -matrix amplitudes the
contribution of the Feynman diagram contains factors associated with the external
legs. These are the wave functions and/or polarization tensor of the corresponding
asymptotic states containing all the information about the spin and polarization of
the incoming and outgoing particles. In the case of QED these factors are:

Incoming fermion: α uα p, s( )

Incoming antifermion: α vα p, s( )

Outgoing fermion: α uα p, s( )

Outgoing antifermion: α vα p, s( )
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Incoming photon: µ εµ p( )

Outgoing photon: µ εµ p( )∗

Here u α(p, s), vα(p, s) are the positive and negative energy solutions of the Dirac
equation introduced in Chap. 3, whereas εµ(p, λ) is the polarization tensor of the
photon with polarization λ. Here we have assumed that the momenta for incoming
(resp. outgoing) particles are entering (resp. leaving) the diagram, and all external
momenta are on-shell, p2

i = m2
i .

The use of Feynman diagrams is not restricted to quantum field theory, they can
also be found in condensed matter physics and statistical mechanics. Their calculation
is not an easy task. The number of diagrams contributing to a process grows very
fast with the order of perturbation theory and the integrals arising in calculating loop
diagrams soon get very complicated.

Feynman rules can be constructed for any interacting quantum field theory with
scalar, vector or spinor fields. For the nonabelian gauge theories introduced in Chap. 4
these are:
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�4

+ integration over internal momenta, a delta function momentum conservation at 
each vertex, a factor of −1 for each fermion loop, and a combinatorial factor.

Richard Feynman
(1918-1988)
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As an example, for Compton scattering 

the invariant amplitude at leading             is given byO(e2)

116 6 Towards Computational Rules: Feynman Diagrams

µ , A

σ ,C

ν , B

λ , D

ig2 f ABE f CDE ηµσ ηνλ ηµλ ηνσ

permutations

As in the case of QED, each vertex includes a delta function implementing momentum
conservation.

It is not our aim here to give a full and detailed description of the Feynman
rules for nonabelian gauge theories. We only point out that, unlike the case of QED,
here the gauge fields interact among themselves. These three and four gauge field
vertices are a consequence of the cubic and quartic terms in the Lagrangian (4.54).
The self-interactions of the nonabelian gauge field theories have crucial dynamical
consequences and its at the very heart of their physical successes.

6.4 An Example: Compton Scattering at Low Energies

We illustrate now the use of Feynman diagrams in the calculation of observables
in physical processes by studying an example with important physical applications.
This is the calculation of the cross section for the dispersion of photons by free
electrons: Compton scattering

γ (k, ε) + e−(p, s) −→ γ (k′, ε′) + e−(p ′, s′). (6.44)

Inside the parenthesis we have indicated the momenta for the different particles,
as well as the polarizations and spins of the incoming and outgoing photons and
electrons respectively. We study this scattering in the nonrelativistic limit for the
electrons.

The first step in our calculation is to identify all the diagrams contributing to (6.44)
at leading order. Since the vertex of QED contains two fermion and one photon leg
it is immediate to realize that any diagram contributing to this process must contain
at least two vertices, so the leading contribution is of order e2. A first diagram that
can be drawn is:

6.4 An Example: Compton Scattering at Low Energies 117

There is however a second possibility given by the following diagram:

These two diagrams are topologically nonequivalent, since deforming one into the
other requires changing the label of the external legs. In addition, unlike the example
of the Bhabha scattering studied in the previous section, both diagrams contribute
with the same sign. This is because they are related by interchanging the incoming
with the outgoing photon. Since photons are bosons, no minus sign comes from this
permutation.

Using the Feynman rules of QED we find the contribution of the two diagrams
to be

(6.45 )

where me is the electron mass and we have factored out (2π)4 times the delta function
implementing momentum conservation. As explained in Sect. 6.3 , all incoming and
outgoing particles are on-shell,

p2 = m2
e = p′2 and k2 = 0 = k′2 . (6.46)

Our calculation involves only tree-level diagrams, so there is no integration left
over internal momenta. To get an explicit result we begin by simplifying the numer-
ators. The following simple identity turns out to be very useful

/a/b = − /b/a + 2 (a · b)1. (6.47)

In addition, we are interested in Compton scattering at low energy when electrons
are nonrelativistic particles. This is known in the literature as Thomson scattering.
To be more precise, we take all spatial momenta much smaller than the electron mass

|p|, |k|, |p′|, |k′|≪ me. (6.48)

+iMi!f =

Remember:

A/ ⌘ Aµ�
µ

p2 = p02 = m2

k2 = k02 = 0

k · "(k) = k0 · "(k0) = 0

�(k, ") + e�(p, s) �! �(k0, ✏0) + e�(p0, s0)
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In the low energy limit                                 the invariant amplitude isp2,p02,k2,k02 ⌧ m2

iMi!f =
ie2

m

h
"(k) · "0(k0)

i
u(p0, s0)

k/

|k|u(p, s)

If our experiment is blind to the electron spin, we have to average over the incoming 
electron spin and sum over the spin of the outgoing electron

|iMi!f |2 =
1

2

✓
e2

m|k|

◆2

|"(k) · "0(k0)⇤|2
X

s=± 1
2

X

s0=± 1
2

|u(p0, s0)k/u(p, s)|2

average over
incoming e− spin

sum over
outgoing e− spin

= 4e4|"(k) · "0(k0)⇤|2

For an electron at rest, the differential cross section is

d�

d⌦
=

3e4

48⇡m2
|"(k) · "0(k0)⇤|2

(exercise)

(exercise)
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Divergences and their cure

Part II
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 Identify the weakly coupled degrees of freedom.

 Choose an appropriate interpolating field.

 Write an interacting field theory compatible with the symmetries of the system.

 Compute the correlation functions in perturbation theory.

 Use the LSZ reduction formula to evaluate perturbatively the S-matrix 
elements and cross sections.

With all this, it seems we have a complete recipe to do particle physics:



M.Á. Vázquez-Mozo                                                                                    Quantum Field Theory                                                                    Taller de Altas Energías 2019

 Identify the weakly coupled degrees of freedom.

 Choose an appropriate interpolating field.

 Write an interacting field theory compatible with the symmetries of the system.

 Compute the correlation functions in perturbation theory.

 Use the LSZ reduction formula to evaluate perturbatively the S-matrix 
elements and cross sections.

With all this, it seems we have a complete recipe to do particle physics:

Warning!

A particle may exist in the theory even if there is no field 
associated with it. Particles can appear as poles (i.e., bound states) 
in the Green functions of other fields.

However, when computing S-matrix elements for these fields, we 
need to introduce them through their corresponding interpolating 
fields.
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The problem comes when computing quantum corrections…
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# of integrations

Thus,                                         and an L-loop diagram scales as

10

T e itHT 1 eitH (0.122)

T iH T 1 iH (0.123)

T (0.124)

T HT 1 H (0.125)

!5
1 0
0 1 (0.126)

u ei"u (0.127)

mu,d #QCD (0.128)

h̄ $n (0.129)

ih̄
p2 m2 i%

(0.130)

i
&
h̄

(0.131)

h̄ I V L 1 L I V 1 h̄L 1 (0.132)

Restoring the powers of    , the Feynman rules of a       are 
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The power of     of a diagram with E external lines, I internal propagators, and V vertices is
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T e itHT 1 eitH (0.122)

T iH T 1 iH (0.123)

T (0.124)

T HT 1 H (0.125)

!5
1 0
0 1 (0.126)

u ei"u (0.127)

mu,d #QCD (0.128)

h̄ (0.129)

#(~) = I � V

while the number of loops in the diagram is

# of independent 
delta functions

global conservation
delta function

L = I � (V � 1) = I � V + 1

#(~) = I � V = L� 1
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The problem lies in that loop diagrams frequently give divergent results.

12.3 The φ4 Theory: A Case Study 239

(12.31)

The factor of 1
2 is a symmetry factor. We can take advantage of the calculations made

in the previous section to isolate the divergent part of the diagram as d → 4

(12.32)

To cancel this divergence we add a counterterm−1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2 =−λm2

16π2

1
d−4

. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

(12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose not to do so.

The next divergent diagram in the φ4 theory comes from the one-loop calculation
of the four-point function. In fact there are three diagrams contributing at order λ2

(12.35)

The last two diagrams differ in a permutation of the momenta p3 and p4. Since
the corresponding legs are attached to different vertices the two diagrams are topo-
logically nonequivalent. Applying the Feynman rules listed above, we find that the
contribution of these three diagrams can be written as

(12.36)

=
�2

2

Z
d4k

(2⇡)4
1

k2 �m2 + i✏


1

(k + p1 + p2)2 �m2 + i✏

+
1

(k + p1 + p3)2 �m2 + i✏
+

1

(k + p1 + p4)2 �m2 + i✏

�

These integrals are logarithmically divergent

Z
d4k

(2⇡)4
1

k2 �m2 + i✏

1

(k + p1 + p2)2 �m2 + i✏
⇠

Z 1 dk

k
�! 1

⇠ k3dk

⇠ k4
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To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:

I =

Z
d4p

(2⇡)4
1

p2 �m2 + i✏

✓
⇠

Z 1
pdp

◆

p0

p0 = ±
p
p2 +m2 ⌥ i✏
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Wick rotation
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To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:

I =

Z
d4p

(2⇡)4
1

p2 �m2 + i✏

✓
⇠

Z 1
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◆
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= �i

Z
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(2⇡)4

1

`2E +m2

There are many ways to make sense of this. For example:

• Sharp momentum cutoff Λ

This method, however, breaks Lorentz and gauge invariance.

I(⇤) = �i

Z

|`E |<⇤

d4`E
(2⇡)4

1

`2E +m2
⇠ ⇤2

p0 = ±
p
p2 +m2 ⌥ i✏
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Wick rotation
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• Pauli-Villars method: introduce a number of fictitious fields with large masses Mi 
and whose propagators have the “wrong” sign

I(Mi) =

Z
d4p

(2⇡)4

 
1

p2 �m2 + i✏
�

nX

i=1

gi
p2 �M2

i + i✏

!

Felix Villars
(1921-2002)

Wolfgang Pauli
(1900-1958)

= �i

Z
d4`E
(2⇡)4

 
1

`2E +m2
�

nX

i=1

gi
`2E +M2

i

!

Pauli-Villars regularization is Lorentz and gauge invariant, but rather cumbersome. 

• Dimensional regularization: define the Feynman integrals in d dimensions 
and continue d to complex values.

This requires the introduction of an energy scale μ to preserve the dimensions of 
the coupling constant. E.g., for a scalar 𝜙4 theory 

I(d) =

Z
ddp

(2⇡)d
1

p2 �m2 + i✏
= �i

Z
dd`E
(2⇡)d

1

`2E +m2

� �! µ4�d�

Dimensional regularization preserves Lorentz and gauge invariance, but one has 
to be careful when working with chiral theories!
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Once the theory is regularized, we can compute finite scattering amplitudes
external momenta

couplings
masses

cutoff

iM = f(pi;�,m,⇤)
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Once the theory is regularized, we can compute finite scattering amplitudes
external momenta

couplings
masses

cutoff

iM = f(pi;�,m,⇤) ⇤ ! 1�������! 1
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Once the theory is regularized, we can compute finite scattering amplitudes

Hendrik A. Kramers
(1894-1952)

external momenta

couplings
masses

cutoff

iM = f(pi;�,m,⇤) ⇤ ! 1�������! 1

To handle the theory, we introduce the notion of renormalization:

 Only measurable quantities are physical.

 The quantities appearing in the Lagrangian (masses, couplings, fields, etc.) are 
unphysical auxiliary parameters.

 Divergences are “absorbed” in these unphysical parameters

 The relation between renormalized and physical quantities is fixed by the (physical) 
definition of the latter (renormalization conditions).

iM = f
⇣
pi;�0(⇤),m0(⇤),⇤

⌘
⇤ ! 1�������! f(pi;�,m)

�0(x) =
p
Z(⇤)�(x)

renormalized
quantities
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Let us apply this program to a scalar 𝜙4 theory. The renormalized Lagrangian is

=
1

2
Z(⇤)@µ�@

µ�� m0(⇤)2Z(⇤)

2
�2 � �(⇤)Z(⇤)2

4!
�4

�0(x) =
p
Z(⇤)�(x)

It can be rewritten in terms of the finite, renormalized, masses and couplings as

where

Z(⇤) = 1 + �Z(⇤)

counterterms

= i(p2�Z � �m)

= �i��

Feynman rules for counterterms

Lren =
1

2
@µ�0@

µ�0 �
m0(⇤)2

2
�2
0 �

�(⇤)

4!
�4
0

Lren =
1

2
@µ�@

µ�� m2

2
�2 � �

4!
�4 +

1

2
�Z@µ�@

µ�� �m
2
�2 +

��
2
�4

m0(⇤)
2Z(⇤) = m2 + �m(⇤)
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�0(⇤)Z(⇤)2 = �+ ��(⇤)
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By construction, quantities computed from the renormalized Lagrangian are finite.  
Renormalization can now be systematically implemented:

• Compute loop diagrams using the Lagrangian

• Regularize the theory.

• Fix the counterterms to eliminate the divergences at each loop level.

• Evaluate physical quantities in terms of finite renormalized parameters.

Lren =
1

2
@µ�@

µ�� m2

2
�2 � �

4!
�4 +

1

2
�Z@µ�@

µ�� �m
2
�2 +

��
2
�4

L =
1

2
@µ�@

µ�� m2

2
�2 � �

4!
�4

• Compute amplitudes
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Let us look at it hands-on: 𝜙4 at one loop.  

At one loop there are two divergent diagrams by power counting:

12.3 The φ 4 Theory: A Case Study 239

vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function

1
2
λµ4 d dd p

2π d
1

p2 m2 iε

1
2
λµ4 dI1 d,m2 . (12.31)

The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4

i
λm2

16π2
1

d 4
finite part. (12.32)

To cancel this divergencewe add a counterterm 1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2
λm2

16π2
1

d 4
. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2
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Using a hard cutoff, we have

12.3 The φ 4 Theory: A Case Study 239

vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function

1
2
λµ4 d dd p

2π d
1

p2 m2 iε

1
2
λµ4 dI1 d,m2 . (12.31)

The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4

i
λm2

16π2
1

d 4
finite part. (12.32)

To cancel this divergencewe add a counterterm 1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2
λm2

16π2
1

d 4
. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2

p2

p1

p4

p3

p2

p1

p4

p3

p2

p1

p3

p4

(12.35)

12.3 The φ 4 Theory: A Case Study 239

vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function

1
2
λµ4 d dd p

2π d
1

p2 m2 iε

1
2
λµ4 dI1 d,m2 . (12.31)

The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4

i
λm2

16π2
1

d 4
finite part. (12.32)

To cancel this divergencewe add a counterterm 1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2
λm2

16π2
1

d 4
. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2

p2

p1

p4

p3

p2

p1

p4

p3

p2

p1

p3

p4

(12.35)=
i�2

32⇡2

Z 1

0
dx

⇢
log


⇤2

m2 � x(1� x)s

�
+ log


⇤2

m2 � x(1� x)t

�

+ log


⇤2

m2 � x(1� x)u

��
+ finite piece

s = (p1 + p2)
2

t = (p1 � p3)
2

u = (p1 � p4)
2

Mandelstam variables

+crossed

p1

p2

p3

p4

p = � i�

2

Z ⇤ d4p

(2⇡)4
i

p2 �m2 + i✏
= � i�

2

Z

|`E |<⇤

d4`E
(2⇡)4

1

`2E +m2

= � im2�

32⇡2


⇤2

m2
� log

✓
⇤2

m2

◆�
+ finite piece



M.Á. Vázquez-Mozo                                                                                    Quantum Field Theory                                                                    Taller de Altas Energías 2019

Let us look at it hands-on: 𝜙4 at one loop.  

At one loop there are two divergent diagrams by power counting:
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L = 1
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∂µφ∂

µφ − 1
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m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
∫

d d xL (φ, ∂µφ). (12.21)

Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1

Dφ = d − 2
2

. (12.22)

The same analysis can be done for fermions and gauge fields with the respective
result

Dψ = d − 1
2

, DA = d − 2
2

. (12.23)

The energy dimensions of the parameter of the scalar theory (12.20) are

Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation
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Warning!!! Renormalized quantities are not necessarily physical!

Physical quantities are defined operationally. Let us look at the mass.

In general, the two-point function (full propagator) is given by

1PI 1PI 1PI+ + + 1PI 1PI 1PI +…

=
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We can define the physical mass as the pole of the full propagator
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phys) = 0

renormalized mass

physical mass

mass renormalization condition

one-particle
irreducible
diagrams
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vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function
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The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4
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To cancel this divergencewe add a counterterm 1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2
λm2

16π2
1

d 4
. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2
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L = 1
2
∂µφ∂

µφ − 1
2

m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
∫

d d xL (φ, ∂µφ). (12.21)

Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1

Dφ = d − 2
2

. (12.22)

The same analysis can be done for fermions and gauge fields with the respective
result

Dψ = d − 1
2

, DA = d − 2
2

. (12.23)

The energy dimensions of the parameter of the scalar theory (12.20) are

Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
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Next we look at the coupling constant. 

We can define the physical coupling constant, for example, as 
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vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function
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The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4
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Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2
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As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
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! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
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In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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Other definitions of the physical coupling lead to different results. For example:
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together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.
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S =
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Since the dimensions of the fields and parameters in the action depend on d, it is
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! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1
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to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
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gφψψ = ⇒ Dg = 4− d
2
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1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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We can now compute the four-point amplitude in terms of our physical quantities:
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while for the amplitude we have found
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L = 1
2
∂µφ∂

µφ − 1
2

m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
∫

d d xL (φ, ∂µφ). (12.21)

Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1

Dφ = d − 2
2

. (12.22)

The same analysis can be done for fermions and gauge fields with the respective
result

Dψ = d − 1
2

, DA = d − 2
2

. (12.23)

The energy dimensions of the parameter of the scalar theory (12.20) are

Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.
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S =
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Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
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to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function

1
2
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p2 m2 iε
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λµ4 dI1 d,m2 . (12.31)

The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4
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To cancel this divergencewe add a counterterm 1
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where δm2 is given by
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Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2

p2

p1

p4

p3

p2

p1

p4

p3

p2

p1

p3

p4

(12.35)+ crossed +=

12.3 The φ4 Theory: A Case Study 237

L = 1
2
∂µφ∂

µφ − 1
2

m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
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Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1
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to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
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(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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To summarize: 

Bare quantities                                        (unphysical, cutoff dependent)�0(⇤),m0(⇤),�0(⇤)
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Scattering amplitudes can depend only on physical quantities!
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L = 1
2
∂µφ∂

µφ − 1
2

m2φ2 − λ

4!φ
4. (12.20)

As we learned in Chap. 6 the perturbative expansion is constructed using the Feynman
rules. In this case we only have to specify one propagator and one vertex

together with the delta function conservation (2π)4δ(4)(p1 + p2 + p3 + p4), where
we use the convention that all momenta in the vertex are incoming. Since the scalar
field is real, it does not carry charge and therefore the lines of the Feynman diagrams
do not have orientation.

The quantization using DR requires defining the theory in d dimensions

S =
∫

d d xL (φ, ∂µφ). (12.21)

Since the dimensions of the fields and parameters in the action depend on d, it is
useful to stop for a moment and carry out some dimensional analysis. In natural units
! = c = 1 the action is dimensionless and looking at the kinetic term we can fix the
energy dimensions of the scalar field1

Dφ = d − 2
2

. (12.22)

The same analysis can be done for fermions and gauge fields with the respective
result

Dψ = d − 1
2

, DA = d − 2
2

. (12.23)

The energy dimensions of the parameter of the scalar theory (12.20) are

Dm = 1, Dλ = 4− d . (12.24)

In the case of scalar field theories with cubic self-interaction and/or Yukawa couplings
to Dirac fermions, the dimension of the corresponding coupling constants are

λ′φ3 = ⇒ Dλ′ = 1 + 4− d
2

gφψψ = ⇒ Dg = 4− d
2

(12.25)

1 Our choice of natural units allows us to specify the dimensions of all quantities in terms of
powers of energy. Thus, for the coordinates we have [xµ] = E−1, which we denote by Dx = −1.
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Once the one-loop correction has been included, we can defined an effective coupling 
constant at a characteristic momentum scale     as
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vacuum and the one particle states and therefore the scattering amplitudes computed
in terms of these Green’s functions are finite as well. The renormalization conditions
are then used to express the renormalized mass m and coupling constant λ in terms
of measurable quantities.
We see now how this program is implemented. The first divergent Feynman dia-

gram appears in the one-loop calculation of the two-point function

1
2
λµ4 d dd p

2π d
1

p2 m2 iε

1
2
λµ4 dI1 d,m2 . (12.31)

The factor of 12 is a symmetry factor. We can take advantage of the calculations
made in the previous section to isolate the divergent part of the diagram as d 4

i
λm2

16π2
1

d 4
finite part. (12.32)

To cancel this divergencewe add a counterterm 1
2δm

2φ2 to the Lagrangian density
where δm2 is given by

δm2
λm2

16π2
1

d 4
. (12.33)

Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

iδm2 2π 4δ 4 p1 p2 . (12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose no to do so.
The next divergent diagram in the φ4 theory comes from the one-loop calculation

of the four-point function. In fact there are three diagrams contributing at order λ 2

p2

p1

p4

p3

p2

p1

p4

p3

p2

p1

p3

p4

(12.35)+ crossed +=
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For the 𝜙4 theory, the effective coupling 
grows with energy  

This running is also governed by the one 
loop beta function
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A similar calculation of the effective coupling can be carried out in QED: 

8.1 Removing Infinities 149

seen, however, that the quadratic divergence does cancel leaving behind only a log-
arithmic one1. In order to handle this divergent integral we have to figure out some
procedure to render it finite. This can be done in several ways, but here we choose to
cut the integrals off at a high energy scale Λ , where new physics might be at work,
p Λ . This gives the result

Π q2
e2

12π2
log

q2

Λ2
finite terms. (8.14)

As a matter of fact, we have cheated a little bit in this analysis. Regularizing
the integral (8.5) using a momentum cutoff does not lead to an expression of the
form (8.12). In addition to this piece there is another one proportional toΛ2ηµν that
spoils gauge invariance. Here we are not very concerned about this term because it
can be regarded as an artifact of the chosen regularization. Indeed, in the case of
QED there are other regularization methods that preserve gauge invariance, such as
dimensional regularization that we will introduce in chapter 12. In any case the term
proportional to Λ2 could be dealt with by adding an appropriate local counterterm
(see section 8.3). Therefore in the following we will pretend that the offending term
is absent.
If we want to make sense out of this, we have to go back to the physical question

that led us to compute eq. (8.4). Our primary motivation was to compute the cor-
rections to the annihilation of two electrons into two muons. Including the virtual
photon propagation correction, we obtain

ηαβ veγαue
e2

4πq2
vµγβuµ ηαβ veγαue

e2

4πq2
Π q2 vµγβuµ

ηαβ veγαue
e2

4πq2
1

e2

12π2
log

q2

Λ2
vµγβuµ . (8.15)

The reader is invited to check that the contribution of the terms proportional to qµqν
in (8.12) cancel after using the wave equation for the spinor wave functions. Now let
us imagine that in the scattering e e µ µ we have a center of mass energy
µ . From the previous result we can identify the effective charge of the particles at
this energy scale e µ as

1 The change from a quadratically to a logarithmically divergent integral is a consequence of the
tensor structure (8.12) of the polarization tensor, and therefore a consequence of gauge invariance.

= ⌘↵�(ve�
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146 8 Renormalization

positron pair to create a muon-antimuon pair e e µ µ . To lowest order in the
electric charge e the only diagram contributing is

e µ

e

γ

µ
(8.2)

The corrections to order e4 require the calculation of seven more diagrams

e µ
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µ

µe
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(8.3)
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In order to compute the renormalization of the charge we consider the first dia-
gram taking into account the first correction to the propagator of the virtual photon
interchanged between the pairs due to vacuum polarization. We begin by factoring
out the propagators associated with the external photon legs

iηµσ

q2 iε
σ λ

iηλν

q2 iε
, (8.4)µ ⌫
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Regulating the divergence using a sharp cutoff 𝛬, we have
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(see section 8.3). Therefore in the following we will pretend that the offending term
is absent.
If we want to make sense out of this, we have to go back to the physical question

that led us to compute eq. (8.4). Our primary motivation was to compute the cor-
rections to the annihilation of two electrons into two muons. Including the virtual
photon propagation correction, we obtain
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The reader is invited to check that the contribution of the terms proportional to qµqν
in (8.12) cancel after using the wave equation for the spinor wave functions. Now let
us imagine that in the scattering e e µ µ we have a center of mass energy
µ . From the previous result we can identify the effective charge of the particles at
this energy scale e µ as

1 The change from a quadratically to a logarithmically divergent integral is a consequence of the
tensor structure (8.12) of the polarization tensor, and therefore a consequence of gauge invariance.
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positron pair to create a muon-antimuon pair e e µ µ . To lowest order in the
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In order to compute the renormalization of the charge we consider the first dia-
gram taking into account the first correction to the propagator of the virtual photon
interchanged between the pairs due to vacuum polarization. We begin by factoring
out the propagators associated with the external photon legs
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Forgetting about the spurious quadratic divergence, we have

⇧µ⌫(q) =
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◆
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�
(q2⌘µ⌫ � qµq⌫)

The logarithmic divergence can be cancelled by a counterterm
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opposite directions. These are the only two diagrams that can be drawn to this order
in perturbation theory.

It should be noticed that the two diagrams contribute with opposite signs. The
reason is that the second diagram can be obtained from the first one by interchanging
the incoming positron external line attached to the vertex on the left with that of
the outgoing electron coming from the vertex on the right. This permutation of two
fermions introduces the minus sign.
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momentum conservation, where we take the convention that all momenta are entering
the vertex. The Feynman rules for other values of the gauge fixing parameter ξ only
differ from the ones above by an extra term in the photon propagator. In addition,
one has to perform an integration over the momenta running in internal lines with
the measure

∫
d4 p

(2π)4 , (6.42)

and introduce a factor of −1 for each fermion loop in the diagram.5

5 The contribution of each diagram comes also multiplied by a symmetry factor that takes into
account in how many ways a given Wick contraction can be done. In QED, however, these factors
are equal to one for many diagrams.
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seen, however, that the quadratic divergence does cancel leaving behind only a log-
arithmic one1. In order to handle this divergent integral we have to figure out some
procedure to render it finite. This can be done in several ways, but here we choose to
cut the integrals off at a high energy scale Λ , where new physics might be at work,
p Λ . This gives the result
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As a matter of fact, we have cheated a little bit in this analysis. Regularizing
the integral (8.5) using a momentum cutoff does not lead to an expression of the
form (8.12). In addition to this piece there is another one proportional toΛ2ηµν that
spoils gauge invariance. Here we are not very concerned about this term because it
can be regarded as an artifact of the chosen regularization. Indeed, in the case of
QED there are other regularization methods that preserve gauge invariance, such as
dimensional regularization that we will introduce in chapter 12. In any case the term
proportional to Λ2 could be dealt with by adding an appropriate local counterterm
(see section 8.3). Therefore in the following we will pretend that the offending term
is absent.
If we want to make sense out of this, we have to go back to the physical question

that led us to compute eq. (8.4). Our primary motivation was to compute the cor-
rections to the annihilation of two electrons into two muons. Including the virtual
photon propagation correction, we obtain
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The reader is invited to check that the contribution of the terms proportional to qµqν
in (8.12) cancel after using the wave equation for the spinor wave functions. Now let
us imagine that in the scattering e e µ µ we have a center of mass energy
µ . From the previous result we can identify the effective charge of the particles at
this energy scale e µ as

1 The change from a quadratically to a logarithmically divergent integral is a consequence of the
tensor structure (8.12) of the polarization tensor, and therefore a consequence of gauge invariance.
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By looking at the powers of k in the numerator and denominator of the integrand
of (8.5) we would conclude that the integral is quadratically divergent. It can be seen,
however, that the quadratic divergence does cancel leaving behind only a logarithmic
one.1 In order to handle this divergent integral we have to figure out some procedure
to render it finite. This can be done in several ways, but here we choose to cut the
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toΛ2 could be dealt with by adding an appropriate local counterterm (see Sect. 8.3).
Therefore in the following we will pretend that the offending term is absent.

If we want to make sense out of Eq. (8.14), we have to go back to the physical
question that led us to compute Eq. (8.4). Our primary motivation was to find the
corrections to the annihilation of two electrons into two muons. Including the virtual
photon propagation correction, we obtain
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The reader is invited to check that the contribution of the terms proportional to qµqv
in (8.12) cancel after using the wave equation for the spinor wave functions. Now let
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µ. From the previous result we can identify the effective charge of the particles at
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The QED running effective charge is then defined by
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As in the 𝜙4 case, the QED beta function is positive and the coupling grows with energy
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Again, there is a Landau pole, which for the 
Standard Model is located at

µLandau ⇠ 1034 GeV

well beyond any other relevant energy scale.
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Heuristically, the running coupling can be understood in terms of screening
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positron pair to create a muon-antimuon pair e e µ µ . To lowest order in the
electric charge e the only diagram contributing is

e µ

e

γ

µ
(8.2)

The corrections to order e4 require the calculation of seven more diagrams
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In order to compute the renormalization of the charge we consider the first dia-
gram taking into account the first correction to the propagator of the virtual photon
interchanged between the pairs due to vacuum polarization. We begin by factoring
out the propagators associated with the external photon legs
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As in a dielectric medium, the polarization of the 
vacuum screens the bare charge
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In order to compute the renormalization of the charge we consider the first dia-
gram taking into account the first correction to the propagator of the virtual photon
interchanged between the pairs due to vacuum polarization. We begin by factoring
out the propagators associated with the external photon legs
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The behavior of the effective coupling is quite different for non-Abelian gauge theories

Now, both fermions and gauge bosons contribute to the gauge boson polarization tensor

+ + +

screening antiscreening

For a SU(Nc) gauge theory, the beta function can be negative
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For QCD, the beta function is negative

Nc = 3

Nf = 6

(
�(g)QCD = � 7g3
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and the theory is asymptotically free at high energies.
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This result explains the quasifree behavior of partons exhibited in deep inelastic 
scattering
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Infinities are taken care of by renormalizing a finite number of quantites.

What do 𝝓4 and QED, and QCD have in common? 

The renormalized Lagrangian contains a finite number of operators, e.g.

Lren = Z (⇤) [i�
µ@µ �m0(⇤)] � 1

4
ZA(⇤)Fµ⌫F

µ⌫ � e0(⇤)Z (⇤)
p
ZA(⇤)Aµ �

µ 

The theory is renormalizable

Rule of thumb: a theory is renormalizable if its bare Lagrangian does not contain 
higher-dimensional (> 4) operators.

All coupling constants have non-negative energy dimensions.
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The theory is renormalizable

Rule of thumb: a theory is renormalizable if its bare Lagrangian does not contain 
higher-dimensional (> 4) operators.

All coupling constants have non-negative energy dimensions.

Sometimes, we need to add operators to renormalize the theory. In the Yukawa theory
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Take the case of a scalar 𝝓n theory.

For a diagram with E external lines, I internal lines and V vertices

# of integrations
# of independent 
delta functions

global conservation
delta function

L = I � (V � 1) = I � V + 1nV = E + 2I

total # of legs
coming out of
vertices

internal legs join 
two vertices

external legs are attached 
to a single vertex

On the other hand, the superficial degree of divergence of a diagram with E external 
lines is

This can be expressed in terms of E and V as

D = 4L� 2I

D = 4L� 2I = 2I � 4V + 4 = (n� 4)V � E + 4

L = I � V + 1 2I = nV � E

D = (n� 4)V � E + 4
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D = (n� 4)V � E + 4

n = 3

D = 4� E � V
There is only a finite number of superficially 
divergent diagrams.

𝝓3 theory is superrenormalizable
n = 4

D = 4� E There are infinitely many superficially divergent 
diagrams. but only with 2 and 4 external legs

⇠ ⇤2 ⇠ log⇤

𝝓4 theory is renormalizable
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D = (n� 4)V � E + 4

n = 6

D = 2V � E + 4
There are infinitely many divergent diagrams 
with an arbitrary number of external legs

Thus, we need to add an infinite number of counterterms with arbitrary number of 
external legs.

The renormalized Lagrangian contains an infinite number of operators

Lren =
1

2
Z�(⇤)@µ�@

µ�� 1

2
Z�(⇤)m0(⇤)

2�2 �
1X

n=2

1

(2n)!
Z�(⇤)

n�2n,0(⇤)�
2n

In principle, to compute amplitudes we need to specify infinitely many renormalizations 
conditions!

𝝓6 theory is  not renormalizable (as well as 𝜙n for n > 4)
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D = (n� 4)V � E + 4

n = 6

D = 2V � E + 4
There are infinitely many divergent diagrams 
with an arbitrary number of external legs

Thus, we need to add an infinite number of counterterms with arbitrary number of 
external legs.

The renormalized Lagrangian contains an infinite number of operators
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1
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In principle, to compute amplitudes we need to specify infinitely many renormalizations 
conditions!

𝝓6 theory is  not renormalizable (as well as 𝜙n for n > 4)

Let us look at the energy dimensions of the coupling constants:

𝝓3 theory:

[�n] = 4� n

[�3] = 1

[�n] = 4� n < 0

superrenormalizable

𝝓4 theory: renormalizable

𝝓n theory (n > 4): non renormalizable

[�4] = 0
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A physical (i.e., Wilsonian) view of renormalization.

Kenneth G. Wilson
(1936-2013)

E = ⇤

Let us take the cutoff seriously and start with our quantum field theory 
defined at the scale 𝜦

E = µ

eiS[�0
a,µ] =

Z

µ<p<⇤

Y

a

D�a e
iS[�a,⇤]

renormalized fields

renormalized couplings

S[�a,⇤] =

Z
d4x

(
L0[�a] +

X

i

gi(⇤)Oi[�a]

)

S[�0
a, µ] =

Z
d4x

(
L0[�

0
a] +

X

i

gi(µ)Oi[�
0
a]

)

bare fields

bare couplings
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Thank you


